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Flexoelectricity is a universal phenomenon present in all dielectrics
that couples electrical polarization to strain gradients and vice-versa.
Thus, structures and configurations that permit large strain gradients
facilitate the design of an enhanced electromechanical coupling. In
a recent work, we demonstrated the prospects for using crumpling of
essentially arbitrary thin sheets for energy harvesting. Crumples, with
their defect-like nature, admit singular and rapidly varying deforma-
tion fields and are thus ideal for engineering sharp non-uniformities
in the strain field. In this work, we consider how to tune the design
of crumpled sheets for a significant flexoelectric response. Specifi-
cally, we analytically derive the electromechanical coupling for a thin
crumpled sheet with varying thickness and graded Young’s modulus
as key design variables. We show that, the electromechanical cou-
pling of such crumpled sheets can be tuned to be nearly five times
those of the homogeneous film.

Dielectrics ‘ Crumpling ‘ Flexoelectricity

1. Introduction

C rumpling an ordinary paper can produce electricity. This
rather non-intuitive assertion was decisively addressed in
a recent work [1]. The phenomenon that allows for this un-
expected observation is flexoelectricity, a rather distinctive
electromechanical coupling between polarization and strain
gradients [2—6]. Since flexoelectricity exists in all dielectrics,
as long as strongly inhomogeneous strains can be engineered,
materials need not be piezoelectric to exhibit a non-trivial
electromechanical coupling.

A notable aspect of flexoelectricity is the associated so-
called size-effect [6,7]. As well appreciated in the mechanics
literature, while in classical elasticity, strain fields (for a set
of given boundary conditions) are invariant with respect to
self-similar scaling, strain gradients increase dramatically with
a reduction in feature size. Accordingly, for many materials,
flexoelectricity acquires significant prominence only at charac-
teristic length scales at the nanoscale. This has led to applica-
tions such as piezoelectric nanomaterials without using piezo-
electric materials [8-11], nanoscale energy harvesting [12-16],
sensors and actuators [17-20], biological membranes [21-24],
biophysical phenomena [25-27], defects [28,29], ferroelectric
domain engineering, [30-33], flexoelectric semiconductors [34],
soft matter [24,35,36], and many others.

The universal nature of flexoelectricity makes it an attrac-
tive avenue to engineer electromechanical coupling. Unfortu-
nately, however, the flexoelectric coefficients of most materi-
als are rather small. Researchers have pursued approaches
to artificially enhance flexoelectricity by electret-like materi-
als where charges and dipoles are embedded [16,37—40]. An
alternative approach, which we pursue in this work, is to engi-
neer large strain gradients. Heretofore, several strategies have
been studied by researchers to produce large strain gradients,
e.g. combining metallic nanowires with BST nanosheets [10],
stacking thin sheets of disparate materials in certain order [8],
nano-sized triangular voids or inclusions in materials [41,42].

Germane to the topic of the current paper, flexoelectricity
has also been investigated in the context of 2D materials in-
cluding graphene [41,43-45] and biological membranes [21-24].
Indeed, elastic sheets or 2D material-like structure can easily
bend and thus exhibit large changes in curvature (arguably
the most facile way to induce inhomogeneous strains). Crum-
pling of flat sheets, a common occurrence in our daily lives
as embodied with ordinary paper, can produce large curva-
tures. Recently, the mechanics of crumpling has attracted
significant attention but has been mostly investigated purely
as a mechanical and geometrical problem [46-50]. As shown in
Figure 1, a thin film is crumpled by a concentrated force which
can induce large strain gradients near the deflection tip. In an
interesting work, going beyond purely mechanical considera-
tions, Kodali et al. [51] proposed the generation of electricity
from the crumpling of polymer piezoelectric foils for poten-
tial applications in wearable electronics. Recently, Wang et
al. recognized that due to flexoelectricity, crumpling of even
an ordinary thin sheet ought to exhibit electromechanical cou-
pling [1]. Specifically, we showed the emergence of a significant
flexoelectric response due to large curvature at crumples, es-
tablished scaling laws for the electromechanical behavior of
crumpled flexoelectric thin sheets and showed that non-trivial
energy harvesting may be achieved at submicron length scales.

While our prior work [1] established the usefulness of crum-
pling for flexoelectricity mediated energy harvesting, the ques-
tion pertaining to how we might optimize or tune the elec-
tromechanical response remains unanswered. In this work, we

Fig. 1. Schematic of the generation of electricity from the crumpling of a thin
dielectric film. The circular film is placed on a supporting structure (a hollow column
in this picture) and a concentrated force is applied vertically to generate a crumpled
sheet.
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propose the mechanics problem related to the crumpling of a
flexoelectric thin sheet with varying elastic modulus and thick-
ness. We are able to show, using both analytical means and
simple numerical calculations, that variations of thickness and
elastic modulus provide for an effective means to tune the flex-
oelectric response of a crumpled sheet and can be exploited for
improving emergent electromechanical coupling. This paper is
organized as follows. In Section 2, we present the theoretical
formulation of the crumpling of thin sheets and the governing
equations are obtained by using a variational approach. In
Section 3, we discuss the electromechanical coupling for two
illustrative cases: one is a circular sheet with varying thick-
ness and the second is a circular sheet with graded Young’s
modulus. Conclusions are given in Section 4.

2. Theoretical Formulations

For a dielectric occupying a volume €2 bounded by a surface
09, the total potential energy is given by [52]

U:/WL(Vu,VVu,p)— %eo|V£|2+p-V£dv
Q

— Q&ds — / t - uds,
29 a0

where V is the gradient, u is the displacement, p is the polar-
ization, & is the electric potential, @) is surface charge density,
and t is the applied dead load, ep = 8.85 x 1072 F/m is the
vacuum permittivity and W% (Vu, VVu, p) is the internal en-
ergy function.

(1)

Assuming independent variations of u, p, ¢ and their gradi-

ents, the variation of the total potential energy U is

oU = / T6Vu+TéVVu+ E - op
Q
— e VE-OVE+VE-6p + p - 6VEdY (2)

- Qé&ds — / t - duds,
o0 29

where

awrt . oWt oWk .
T78V1¢7 Tﬁ(?VVu7 EA op ’ (3)

T is the second-order stress tensor, T is the third-order stress
tensor, and E is the effective local electric field.

Hence, the first variation of the total potential energy (1)
equals to zero at equilibrium and then gives

VA(T-V-T)=0 i, (4)
E+VE=0 inQ, (5)
V- (-eVE+p)=0 inQ, (6)

where the corresponding boundary conditions on 99 are

(T -V -T)n—V-(Tn)=t ondQ, (7)
Tn=0 ondQ, (8)
(—eoVE+p) - n=Q on N (9)

F1<FQ<F3

F;
F: ‘
Fl 2 #

(a)

Side view

Front view

(b)

Top view

Fig. 2. Schematic of the crumpling of a circular film on a hollow column. (a) With the increase of a concentrated force I, the originally flat circular film gradually deforms
to a crumpled film. A larger applied force corresponds to a deeper central deflection. (b) A crumpled circular film is observed in different directions.

2|

Y.Liu, L.Chen, B.Wang, S.Yang and P.Sharma

1202 Jequieidas 0g uo Jesn AysiaAiun Buopueys Aq Jpd-gpe |-|Z-Wel/L08€929/5/5250 LIS L L '0L/0p/Jpd-aloe/solueyoawpaldde/Bio"awse" uofos|joo|e)Bipawse//:diy wol papeojumo



“YL-etral-TAM-09047 == 22621/9/22 — 20:59 — page 3 — #3

where V-(T'n) = VI.(Tn)—(V!-n)(Tn)n, VI = (I-non)v
is the surface gradient operator [53] and I is the unit dyadic.

Within a linearized constitutive setting, the internal energy
function W% (Vu, VVu, p) can be written as [54]

WL:%Vu-cVqu%p-ap+p~qu+p~fVVu+%VVu~gVVu,

(10)
where the coefficients ¢, a, d, f and g are material property
tensors. The fourth-order tensor ¢ is the elastic tensor. The
second-order tensor a is the reciprocal dielectric susceptibil-
ity. The third-order tensor d is the piezoelectric tensor. The
fourth-order tensor f is the flexoelectric tensor. g is the sixth-
order tensor related to the strain-gradient effect.

Finally, according to Eq. (3), the constitutive equations are

L
T = ?;g/u = cVu + dp,
_ owE
T = O~ gVVutfp, (11)
P L
E— daip — ap+ dVu+ fVVu.

2.1. Large deflection of a circular film. Consider a flat
thin film of an isotropic dielectric materials (shown in Fig-
ure 2). In terms of cylindrical polar coordinates (p,0,z)
with unit basis (e,, e, e.), the material point is denoted by
x = pe, + ze. and the geometry of the film is defined in the
reference region

0<p< Ry, 0P <m, 0<z<h (12)

The upper surface of the circular film is at z = 0, the lower
surface is at z = h and the surrounding surface is at p = R,.
Typically, the middle surface of the film is at z = h/2.

Displacement vector

We first consider the deformation of the middle surface. With
a mapping x, a material point  on the middle surface is de-
formed to a spatial point y = x() = & + u, where u is the
displacement vector. Note that the displacement vector on
the middle surface is a function of two variables p and 6. We
then decompose u into two parts: the in-plane displacement
us and the out-of-plane deflection u |, i.e.,

u=us+uL. (13)
By the unit basis (e,, es, €.), we have
us = up(p,0)e, +uo(p,0)es and wi =((p,0)e.. (14)

The flat film, as shown in Figure 2, deforms into a devel-
opable cone (d-cone) shape when it is subjected to a vertically
concentrated force. To model the d-cone phenomenologically,
the d-cone can be approximately divided into two regions: the
core region (0 < p < R.) and the rest (R. < p < Rp). Here
R, is the core radius that denotes actually the region near the
d-cone tip [49,50].

The out-of-plane deflection of crumples film can be assumed
as follows:

C(pﬂ){é*(ﬂﬁ), 0<p<Re (15)

a1py”™(0), Re <p< Ry

Y.Liu, L.Chen, B.Wang, S.Yang and P.Sharma

As depicted in Figure 2, a; is the ratio of the center deflection
d to the supporter inner radius R, and a3 is the dimensionless
core radius, i.e.,

o = % and ap = % (16)

Then the dimensionless radius is p = p/R. The deflection
function ¢*(p, ) in the core region is complicated and its exact
form is still an open problem. On the other hand, Cerda and
Mahadevan [48] gave the form of the deflection function ¢* ()
away from the core region: ¥*(6) = H* (|| —61)+¢(8)H* (61—
[0]). Here H* is the Heaviside function and ¢(0) =

(sin 01 cos af — asin aby cos ) /(sin 61 cos afy — asin aby cos b1).

As reported, a &~ 3.8, 61 ~ 1.21 rad, and the angle 0; is a
material-independent constant and its magnitude is predicted
to be 61 ~ 70° by Cerda and Mahadevan.

Moreover, the crumpled film in terms of the variation of the
local curvature can be divided into two parts: the concave
part (—6; < 6 < 1) and the convex part (61 < 0 < 2w — 61).
As shown in Figure 2, the applied force detaches the film from
the supporting hoop in the concave part; however, the film
still contacts the supporting hoop in the convex part.

Strain tensor and curvature tensor

By the decomposed displacement vectors, the in-plane strain
tensor E, and the linearized curvature tensor x can be defined
as [55]

B, — %[@uﬁ(ws)“ﬁce@@d, (17)

K= — ﬁﬁ4.(p7 0)7 (18)

where the two-dimensional (in-plane) gradient operator V in
cylindrical polar coordinates is V= e,0, +egp 0. By Egs.
(14), (17) and (18), the in-plane strain tensor E, and the
curvature k can be expressed in terms of functions wu,, ue,
and ( as

1
E, :=[0u, + 5(@,()2]6,, ® e,

1,0ou, 0,CO
+[7( 0Up 7%+8PUQ+M)]QP®EG
2200 ’ (19)
1 89“9 Up 8,;@69(
(0 = g+ P es e
2
n &+M+1@ eo ® eo,
p 2 p
and
. 10) O
K= [—0pp(le, ® ey + [_%C * pLQC}ep e
) ) , , (20)
0 o) ?) 0
+[_ﬂg+%<]eg®ep+[—ﬁ— 0§<]60®6e.
P p P P

In the outer region (R. < p < Rp), the condition of in-
extensibility requires that the stretching strains vanish at
moderate deflections [48].By using the out-of-plane deflection
C(p,0) = a1py™(0) in R. < p < Ry, the in-plane strain tensor
E; and the linearized curvature tensor k in Eqs. (19) and
(20) are obtained as

o
E;,=0, k:= 77[899’&*(9) + 1,9*(0)}69 ® eg. (21)
Journal of Applied Mechanics | Issue Date | Volume | Issue Number | 3

120 Jequiaydas Qg uo sasn Aysseniun Buopueys Aq jpd-9pe -1 2-Wel/208€929/5.52S0Y LIS 1L L 0L/1op/pd-ajone/solueyoswpaldde/Bio-swseuooa)|oojeybipawse//:dyy woly papeojumoq



“YL-etral-TAM-09047 == 220621/9/22 — 20:59 — page 4 — #4

In contrast, the curvature around the crumple tip is suf-
ficiently large; therefore, we can only approximately deter-
mine the orders of the in-plane strain and curvature. As ob-
served in experiments [49,50], the orders are |Es| ~ (a1as)?
and |k| ~ o‘—i% Wang et al. [1] introduced two parameters
Ae = 5.5, A\x = 5 to amend these simplifications for small
deformation. Hence, the magnitude of the strain tensor Ej

and the curvature tensor k are written as

o 1
Bl ~ Ap(a102)”, K] = A= 5 (22)

2.3. Maxwell’s equations and electric boundary condi-
tions. Since the film’s thickness is much lower than its in-plane
dimension, we mainly focus on the electric quantities in the
thickness direction. The electric field is e(z), the electric po-
tential is p(z), and the electric potential is V'(z).

From Maxwell’s equations, the electric field is an irrotational
field and
e(z) = -0V (z)/0z. (23)

Moreover, without free charges in the material, the Maxwell
equation requires that

dlcoe(2) + p(=)]/0z = 0. (24)

Integration with respect to z gives ege(z) + p(z) =
constant, 0 < z < h. Next, we examine the electric bound-
ary conditions. The electric boundary conditions on the upper
and lower surfaces are charge-controlled. In the absence of free
charges, we have

eoe(z) +p(z) =0, atz=0,h. (25)

Therefore, we have e(z) = —p(z)/e0, 0< z < h.

We can further simplify the discussion by assuming con-
stant electric and polarization field in the thickness direction.
In other words, e(z) and p(z) and independent of z, and then
the voltage difference between the upper and lower surfaces is

AV = eh = —ph/eq. (26)

2.4. Energy formulation of thin films. For dielectric films,
the internal energy function (per unit area of the neutral sur-
face) can be written as [54]

wk = % {C|EL” + Cytr(r)]?}
: (27)
+ 3 {ap2 + 2pdstr(Es) 4 2pfstr(s) + g[tr(n)]Q} .

The first term on the RHS is the purely elastic energy,
Cs = 1;;2 FEh is the in-plane stiffness and Cp, = %Eh?’ is
the bending stiffness. The parameter a = ﬁ corresponds
to the reciprocal dielectric susceptibility, € is the material per-
mittivity. ds, fs, and g = Fl3 are parameters that are related
to the piezoelectric, flexoelectric, and strain-gradient effects,
respectively. lp is the material length.

From the variation of the energy function (27), the elec-
tric field e is e = W /dp. Combining the result e = —p/eo
obtained in Section 2.3, we have

[datr(Ba) + fetr(r))/(a+ 5 ), (28)

which directly shows that, in the case of nonpiezoelectricity
ds = 0, the polarization is proportional to the mean curvature
1tr(k). Such a linear relation has been reported in the bio-
logical context [5,39,56] and for crystalline membranes [44,45].

4

By substituting the linear relation into the energy function
(27), the internal energy function W% becomes a function of
variables p and 6 with two parameters a; and ap. In addition,
the potential work done by the centering dead load F' is equal
to —Fd = —FRa;. Collecting all the above expressions, we
obtain the following final expression for the total energy in
terms of a1 and as:

U(ai,az2) / / {C |E, | (20)

(K, + K3)[tx(w)]} pdbdp — FRon,

where the coefficients Ky = Cj, + hg — hf2/(a + ;1)
—hfi(n*+2n)/(a+eyt) with the ratio n=dstr(Es)/[fstr(k)].
The first variation of the total potential energy (29) gives
governing equations:

ou

C’)Oél

Solutions of the two algebraic equations (30) give the di-

mensionless center deflection o1 and the core radius as. Thus,
the curvature can be obtained by using Egs. (21) and (22).
After obtaining the curvature, the generated polarization p
can be given by the relation Eq. (28). And the induced
charge is determined as Q = fOR J7 . ppdfdp.

=

ou
7(0&1,0[2)20. (30)
(6%}

(a1,2) =0 and

2.4.1. Films with varied thickness

Supposing that the thickness of the film varies linearly along
the radial direction of the film, that is,

h = ho + (n1 — 1)(1 — 2 Yho, (31)
Ry,
where ho is the thickness at the center of the film and nq is
the ratio of the thickness at the center to the thickness at the
outer, i.e., n1 = h(0)/h(Rp).

After some basic but tedious calculations, the non-
dimensional energies of the core and the d-cone may be derived
to be:

UC()TE
_ 3 o ST ACIB + (s + KD)lor(w)] } pdbdp
lﬂRQC—;’)
2 hg
0 hoa% 7 12 B3 (0 i *0
=afaSCON + 0T {120ho AR, (K + K7°)
P

+ 1505 ERIA2 Rpna (n1 — 1)* — 403 ERZAZ (n1 — 1)°
— 2002 R2(n1 — 1) [Enihg AL + 4gha A2 — 4hoA2a” [2(n + 1)°

1 _
- u"’)a?aSE/\%} } ,

. (32)
an
Udfcone
3 [t 7 {CH B + (Ko + K3)[tr(w)]*} pdodp
- 0
0
hila3 R

= {72a* F2R2(n1 — 1) (Rp —

— ho(n1 — 1) [QRZEE_'(nf +n1) + T2R)G — 182 R, (Enf +47)
+9a3ER,(n} —n1) + 2E(ny — 1)2 (RZ — ag)] } ,

ag) + 721_(21752 In Ei]
Q2
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where I = [, (800" (70) + " (n0)dl, CY = M8 qr =

—1__ and the dimensionless quantities are

a+sn
- ho = Ry, _. i
ho—§7 R, = R’ a = 607
1-—
0 0
e C/hzz Eho/hz,
KJ=K]/C} = (Cy +hog*h0a ey,
K =K:°/CE = —hoa" f2(n” + 20) /Y, (34)
Rh2 R
s =FE—5 ) g= 0
= fs/ h ot o I=9c

F= FR/(%# et )

The dimensionless energy associated with the external force
gives

_ 1 .,C - .
Ur = —FRoa/ | 7R — | = —Foa. (35)
2 h§
Finally, the dimensionless total energy is
U = Ucore + Ud—cone + UF (36)

The first variation of the total potential energy 6U[u, p, &] =
0 now becomes U [a1, ae] = 0. Hence the governing equations
can be written as the following form:
80[0[17 042} 8(7[(117 Oéz}
dan Oacp

=0, =0. (37)

2.4.2 Films with graded Young’s modulus
Assuming that Young’s modulus of the film varies linearly

along the radial direction of the film, that is

E=Eo+ (n2 —1)(1 - £) By, (38)
Ry
where Ey is Young’s modulus at the edge of the film and ne
is the ratio of the Young modulus at the center to the Young
modulus at the outer, i.e., no = E(0)/E(Rp).

The non-dimensional energies of the core and the d-cone
parts are

UCOTG
5 e ST ACE? + (Ko + KD)[er(k)]7} pdddp
- 1._p2C%
3T 5
2 m 73
= c1oeBoh (1= ma) rpeys | 1omy2 4 0208321 — 12)]
18R,
+ataSCo2% + a2h®N2 (I_(? +I_(;*) ,
(39)
and
Ud—(:un,e
R, T 2 *
3 Jr! 7 ACE + (Ko + K)[tr(k )12} pdodp
- CO
,ﬂ—RQ
4
&R (40)

197, Eo(1 —n2) (R® + 12}1%) (Rp — az)

+2R?L K% In &,
Q2
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where I = [ [0000" (n0) + v* (0)]°d6, C) = £ob% g —

Fol2, and the dimensionless quantities

- h = R - lo — 3
h=— Yy = —2 lo = — FEo=EyR
i R, 7 =3 Eo oR’/Cy,
~0 _ ~0 Cj 1- Cy
Cs - Os/h2 - 12 E(Jh/ hQ ’
RO = K/CP = (C{ + hgo — ha' f2)/C3), (41)
K; = K;/Cy = —ha" f2(n* +2n)/Cy,
= 1 _,Cf
F = FR/(5nR*3).

The dimensionless energy associated with the external force
is

Ur = —FRaa/ (%WR e

0
2&) =—Fa. (42)

Finally, the dimensionless total energy is
U = Ucore + Ua—cone + Ur. (43)
Thus the governing equations can be obtained as

(9[7[(11, (12]
80[1

6(7[0[1, (12]
80[2

=0, =0. (44)

3. Results and discussions

With the theory in place, we now study the electromechanical
coupling of dielectric films with graded thickness and Young’s
modulus. The parameters used in our numerical calculations
are consistent with those in Ref. [1]. The flexoelectric con-
stant is chosen as f; = —179 Nm/C. The geometrical and
material parameters of a homogeneous film are R, =50 mm,
ho = 52 um, Ey = 5 Gpa, and ds = 5 pC/N. The nonlo-
cal elastic coefficient is taken to be the same as in Ref. [1],
= 45 x 107% N. The radius of the supporting hoop is

g
R 5 mm.

N—’

(a) (b) (e)

Fig. 3. (a) A circular film with varied thickness along the radius. The dielectric
film (dark blue) is coated with two compliant electrodes (silver gray) on the top and
bottom surfaces. (b) Semi-cut view of the circular film. (c) Coordinates are fixed on
the semi-cut view.

3.1. Circular films with varied thickness. To investigate
the effects of varying thickness on the electromechanical cou-
pling, we simply assume a linear variation of the thickness
along the radius:

h = ho + (n1 —1)(1—%)%, (45)

where hg is the thickness at the outer, i.e., h(Rp,) = ho, and
n1 is the ratio of the thickness at the center to the thickness at
the outer, i.e., n1 = h(0)/h(Rp). For linearly varied thickness,
we can control the ratio n;. For 0 < n; < 1, the center part is
thinner than the outer part, see Figure 3, and vice versa. The
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case of n; = 1 corresponds to a uniform film.

In Figure 4, we show the variation of the normalized center
deflection a1 and the core radius ap, defined in (16), with
respect to the applied force F. For ni = 1 (uniform film),
the deflection a; increases almost linearly with the increase
of F while the core radius as decreases nonlinearly with the
increase of F'. In this paper, we focus on small and modulate
deflections, therefore, large deflection (1 > 0.3) is excluded.

ny =1
—n; =0.5
—mn; =0.2

0 02 04 06 08 1 12

Fig. 4. (a) Applied vertical force F' vs. dimensionless tip deflection cv1. (b)
Applied vertical force F' vs. dimensionless tip deflection avg. Different ratio 11
corresponds to different varied thickness in (45 ).

In Figure 4(a), for a crumpled film at a given aq, the smaller
the ratio n1, the smaller the applied force F'. This is because a
small tip deflection a1 corresponds to a small bending stiffness
and then a small applied force can induce a large deflection.
Note that the deflection of thin films is almost proportional
to the inverse of the bending stiffness, and bending stiffness
is proportional to the cube of thickness. In other words, if
the thickness of a homogeneous film is reduced by a half, the
applied force is reduced to about 1/8 to achieve the same de-
flection. Such a phenomenon is also observed in Figure 4(a).

In Figure 4(b), for a given applied load, the smaller the
ratio ni, the smaller the core radius aa. This interesting ob-
servation indicates that compared to a uniform film, a film
with thinner thickness around the center has a smaller core
size of the crumple. On the other hand, the thinner film has
a much larger deflection than that of a homogeneous film at
a given dead load. The two different variations implies that

there may exist a potential competition between deflection
and crumpling.

One way to evaluate the intensity of electromechanical cou-
pling is to determine the coefficient between induced charges @
and the applied force F, that is, d*// = Q/F. The reference

parameter is chosen to be dgff = 223 pC/N. For homoge-
neous films with parameters R, =50 mm, ho = 52 pum, Fy = 5
Gpa, and ds = 5 pC/N, we investigate the coupling coefficient
d*¥f = Q/F when the tip deflection at a; = d/R = 1/3.
Moreover, to study the size effects on the electromechanical
coupling, we introduce a scale factor v to control the dimen-
sions, that is, y(Rp : R : h). Typically, y = 1 and n1 =1
corresponds to the originally uniform film.

In Figure 5, the normalized coefficient d = d*ff /dgf fin-
creases with the decrease of the film size (7 decreases from
1). The increase of the coefficient indicates that the elec-
tromechanical coupling noticeably depends on the structure
size. However, the coefficient cannot increase monotonically
with the decrease of the size. This is because that the purely
elastic strain-gradient effects (mediated by the coefficient “g”)
plays an important role when the size decreases to nano scale.
Here we also focus on the effects of varying thicknesses (de-
noted by n1) on the coupling.

The peak of the curve (n1 = 1, a homogeneous film) in Fig-
ure 5 is d = 270.4 at v = 1.93 x 1073, However, the peak of
the curve (n1=0.2) is d = 1245.8 at v = 3.63 x 107°. The
comparison directly shows that a film with thinner thickness
around the center can achieve a much higher electromechani-
cal coupling, i.e., the center thickness decreases to 1/5 of the
original thickness, the coupling coefficient approximately in-
creases 5 times. Moreover, Figure 5 demonstrates that, at the
same scale factor v for different dielectric films, a thinner film
at the center corresponds to a larger coupling coefficient d.
Crumpling of dielectric films with graded thickness are able to
generate increased flexoelectricity-mediated charge, and thus
have better electromechanical coupling performance.

1078 —p =5 \n1:5

10°

Fig. 5. The effective flexoelectric effect d = de'f'f/dg‘ff V5. nondimensional
scale factor -y for different films with varying thicknesses in (45).

3.2. Circular films with graded Young’s modulus.In
contrast to films with graded thickness in the previous sec-
tion, we now consider films with a linearly varying Young’s
modulus along the radius:

E:Eo+(n2—1)(1—Rip)Eo, (46)

Y.Liu, L.Chen, B.Wang, S.Yang and P.Sharma
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where Ej is Young’s modulus at the outer, i.e., E(R,) = Eo,
and ng is the ratio of the Young modulus at the center to that
at the outer, i.e., no = E(0)/E(Ryp). For 0 < na < 1, the cen-
ter part is softer than the outer part, see Figure 6, and vice
versa. The case of no = 1 denotes a homogeneous film.

- l—-‘
) -/ I ’

(a) (b) (e)

Fig. 6. (a) A circular film with graded Young's modulus along the radius. The
dielectric film is coated with two compliant electrodes on the top and bottom surfaces.
(b) Semi-cut view of the circular film. (c) Coordinates are fixed on the semi-cut view.

0.08
—ng =1

ns = 0.5
0.06 |——ny =0.2 ne =1

0.008

F (kgf)

0.002

Fig. 7. (a) Applied vertical force F' vs. dimensionless tip deflection cc1. (b)
Applied vertical force F' vs. dimensionless tip deflection cva. Different ratio 12
corresponds to different graded Young's modulus in (46).

In Figure 7, we plot the variations of the normalized center
deflection a; and the core radius ae with respect to the ap-
plied force F. With the increase of F', in the case of n2 = 1,
the deflection i increases almost linearly but the core ra-
dius a decreases nonlinearly. In Figure 7(a) at a given a1, a
smaller ratio ng corresponds to a smaller applied force F'. This
phenomenon is also observed in Figure 4(a) since the bending
stiffness is determined by both the Young modulus and thick-
ness. The trends of curves in Figure 7(b) are similar to those
in Figure 4(b), i.e., a smaller ratio na corresponds to a smaller
core radius a2 for a given applied load, which indicates that
a film with smaller Young’s modulus around the center has a

Y.Liu, L.Chen, B.Wang, S.Yang and P.Sharma

smaller core size of the crumple.

Similar to Figure 5, we investigate the electromechanical
coupling by scaling the dimensions of films in Figure 8. We
have discussed the size effect of the electromechanical cou-
pling in Section 3.1. Here we focus on the effects of graded
Young’s modulus (denoted by m2) on the coupling. The
peak of the curve (n2 = 1) in Figure 8 is d = 270.4 at
v = 1.93 x 107%. However, the peak of the curve (n2=0.2)
is d = 717.0 at v = 1.93 x 107>, The comparison directly
shows that a film with smaller Young’s modulus around the
center can achieve a much higher electromechanical coupling,
i.e., the center Young’s modulus decreases to 1/5 of the orig-
inal Young’s modulus, the coupling coefficient approximately
increases 2.5 times. Moreover, we show that at the same scale
factor «y for different dielectric films, a softer film at the center
corresponds to a larger coupling coefficient d. Like with the
thickness, we conclude that gradation of Young’s modulus in a
flexoelectric crumpled sheet is an effective strategy to enhance
electromechanical coupling.

- nyg =5
B \/

-3

10
5

Fig. 8. The effective flexoelectric effect d = deff/dgff vs. nondimensional
scale factor -y for different films with graded Young's modulus in (46 ).

4. Concluding remarks

In the paper, we find that electromechanical coupling of crum-
pled 2D sheets can be tuned in a facile manner by varying
the thickness and elastic properties fo the underlying materi-
als. Our results are largely analytical and hence can provide
an easy guide for design. Gradation of thickness and elastic
properties of 2D sheets is rather easily achievable by additive
manufacturing based approaches. To tune electromechanical
coupling, there exist optimum geometric sizes of the dielectric
film with respect to certain geometric scale factors. For graded
dielectric films, either thinning or softening films at the center
can considerably improve the coupling compared to uniform
homogeneous films.
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