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Abstract A size-dependent Kirchhoff micro-plate
model resting on elastic medium is developed based
on the strain gradient elasticity theory. Three material
length scale parameters are introduced in the model,
and those parameters may effectively capture the size
effect. The model can degenerate into the modified
couple stress plate model or the classical plate model
by setting two (ly and [;) or all (I, I; and [,) of the
material length scale parameters to be zero. Analytical
solutions for the static bending, buckling and free
vibration problems of a rectangular micro-plate with
all edges simply supported are obtained. The results
predicted by the present model are compared with
those predicted by the degraded models. Influences of
the elastic medium on the static bending, buckling, and
free vibration are discussed. The results show that the
present model can predict prominent size-dependent
normalized stiffness, buckling load, and natural
frequency with the reduction of structural size,
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especially when the plate thickness is on the same
order of the material length scale parameter. The study
may be helpful to guide the design of microplate-based
devices resting on elastic medium for a wide range of
potential applications.
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1 Introduction

With the development of recent technology, opportu-
nities of promising research and engineering priorities
in micro-plate have been opened up based on
micromechanics [1], where the thickness of plates is
typically on the order of microns or sub-microns. The
size-dependent behavior of micro scale structures has
been verified experimentally in some kinds of mate-
rials [2-8]. Hence, the size effect must be taken into
account in studies of micro scale structures.
However, the classical theory of linear elasticity
does not involve the size effect in micro scale
structures. Recently, many scientists [3, 6, 8—15] have
done some work based on higher-order continuum
theories, in which strain gradient or non-local terms
are involved and additional material length scale
parameters are introduced in addition to the classical
material constants. Several micro-plate models have
been developed by many researchers based on some
higher-order continuum theories, e.g., micropolar
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theory [16, 17], the simplest version of the simplified
form-II theory of strain gradient linear elasticity [15,
18-20], gradient elastic theory [21, 22], and couple
stress theory [23-25]. Ariman [16, 17] studied the
circular micropolar plate and discussed some prob-
lems of the model. According to the gradient elasticity
theory proposed by Altan and Aifantis [26-29], a
gradient elasticity theory of plates is established by
Lazopoulos [21]. And the gradient elasticity theory
can be traced back to Mindlin [30]. Lazopoulos [22]
considered the bending problem of strain gradient
elastic thin plates by using a simple version of
Mindlin’s linear theory of elasticity with microstruc-
ture. In addition to the classical Lame constants, the
intrinsic bulk length g and the directional surface
energy length [, are introduced in this theory for
characterizing the strain gradient. Tsiatas [25] studied
the static problem of a micro Kirchhoff plate with
arbitrary shape based on the simplified couple stress
theory proposed by Yang et al. [31].

The couple stress theory [32], a general form of the
modified couple stress theory [31], was used by
Tsiatas [25] to capture the size effect of micro-plate. It
was pointed out by Shu and Fleck [33] that it usually
under-predicts the size effect because the couple stress
theory only employs the rotation gradient and neglects
the other gradients (e.g. stretch gradient). Therefore, in
order to account for the size effect more effectively, a
general strain gradient theory should be introduced,
which employs not only the rotation gradient but also
stretch gradient or other gradients.

The strain gradient elasticity theory proposed by
Lam et al. [8] contains three material length scale
parameters and can be successfully applied to predict
the size-dependent properties for small scale struc-
tures. This theory has been used to analyze the static
and dynamic problems of micro scale Bernoulli-Euler
beam [14], Timoshenko beam [12] and Kirchhoff plate
[34]. Moreover, the strain gradient elasticity theory [8]
can degenerate into the modified couple stress theory
[31] by setting two of the three material length scale
parameters to zero; thus, the modified couple stress
theory [31] may be regarded as a special case of the
strain gradient elasticity theory [8].

Some works [35-39] have been conducted to study
the vibration and bending analysis of plates on elastic
foundation based on the classical continuum elasticity.
Recently, Akgoz and Caivalek [40] modeled and
analyzed the micro plate resting on elastic foundation
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using the modified couple stress theory. Influences of
the elastic medium and the length scale parameter on
the bending, buckling, and vibration properties are
discussed. Since the modified couple stress theory is a
special case of the strain gradient elasticity theory, the
micro plate model resting on elastic medium based on
strain gradient elasticity theory is necessary to be
discussed, which, to the best knowledge of authors,
has not been studied in the literature.

In this study, an application of a size-dependent
Kirchhoff micro-plate model resting on elastic medium
is presented based on the strain gradient elasticity
theory [8]. In Sect. 2, the governing equation and
boundary conditions of the size-dependent Kirchhoff
micro-plate model embedded in elastic medium are
derived. In subsequent Sects. 3,4 and 5, static bending,
buckling and free vibration analyses of the simply
supported plate resting on elastic medium are described
and discussed. Conclusions are summarized in Sect. 6.

2 The size-dependent model for micro-sized plates
resting on elastic medium

According to the strain gradient theory proposed by
Lam et al. [8], in addition to two classical material
constants, three independent material length scale
parameters (MLSPs) are introduced for isotropic
linear elastic materials. Then the strain energy U for
the isotropic linear elastic material occupying region
2 is written as

Uzl/ﬁszl/// udxdydz (1)
2 /e 201 e

where i is the strain energy density, defined as

(), (1)

i = 0yt + PiYi + Ty Myl + MGG @)

in which g; is the strain tensor, 7; is the dilatation
gradient tensor, ’1,(71/2 is the deviatoric stretch gradient
tensor, and y; is the symmetric rotation gradient

tensor, defined as

—_

& = 5 (i + ujs) (3)

Yi = Emm,i (4)
1 s 1 s s s

nt(jk) = Mijk — g (5ljnmmk + 5jknmmi + 5kinmmj) (5)
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where u; is the displacement vector, ¢, is the
dilatation strain, J;; and e;; are the Knocker symbol
and the alternate symbol respectively, and n;; is the
symmetric part of second-order displacement gradient
tensor, given by

My = %(ui.jk + Ui + g i) (7)
Here it should be noted that the index notation will
always be used with repeated indices denoting sum-
mation from 1 to 3.
The corresponding stress measures, respectively,
are given by the following constitutive relations,

0ij = Aij&mm + 2185 (8)
pi = 2ul3y; 9)
rgjlk) = 2/11%7]5},3 (10)
mfj:2ulgxfj (11)

In the above equations, ly, I; and [, are the
additional independent MLSPs associated with the
dilatation gradients, deviatoric stretch gradients and
symmetric rotation gradients, respectively. The
parameters A and u in the constitutive equation of
the classical stress o;; denote the bulk and shear moduli
respectively and can be written in terms of the Young
modulus E and the Poisson’s ratio v as

Ev E
S rprny s v R T gy (12)

Consider an initially flat thin rectangular micro-
plate embedded in elastic medium, as shown in Fig. 1.
The plate is subject to a static transverse load g(x,
y) distributed in the x — y plane. k is the elastic
foundation parameter. The plate is assumed to be
made by homogeneous linearly elastic material.
According to Kirchhoff’s plate theory, the displace-
ment field can be defined as

ow(x,
ux(x7y7z) = _Z%

ow(x,y 1
My(X,y,Z):—Z éy ) ( 3)

uz(x,y,2) = wix,y)

Fig. 1 Geometry and coordinates of a thin rectangular micro-
plate model on an elastic medium

where u;(x,y,z)(i = x, y, z) are displacement compo-
nents along x, y, z directions.
Substituting Eq. (13) into Eq. (3), the nonzero
components of the strain tensor are written as
w %w %w
el = _ZW; &2 = —Za—yz; é12 = —Zm
(14)

By using Egs. (4) and (14), the non-zero compo-
nents of the dilatation gradient tensor y; can be
achieved

I TSI
=T e 0x0y? )’ 2

B 63w+ o*w ] B 62w+62w (15)

- 0y3  ox20y)’ 3=\ 0y?

By inserting Egs. (14) into (6), the non-zero
components of the symmetric rotation gradient y;; are

S azw. s _ 62“’. s
m = 0x0y’ X2 = ox0y’ 12
1 /®w  O*w
“2\57 "oz (16)

From Egs. (5), (7) and (13), the non-zero compo-

nents of the deviatoric stretch gradient ngjlk) are

3 3
(1) :1 3 a w 726 w .
n SZ( 0x0y? ox3 )’
3 3
(1) _1 Ow B o'w
22 = 51(3 Ox20y 2 6y3>

1 1 /*w *w
) 2 (EW, 9w,
1333 5\ 0y?)’
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M _ L (0w, Ow)
M =M = ’7211 gZ

1 1 1 62w 63W 1
ORI 0
232 = M52 = 73 sz ?yz 331
oo 1 w  w
313 = N33 SZ<6§3 + 6x36y2 332
(1) (1) 1 Ow ow (1)
= M323 = N33 = 5Z<6y3 + 0x20y N123
2
W _ o _ . m_ o _ q_ 10w
= M31 = N312 = N2z = Ma13 = M3 = gaxéy
(17)

It is worth noting that the present model is a plane
stress problem, according to elasticity mechanics,
the classical stress of the present model can be
obtained by

Ev

—v2 5ij8mm +

T &ij (18)

E
O_ii = —
i 1+v
Finally, by inserting the strain tensors into Egs. (9),
(10), (11) and (18), the stress tensors can be obtained.
When the strain and stress tensors are substituted into
Eq. (2), the strain energy density i is obtained by

taking somewhat lengthy but straightforward
manipulation:
2 Pw\> [Pw\’
u:(C1+C2Z ) <W) +(a—y2>
wdtw
2
+ (63 “+ 42 ) <@a—y2)

&R ? L[ (OPw 2w

+(Cj + 62 )(axay> “+c7z <<M> +(ay3) )
L FwN [ Pw
+esz ((6)66)/2) +(@x26y> )

ted O*w Ow +63w O*w
@\ Ox0y? Oy’ 0x20y

in which
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—4mﬁ—gﬂﬂ 2uly

2Ev 4
co=1i es=gul Haub; cg=4u (20)
4 24
e = 2l + g ply: es = 2y + gl
12
co = Aply — — ply

5

We assume the following integral relations,

3
/[/ Zdxdydz = 1// dxdy I= / Pdz = h
1% A -4 12
/// dxdydz = h / / dxdy
14 A

Substituting Eq. (19) into Eq. (1), and the variation
of strain energy can be obtained as

oU = // oudxdydz = / OFdxdy
s
oF
OWix — ) Owyy
// <<6WXX) e <6Wyy> o
+ oF OWyy + —aF 0 22
Owyy Wy OWyrr Worer (22)

N < oF ) 5 N < oF ) 5
— Wyyy — Wy
awyyy yyy awxyy xyy

oF
+ <awxxy> OWyry )dxdy

(1)

where

2 2
= (c1h+ ¢2l) ( )

o*w o*w
C3h+C41 (6262) C5h+061)(aa)

Bw\> [w Pw\’
”7’<(a ) +(5%) )* 8’((@@2)

n w )+Cla3l63w +63l O*w
0x20y P\ o3 axdy2 | 0y? ox2dy
and

2

(23)
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WxeHQ Wyy:ﬁ§ ny:ﬁ
X y X0y Due to the variational principle for arbitrary dw, the
- agl e — agl N Ow i governing equation is finally obtained by taking
T Y g3 Y ax20y” somewhat lengthy but straightforward manipulations:

3
Wayy = ow —p1Vow + Vi + kw = g(x, y) (28)
0x0y?
where

(24)

By applying the rules of integration by parts,
Eq. (22) is rewritten as

v - //( (o) o () e ()
Owyn/)  0y? \Owy,/  0x0y \Owy
oF o* [ OF
() & )
o [ oF o [ oF
 Ox0y? <6wxyy>  x2dy <6wxxy>>5WdXdy
o [ oF o [ OF o* [ OF
J(E560) a6 )
Ox0y \ Oy Ox? \ Owyyy '
() S
0wy, Oy \Owyy, 0x \ OWyyy 4
& ()
RICAT RS
Oy \Owyy Ox2 \ Owyyy
Ox0y \ OWyyy 0y? \ Owyyy '

n oF B 0 ([ oF B 0 (OF Sw
Wy Ox \Owyer 0y \ OWyyy *

oF B
+ . 5wxx> lody

(25)

The first variation of the virtual work done by
external loads can be rewritten as

oW = / / aey) — kool y)dsdy (26)

in which g(x, y) is the distributed transverse load on the
plate and k is the elastic foundation parameter.

Then, Egs. (25) and (26) are substituted into the
following expression of principle of minimum poten-
tial energy

4
pr =Wl + 1)

(29)
8 E
_ 2, % n
p2 = uh(2l5 + 151 +5)+ 12 —v21
and
®w %w ®w w
byp=—"43 3 —
VW =aw T3 ey T3 adae T g
otw otw otw (30)
Viw =

ot Caoe o

The corresponding exact boundary conditions at the
edges can also be obtained:

Byi(a,y)ow(a,y) — Bx1(0,y)éw(0,y) =0

Bxa(a,y)ow(a,y) — Bx2(0,y)ow,(0,y) =0
BXB(aay)éwxx(a y) BX3(O y)éwxx(o y) =0 (31)
By] (X, b)5 ( ) By] (x 0)5W(X 0) =0
By (x,b)owy(x,b) — By2(x,0)ow,(x,0) =0
By3(x, b)owyy(x,b) — Byz(x,0)0wyy(x,0) =0
in which
3w dw
Bxi(x,y) = —2P1@+2P4$;
*w o*w
Bxa(x,y) = 2P, a2 2P4W
3w
BX3(xay) 2P4a 37
32)
*w Xw (
Byi(x,y) = —2P| — A + 2Py — e
*w otw
B = 2P| o — 2Py
YZ(xvy) 1 6}12 4 ay4 )
*w

BY3(xvy) 2P4a 3

and
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P=cih+cy] Py=c3sh+cy] P3;=csh+cel
P4 = C7I P5 = Cg[ P6 = C91
(33)

3 Static bending of simply supported size-
dependent plate

Firstly, to illustrate the present model, the static
bending problem of a rectangular micro-plate with all
edges simply supported is considered. The micro-plate
is subject to a lateral uniformly distributed load g(x,
y) and a lateral reaction force kw(x, y) due to elastic
medium.

It is noted that based on the principal of variation
[41], the boundary conditions can be classified to two
groups: kinematic boundary conditions and natural
boundary conditions. The boundary conditions are
determined by specifying the kinematic boundary
conditions or by satisfying the natural boundary
conditions. For the boundary conditions given in
Eq. (31), the kinematic and natural boundary condi-
tion are given as follows

Kinematic natural

Bxy=0 or w=0

Bx; =0 or w,=0 for x=20, a

Bx3=0 or wy=0 (34)
Byy =0 or w=0

By =0 or w,=0 for y=20,b

By3 =0 or w, =0

The classical boundary conditions for the simply
supported plate are

w=0,Bx, =0 for x=0,a

(35)
w=0,By, =0 for y=0,b

Similar to our previous work [14], for non-classical
boundary conditions, there are two possible boundary
conditions at both ends:

Wy (x,y) =0 for x=0, a o Bx3(x,y) =0 for x=0, a
Wyy(x,y) =0 for y=0, b By3(x,y) =0 for y=0, b
(36)

For illustration purposes, here, the boundary con-
ditions for the simply supported plate are selected as
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w(x,y) =0

Bx(x,y) =0 for x=0, a

Wax(x,y) =0

wix,y) =0 (37)
Byz(x,y) =0 for y=0,b

wyy(x,y) =0

In order to solve the governing Eq. (28) with the
boundary conditions in Eq. (37), the following Fourier
series w(x, y) is assumed:

w(x,y) = zoo: A sin(mTM) sin(?) (38)

where A,,, is the Fourier coefficient. It is obvious that
Eq. (38) satisfies the corresponding boundary condi-
tions in Eq. (37). Similarly, the lateral uniformly
distributed load ¢(x, y) can also be expressed as
Fourier series:

=3

m=1n

n=

mnx nmy

O sin( p; ——) sin( b)

NgE

(39)

In the case of the uniformly distributed load g(x,
¥) = qo, O, 1s expressed as [13]

1640
mnm?

Substituting Egs. (38) and (39) into Eq. (28), A,
can be calculated as

Omn = m,n:1,3,5... (40)

mn — an— (41)
Cip1+Cops +k
in which
mmn nm 5\ 3
= (=9 + )
a (42)

mm., N 5\2
G = (7 +G))

For simplification, it is assumed that all three
MLSPs are the same, i.e. [y = [; = [, = CI. For the
purpose of illustration, unless otherwise stated, the
plate considered here has the following properties: the
elastic modulus E = 1.44 GPa, Poisson’s ratio
v =03, the material length scale parameter
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Cl = 4.0 pwm, the aspect ratio of the plate to be the
same, i.e., a/h = 50, b/h = 50. The thickness of the
plate & = f-Cl, in which f is the dimensionless size
scale. The lateral wuniformly distributed load
g = 0.1 pN/um?, and the density of the plate
p = 1220 kg/m®.

Figure 2 shows the variation of the normalized
micro-plate stiffness (h/w,,..) with the size scale (f),
where w,,,,, is the deflection of the plate at the central
point (x = a/2, y = b/2). Results predicted by the
present model are compared with those predicted by
the modified couple stress model [40] and the classical
model [42]. As shown in Fig. 2, when the plate is not
affected by the elastic medium(k = 0), the normalized
stiffness keeps constant for the classical model, while

0.8 the classical model, &=0
1 - - - - the couple stress model, k=0
0.7 4 - - - - the present model, k=0

the classical model, k=10’ Pa/m

064 the couple stress model, &=10° Pa/m
’ the present model, k=10° Pa/m

Thickness/maximum deflection, 4/w,,,

0.0 T T T T T T T

Dimensionless size scale, f

Fig. 2 Normalized stiffness with size scale

~
o
1

the classical model
- - - - the couple stress model
- the present model

(o2}
o
1

w S o
o o o
1 1 1

Maximum deflection, w,,, (Lm)
3
1

10° 10° 10" 10" 10"
Elastic foundation parameter, &

Fig. 3 Variation of the maximum plate deflection with
foundation parameters

for the present model and the modified couple stress
model, the normalized stiffness decreases nonlinearly
as the size scale increases. These three models show
almost no difference of the normalized stiffness if the
plate thickness is more than 15 times larger than the
material length scale parameter; while with a smaller
size scale (i.e., smaller plate dimension for the same
material) the present model shows strong size effect,
and that leads to a higher normalized stiffness. When
the elastic medium (assuming k = 10°Pa/m) is con-
sidered, the normalized stiffness increases almost
linearly for the classical model, while for the present
model and the modified couple stress model, the
normalized stiffness decreases and then increases as
the size scale increases. And when the plate thickness
is more than 15 times larger than the material length
scale parameter, the three models show almost no
difference of the normalized stiffness; while with a
smaller size scale the present model shows strong size
effect.

Figure 3 shows the change of the maximum
deflection with foundation parameter for all of the
three models. As shown in Fig. 3, the results from the
three models are quite different, and the size-depen-
dent phenomenon is significantly pronounced when
k is less than 10''Pa/m. The maximum deflections
predicted by the present model and by the couple stress
model are about 13.6 and 4.6 times of that obtained by
the classical model for k = 10° Pa/m. When the
foundation parameter k is greater than 10''Pa/m,the
maximum deflections of the plate predicted by the
three model are almost the same. So the size effect of

0.14

0.124

0.10 4

0.08 4

0.06 4

Deflection/thickness, w/h

Length/thickness, x/A

Fig. 4 Effects of different MLSPs on deflection
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the micro-plate is significant and cannot be neglected
when the foundation parameter k is smaller than
10" Pa/m.

In the present model, three MLSPs are incorporated
corresponding to the three strain gradient tensors (the
dilatation gradient, the deviatoric stretch gradient and
the symmetric rotation gradient). The MLSPs, how-
ever, are assumed to be the same value in Figs. 2 and
3,i.e., Iy = l; = I, = CI. In order to study the role of
each strain gradient tensor in the present model, the
deflection of the plate at the central line (y = b/2) with
different cases for MLSPs are presented in Fig. 4,
where the results of: (a) lp =1, =1, = Cl, (b) Iy
2 = ll = lz = Cl, (C) l() = 11/2 = lz = Cl,
@ lh=L=0L2=Cl (¢) =1 =1L=Cl,
(f) l() = 11/4 = lz = Cl, (g) l() = ll = 12/4 = CI are
given and compared. Here, the lateral uniformly
distributed load ¢ = 0.01 uN/um?, and the other
parameters are the same as those given before. Of
course, the dimensionless deflections of case (b)—
(d) are smaller than that of case (a) as case (b)—(d) use
double values of [y, [y, I, respectively, compared to
case (a). It is shown that the results of case (d) are
smaller than those of case (c) but larger than those of
case (b), indicating that the symmetric rotation
gradient plays less role than the dilatation gradient
and plays more important role than the deviatoric
stretch gradient in the present model. The results of
(e)—(g) are smaller than the results of (a)—(d) as 4Cl is
substituted into Iy, [y, I, in (e)—(g), respectively.
Furthermore, from another point of view, the deflec-
tion reduces with [/l increasing if we compare results
of (a), (b), (e) (i.e., i/l fixed, [/, =1, 2, 4,
respectively). The same tendencies are also found
when comparing (a), (c), (f) or (a), (d), (g). Again,
here, it is shown that [, is more sensitive than /; and /5,
and [, is the least sensitive among the three MLSPs,
which indeed affect the resultant strain gradient effect
more or less by altering these ratios among MLSPs.
The similar conclusions are also drawn in Ref. [43],
where different material characteristic lengths are
studied and discussed respectively to evaluate the
optimal structure. This may guide us to pay more
attention on the dilation gradient in determining
MLSPs. It is noted that the MLSPs are internal
parameters of a given material, and in practice, they
are generally different and determined by uniaxial
tensile, torsional or bending experiments for different
size.
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4 Stability analysis of simply supported size-
dependent plate

Secondly, stability analysis of a simply supported
rectangular micro-plate on an elastic foundation is
considered. In addition to a lateral distributed load
q(x, y) and a lateral reaction force kw(x, y) due to
elastic medium, the micro-plate is also subject to in-
plane compressive loads P = (P, P,,, P,), P, and P,
are the load along x-axis direction and y-axis
direction respectively, P,, is the shear load in the
x—y plane. According to the classical theory, there
exists a critical buckling load P.,.. The governing
equation is given as

*w *w *w

J— 4 [ _
p1VoW + paViw + +P, ) +2P,, axdy + Py 57
+kw = q(x,y) (43)

The boundary conditions are expressed in Eq. (37).

In order to simplify analysis, P, and kw(x, y) are
only considered, the other loads are set to zero. So
Eq. (43) can be rewritten as

62

—p1V6w +p2V4w + P, a2

The following Fourier series is also used for this
problem,

i i By sin( nx) s'n(nzy) (45)

m=1 n=1 a

+kw=0 (44)

By substituting Eq. (45) into Eq. (44), it is obtained
as

_Cip1+Copr +k
N

The critical buckling load P.. is equal to the
minimum of P, in Eq. (46). The critical buckling load

P, can be obtained by setting m = 1 and n = 1, that
is

P = (74 CP) [pr (14 ) + 7]

(40)

(47)

Figure 5 illustrates the variation of the normalized
critical load (P./f) with size scale (f), where results
from all of the three models are presented with and
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120 the classical model, A=0

- - - - the couple stress model, &=0
- - - - the present model, &=0

the classical model, k=10’ Pa/m

the couple stress model, k=10° Pa/m
the present model, k=10’ Pa/m

Normalized critical load, P,,/f (N)

. . - — . -
2 4 6 8 10 12 14 16 18 20
Dimensionless size scale, f

Fig. 5 Normalized critical buckling load with size scale

without elastic medium. The parameters are the same
as those in the static problem mentioned above. For the
classical model without elastic medium, the normal-
ized critical load (P_/f) is constant. For the present
model and modified couple stress model, it can be seen
that the normalized critical load depends on the size
scale of the micro-plate from the Fig. 5. The variation
trend of the normalized critical load is similar to that of
the normalized stiffness. When the plate thickness is
greater than 15 times of the material length scale
parameter, there is almost no difference between the
critical buckling loads from all of the three models.
The variation of the critical buckling load (P,,) with
elastic medium parameter (k) is shown in Fig. 6 in
which the horizontal axis increases exponentially.
When the medium parameter k is small, there are
significant differences between the critical buckling

600

the classical model
- - - - the couple stress model
5004 |- the present model !

400

300

200

Critical load, P., (N)

T
10° 10° ) 10" 10"
Elastic foundation parameter, k

Fig. 6 Critical buckling load with foundation parameter

loads predicted by the three models and the size effect
of the micro-plate cannot be neglected. With the
increase of the value of the foundation parameter, the
relative differences of critical buckling loads predicted
from the three models decrease.

5 Free vibration of simply supported size-
dependent plate

Finally, the free vibration problem of a simply
supported rectangular micro-plate on an elastic foun-
dation is solved. No external force is applied on the
structure. The governing equation is expressed as

pgW — p1Vow + paViw +kw = 0 (48)

where w is dependent with time scale 7. Similar to the
procedure of classical model [42], the following
Fourier series solutions for w(x, y, f) is employed,
which incorporates the spatial and temporal parts.

o0 00
mTcx nm
x )’> Z Z Cmn S]n a ) sin ( by) l(Umnl‘

m=1 n=1

(49)

in which C,,, is Fourier coefficient, w,,, is the
vibrational frequency, and i is the usual imaginary
number defined by i* = -1. Equation (49) satisfies the
boundary conditions in Eq. (37) for any C,,,.

By substituting Eq. (49) into Eq. (48), corznn is
obtained as a simple form,

»  Cip1+Cpr+k

mn ~ ph (50)

The positive solution of w,,, determined from
Eq. (50) is the natural frequency of the simply
supported plate for different order number m and .

In the following, the fundamental natural frequency
for m = 1 and n = 1 is considered. The parameters
are the same as those in Sect. 3. For comparison
purposes, the results from the three models are given
in Fig. 7 with and without elastic medium effect. The
normalized natural frequency shows similar size-
dependent trends with that of the normalized stiffness
(Sect. 3) and normalized critical load (Sect. 4). For the
classical model without elastic medium, the normal-
ized natural frequency (fw,;) is constant. For the
present model and modified couple stress model, it can
be seen that the normalized natural frequency depends
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Fig. 7 Normalized natural frequency with size scale

on the size scale of the micro-plate. When the plate
thickness is greater than 20 times of the material
length scale parameter, there is almost no difference
between the normalized natural frequencies from all of
the three models. When the elastic medium (assuming
k = 109Pa/m) is considered, the normalized natural
frequency increases almost linearly for the classical
model, but for the present model and the modified
couple stress model, the normalized natural frequency
decreases and then increases as the size scale
increases.

The variation of the natural frequency (w;;) with
elastic medium parameter (k) is shown in Fig. 8 in
which the horizontal axis increases exponentially.
When the medium parameter k is smaller than 10'' Pa/
m, there are significant differences between the natural

the classical model

14 - - -~ the couple stress model
777777 the present model
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Fig. 8 Natural frequency with foundation parameters
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Fig. 9 Effects of different MLSPs on frequency

frequencies predicted by the three models. So the size
effect of the micro-plate cannot be neglected when the
medium parameter k is smaller than 10'' Pa/m. These
three models show almost no difference of the natural
frequency if the elastic medium parameter k is more
than 10'*Pa/m.

Similar to Fig. 4, the effects of different MLSPs on
natural frequency of the plate have been studied as
shown in Fig. 9, where the variations of natural
frequency with the dimensionless size scale f are
plotted for four cases of MLSPs. In Fig. 9, the black
solid curve is for the case of [, = [; = I, = CI, the
other curves are calculated by doubling one of the
three MLSPs, respectively, which is the same as did in
Fig. 4. The frequency of case (d) is smaller than that of
case (b) and larger than that of case (c). The higher
frequency represents the higher stiffness, which
results in the smaller deflection, so what shown in
Fig. 9 is consistent with what shown in Fig. 4.
Therefore, the dilatation gradient plays a more
important role than the other two gradients.

6 Concluding remarks

In this paper, an application of a size-dependent
Kirchhoff plate resting on elastic medium is presented,
and three material length scale parameters are con-
tained in the model. If two (I and /) or three (I, [, and
l,) material length scale parameters are ignored, the
model can degenerate to the modified couple stress
model and the classical model. The differences
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between the three models and the influences of elastic
medium coefficient on the static bending, buckling and
vibration response of a simply supported micro-plate
on an elastic medium are discussed in detail.
Numerical results indicate that the normalized
stiffness, normalized critical load, and normalized
natural frequency exhibit strong size-dependence. The
results predicted by the present model are very
different from those predicted by the other two
reduced models when the plate thickness is on the
same order of the material length scale parameter.
These size effects are not significant if the thickness of
the plate is about 15 times as large as the material
length scale parameter. For the case of highly rigid
elastic medium, these size effects are also not signif-
icant. The study may be helpful to characterize the
mechanical properties of micro-plate based structures
that can be modeled as resting on elastic medium.
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