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1. Let X and Y be topological spaces, and let f : X — Y be a map. Define
G={(z, f(x)) | r € X} C X xY, called the graph of f. If Y is Hausdorff and f

is continuous, prove that G is a closed subset of the product space X x Y.
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4. Let S™ = {(x1, 22, -+ ,Tny1) € R Z"H.,z = 1} (the n-dimensional sphere),

and let X satisty the T4 axiom. Prove that a continuous map from a closed set
A C X to S™ can be extended to an open neighborhood of A.
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2. Prove that

1). Any connected clopen subset of X is a connected component of X;

2). If X has only finitely many connected components, then each connected com-
ponent of X is clopen. Give an example showing that if X has infinitely many
connected components, the conclusion may not hold.
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4. Prove that the connected components of an open set A C R™ are countable.
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1. Let G be a topological group — that is, GG is both a group and a topological space,
and the group multiplication G x G — G : (g,h) — gh and the inversion map
G — G : g g~ ! are both continuous. Suppose G is connected. Prove that if a
normal subgroup H of G is discrete in G, then H is contained in the center of GG.

Hint. Consider the conjugation action of H on G.
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2. Prove that a compact Hausdorff space is T}.
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3. Let X and Y be topological spaces. Let f: X — Y and let

G={(z,f(z)) |re X} C X xY.

The set G is called the graph of f. If Y is compact and G is a closed subset of
X x Y, prove that f is continuous.
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4. Prove the Bolzano—Weierstrass theorem: every infinite subset of a compact space
has a limit point.
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5. Show that QQ are not locally compact.
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