




















































































The gamma function

For Res o the gammer function is definedby

T is Je te de

This integral is absolutely convergent because wear t o the fustian
Rest

is integrable and for t large e t is rapidly decreasing

Lemma9 1 For Risso we have

T IST I S T Is

Thus Tintin n t for n o l 2

Proof Integrating byparts gives
Tistis Je tes de é't ft s e test de s pis

Now it suffices to shek Tin 1 which is obvious D
Tin Ste tdt 1

Theorem9.2 The function T Ist has an angler's continued to a

meromorphic funtion on E whose only singulenties are simple
poles at the negative integers s o i The residue of
T at s u is ti i In

Proof For Ress 1 define

Its
TISH
S























































































Then F is meromorphic in Ress 1 of which the only singularity
is a simple pole at s o The residue is

Ress Fi lst Gm T ist I T 117 1

Moreover for Res o we have F is Tis by Lema 9 1
So F is the aulytis continuation of T ist in Res 1

Similarly for any meat we can extend T ist to the

lulf plane Ress in by taking
Tulsi

sis istm i

To evaluate the residue at s n we need only to consider

Fai ist sista
and calculate that

Ress n Fux's Ey Iiit tnitutn.FI
It D

59 Thr functional equation

Poisumacion formula Let f be a rapidly decreasing function
i.e Ifk exit era k int k 7 Let fix be the Fourier transform

of fix defined
by g fa e

i
de























































































Then we heure

Iz f int Iz fins

Proof In gin Ezfixtns Then gin is a continuousfumtion
with period 1 So the Fourier series for gin converges to gixt
Let

91 1 Iz Caeatin

Then we have

G S gene dx Iz f fimx e hindx

Ez Sinfix a
in
ax fix a in'dx fin

So we get

Ez fan eatin gin Ez fix tut

Taking o the Poissonsummation formula follows B

Lama 9 4 for a o define the theta aeries

UNI Ez e
m

Then Oki satisfies the following modular equation

Ox I A
t 015

Proof Consider the function flat a
ta

Its Fourier transform
is























































































five f g theHindu g e
tix in't i l

du

g e
Tx cut it TI dy

e
It
f e

tix cut Iii'd
The last integral is the complex integral

f e
TxZ'dz

where L is the infinite segment f ist Yi test i Note that

I e
TXZ

e
TX I Raz ti Im 21

y e
txt R Z lIm Zi

is rapidly decreasing as Riz is So we can move the contour

to l o tol obtaining

f e
t it

dy f e du É IT A
t

Therefore we here

Five x te

by the Poisson summation formula we here

ON Ez fine Ez Fins x Eze e
t

x turn't

Corn het wax É e Then we here

w x I xtwixt t f x i t























































































Proof We have U lx await 1 So

wit stfu it i i I O Ki 1

I txt 12 wat ti l l x twixt I txt I 7 I

Theorem9.6 For Rrs I we here

t Tt yes S wax it x dxt sis in
Proof We begin with

TETE n
s

Hn ti t f e
t
E it

In In f e that
Sunning over n we get

T E Tt y is S Wix É fo't f wax's

By Corollary9.5 we have

S wait f Wix's x di
S twixt text x Idf
S wax I Is t I I
S w in x si s























































































Therefore for Ress

TE Tt 91st S wax É x sets D

Since wax decreasing rapidly as x is the integral

S win x x of
is absolutely convergent hence defines an entire fumeien

Corollary9.7 For Res 1 define
IS TF T If I 3157

Then ist is holomorphi on Res t and bees an analytic continuation

to all of A as a meromorphi function with simple poles at s o

and S 1 Moreover

best si si for all s Ed I

Remark The above analytic continuation of Sisi gives that of gist
The equation

T t g is T T1 I 911 S 7

is called the fusain of 91s

Corollary9.8 Theonly zeros of gist outside the strip of Ri se i are

at the negative even integers

Roof We know that gist has no zero in Res 1 For Res c o

by the fountional equation we here

915
s I TIE

TIE
Y I l S I





































































Now that
Ri s c o Re 11 s So

T
s t is entire T E and G ti si are zen free

Ty has zeros at 5 2 4 6

The desired result follows D

The zeros outside the critical strip of Res e I are called the

triviatzewen of gist The zeta function has infinitelymany zeros
in the critical strip These zeros are called the non trivial zeros

of 91st

Proposition9.9 The non trivial zeros of fist are distributed symmetrically
w v t the lines Res I and Ims 0

Hoof It suffices to show the non trivial zeros of gist are
distributed symmeeively u u t S I and In 5 0

The former one follows from the fundedequation To show

the letter assertion it suffices to prove

9151 It

This equation is cleanly true for Ris s i So it is true forall see
by the uniqueness of analysis contintin D

Riemann'sHypothesis Every non trivial zero of gist is on the line Ris I



We can also obtain some interesting fast from the fouriened
equation of gist For example we here

Proposition 9.10 51 it I

Proof By the fantienal equation we here

you t
t t
f 9k E Tt

By the funitionalequationof Test we hear

Tf El TH I

It remedy to calculate7111 We have

Thi f e e'de IIIa f ate audu

2ft e du fie du IT

Thus

ye in E É I É I D


