
84.6 Tyshowoff'sTheorem
In this section we give the proofof Tychonoff's theorem
Theorem4 6 1 Styshowoff Theproductofarbitrarilymany compactspaces is
compact

Recall

1 A collection of subsetsof I satisfies the finite intersection property If i p
if the intersectionof finitelymanymembers of is non empty
2 I is compact VS aclosed sets in I satisfying f i p IgA

A PII satisfying ftp As 11A

3 Zorn'slemma Let I be a partial ordered set If everylinearlyordered
subsetof I has an upper bound in I then I has a maximal element

Linearlyorderdsubset Y I yi y E Y we have y y or y y
Upper boundof Y I An element ne I sit Yeu for yet
Maximal element Anelement me I sit m x m

Notation Since we will next dealwith sets involvingmultiplelevels we adopt the

following conventionsof notations
1 a elementsof I a A A I 3 A S E P III

47 A a collectionof collectionsofsubsetsof A i e A 4A P I 1 3

Lemma4.6.2 Let I be a set Let IF 9 I satisfies f i p 3
Then A E IF ME IF sit S E M and M is maximal in IF

w v t the inclusion order

Proof Given E IF Let IB BE IF A B 3 We shallapplyZorn's

lemma to find a maximalelementof IB Let ID IB be a linearlyordered

subsetof 1A We claim that U D is an upper boundof ID in IB
t



It suffices to verifythat U satisfies f i p Let Di Dn E N Then

Kieu D EID sit Die D But ID is linearlyordered So 1 20 n

sit D Dio for all 1 i n Thus all of Di Dn are members of
Dio SinceDio itself satisfies f i p

Din n Dn
hence U satisfies f i p
By Zorn'slemma IB has a maximalelement which is what we want

Lemma4.6.3 Let I be a set Let IF A PCI satisfies f i p 3
Let U be a maximal element of IF Then
i U is closedunderfinite intersections Ai AnE M Ain MAn E M

ii If AE I intersects everyelement of M then AEM

Proof it Let Ai An E M and let B A A NAn We show that

MU B satisfies f i p hence BE M since h is maximal Takefinitely
manymembers of M If noneof them is B there isnothing to prove
Otherwise their intersection is of the form

Did Dan ADm NB Did Dan ADm n Ain A Au

which is an intersectionof elementsof M hence is not empty
ii is similar Weshow that MUGA satisfies f i p Let D Dn EM

Then Din ADn EM by is Hence Din NDn nA

Proofof Theorem 4 6 1 Let I I Ix where EJ Ix is compact

We need to show that P I satisfying f i p Is CICAL
We prove a stronger result Let U be a maximal collection satisfying

f i p and S E M We show that

MÉ C 1M
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Now αEJ consider 4 Tx Ml MEM Ta is the projectionmeep
Since M satisfies f i p so does 4 Ta m M E M Since It is compact

we have In Clita mi We choose XαE In Cl Tx Ml and

define Xa EJ
Next we show that I An Cical Let β EJ and let Up be a nbd

of xp in Ip Consider the typical nhd of X of the form

Tp Up Ip Ix Up

Since XpE C ftp.lmi UpnTp1mi up nM
Now we have shown that TpcUp nm for ME M Soby ii of

Lemma4.6.3 Tps Up E M This conclusion holds for all BE J and all
nbds Upof Xp Henceby i of Lemma4.6.3 any finite intersection

of Tfcupt with βE J UpENxp is also in M But such intersections

form a nbd basis of 1 Thus since M satisfies f i p we deduce that

MEM ubd Uof X UMM which implies I E CIMI for
all ME M This is what we want to prove

847 Compactness in Meth Spaces

Inthissection we show that in metricspaces sequentiallycompactness is

equivalent to compactness

Definition Sequentiallycompactness Let I be a topologicalspace We say
I is seqmtllycompat.IS compact for short if everysequence in I

has a convergent subsequence

Theorem47.1 A compact C space is s compact
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Proof Suppose that I is C compact Let Exubbe a sequence in I

Wefirst notice that xoE I sit anyubdof to contains infinitelymany
terms of Exub Actually if not then XE I a ubd Ux of x sit Un contains

only finitelymanyterms of 1 43 whichtogether with the compactness of I
wouldimply that axis has onlyfinitelymany terms a contradiction

Nowsince I is C we can find a countable nhd basis hVn3of Xo
Since each Vn contains infinitelymany termsof hub we can find a subsequence
And of ban sit AnkeVr Then Xnp No

Corollary4.7.2 A compact metricspace is s compact
Proof A metricspace is C

Next we provethe converse conclusion

Lemma47.3 Lebesgue Let I di be a s compactmetricspace U is an

open coveringof I Then 78 0 XEI JUEN sit Bix d EU

Proof Assume on the contrary that nEN An E I sit B xn.tn
can not becontained in any memberof N Since I is s compact there

is a subsequence 9Aug of axus sit And a E I

Now since U is an open coveringof I Eso and U E U sit

Bla E E U For k sufficientlylarge we have

dcxnn.at I I F e

So yEBlank we have

d y a dry Xna diana a I E E

Thus B Anp Bla El E U which is a contradiction

Remark The supremeof d sit Lemma4.7.3 holds is called the

lebesguemimberofthe.coering N and is usuallydenotedby L 12 We note that LCMI

rely on the choiceof metri d on I
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Definition TotallyBounded and 8 net

Let I d be a metricspace A E I and Eso If Bex 81 I

A is called a duetof I If dso I has a finite d net we say
I It is totallybounded

Remark It is not hard to see a totallyboundedmetric space is bounded
Remark Totallyboundedness is not merely a topologicalproperty It depends on the

metric Forexample C 1,1 istotallybounded while IR is not But i i i is

homeomorphic to IR

Theorem4.7.4 Let CI di be a s compactmetricspace Then I di is

totally bounded

Proof Assume on the contrary that 8030 Sit I does not have a do net

Then we can recursivelydefine a sequence axus sit di Xu Xml do for any
m n sincefinitelymanydo ball can never cover I This sequencedoes

not haveany subsequence
Question Wehavejustemphasized that totallyboundedness depends on the choice

ofmetric However S compact is just a topologicalproperty How can s compact

guarantee total boundedness

Theorem4.7.5 A s compact metricspace is compact
Proof Let CI di be a s compactmetricspace Let U be an opencovering

of I By Lebesgue's lemma Lemma4.7.3 U has the Lebesguenumber L 121

Let 0 8 L U ByTheorem4.7.4 I has a finite 8 net That is

Air in An EI sit I Baxi 81 However by the definitionof
the Lebesguenumber Bini 81 Ui for some U E M Thus fidi Un

is a finite subcovering of M
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To summarize we haveobtained

Theorem4.7.6 In a metricspace I I is compact iff I is s compact

Corollary4.7.7 A IR is compact A isboundedand closed

Proof Since IR is Hausdorff so a compactsubset in closed By
Thm4.7.5 and Thm4.7.4 A is totallyboundedhence is bounded

Since A is bounded it is contained in some box E M.in which is

compactbyTychonoff's theorem Then A is a closed subsetof a compact
space hence is compact

Corollary47.8 Let I be a compactspace f I IR is continuous

Then f is bounded
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