Homework 8
(due Thursday, May 19, 2022)

. Let x be a Dirichlet character modulo ¢. Show that if R(s) = o > 1,
then
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. Suppose that y is a non-principal Dirichlet character. Show that
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. The Kloosterman sum S(m,n;q) is defined as follows:
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where d is the multiplicative inverse of d mod ¢. Here e(2) = ¢*™*. When
q | m, this is the Ramanujan sum ¢,(m). Prove the following properties
of Kloosterman sums:
i) S(m,n;q) = S(n,m;q),
ii) S(m,n;q) = S(1,mn;q) whenever (m,q) =1,
iii) S(m,n;qr) = S(rm,7mn;q)S(gm,qn;r) if (¢,r) = 1. Here ¢, are

multiplicative inverses of ¢, to moduli r, g respectively.

. Let x; be a Dirichlet character modulo ¢; for i = 1,2, with (¢1,¢2) = 1.
Show that

Cxix2 (n) = Ca (n)cX2 (n)X1<Q2)X2<Q1)'
. LeVeque [§7.1, Problem 2].
. LeVeque [§7.2, Problem 3].

. LeVeque [§7.2, Problem 4].



