CHAPTER 3

The order and average order of magnitude of arithmetic
functions

3.1. The Symbols “O”, “<<77, “X”, “O” and @

Some convenient notations have been introduced for use during the study of inte-
gers. Let g(z) be defined and positive for all z in some unbounded set S of positive
numbers (which will usually be either the set of positive integers or the set of positive
real numbers, but might for example be the set of primes). Then if f(x) is defined
on S, and if there is a constant C' such that

| f ()]
g(x)

for all sufficiently large x € S, then we write either f(x) = O(g(x)) or f(x) < g(z).
If there are constants 0 < ¢ < ' < oo such that

|f(2)]
< —g({L’) <C

<C

for all sufficiently large « € S, then we write f(z) =< g(z). If

e
lim Y
vy g(x) .
we write f(z) = o(g(z)), and if
W10
ey o)

we write f(z) ~ g(x), and say that f(x) is asymptotically equal to g(x).
ExAMPLE 3.1. For x € R, we have
sinx < x,
sinz = O(1),
2+sinx <1,
Vv = o(x),
2 = o(e"), for every constant k,
log" & = o(x®), for every pair of constants k and o > 0,
[z] ~ .
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24 3. THE ORDER AND AVERAGE ORDER OF MAGNITUDE

3.2. The Euler—Maclaurin formula and the partial summation formula

THEOREM 3.2 (Euler-Maclaurin formula). Let a < b and a,b € Z. Let f : [a,b] —
C. If f is of class C* on [a,b]. Then we have

> )= [ () + ) @)z + 570) - @),

a<n<b

where Yy (x) = x — [x] — 1/2 is the saw function.

L
/ ;i/ /

FIGURE 1. The saw function

PROOF. Let n € Z such that a < n < b. By integration by parts, we have

/ e dx_/nm(g;—n—uz)df(x)

n+1 /' f

n+1
= S+ 1)+ fm) - / f(a)d

[ e = Z [ n@raas

SRR SR

n= a+1

=(x—n—-1/2)f

Hence

So we obtain
b
> fo )= [ (@) + @) @)de + 50 - Fa)

as claimed. H

THEOREM 3.3. We have

Zlogn =zlogz —x+ O (logz) .

n<x
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ProoF. By Theorem [3.2| we have

Zlogn = /f (logu—l— 1/)1(10)%) du + O(log x).

n<zx

Since |¢(u)| < 1, we have

/ Y1 (u)—du <</ —du =0 (logx).
1 (% 1 u
Note that

=zxlogr —x + 1.
1

/ logu du = (ulogu — u)
1

This completes the proof. O

THEOREM 3.4. We have

1 1
Z—:logx—i-v—l—O(—),
n x

n<x
where v is the Euler constant.
PROOF. By Theorem [3.2] we have
1 it 1 1 1
Si-1+ [ (3ot )a-g+0(3),
—n 1 \u U 2 T

Let v =3 — [~ %du. Since |1 (u)] < 1, we have

L 1 °° 1 © 1 1

Note that
x 1 x
/ —du =logu| =logux.
L u 1
This completes the proof. |
THEOREM 3.5 (partial summation). Suppose that A\, Az, -+ is a nondecreasing
sequence of real numbers with limit infinity, that ci,co,--- is an arbitrary sequence of

real or complex numbers, and that f(x) has a continuous derivative for x > \y. Put
C(z) = Z Cn,y
n<z
where the summation is over all n for which A\, < x. Then for x > )\, we have
D af) =C@)f(x) = [ C)f (Bt
A<z A

PROOF. Let
. 0, if My <t <Ay,
90, 1) = { 1, if\, <t <
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Since C'(x) = Y, <, Cn, We have

Cl@)f(@) = Y eafA) = D aalfl@) = FOn) =D e [ f(t)dt

An < An <z An < An
— );xcn/jg()\mt)f’(t)dt
= [ 3 cstmnrma
AL\, <z
:lﬁg;wmmzxiwwwﬁ

Hence we have

3 ) = Cl)f(o) -~ [ s o 0

A<z A1

Take A, = n. Then we get

3.3. The order of magnitude of 7, o and ¢
In this section we will give the true order of magnitude of 7, ¢ and o.

THEOREM 3.6. Let 7(n) be the divisor function.
(a) The relation 7(n) < log®n is false for every constant A.
(b) The relation T(n) < n’ is true for every fived § > 0.

PROOF. (a) Let n be any of the numbers (2-3---p,)™, m=1,2,---; here r
is arbitrary but fixed. Then

m(n) =[Jm+1) =(m+1)" >m".
pln

But m = logn/log(2-3---p,), so that
log" n

T(n) >
(n) (log(2-3---p))
where the implied constant depends only on r, and not on n.
(b) Let

- > log' n,

7(n)

f(n) = 7
the f is multiplicative. But f(p™) = (m + 1)/p™, so that f(p™) — 0 as
p™ — oo, that is, as either p or m, or both, increases. This clearly implies
that f(n) — 0 as n — oo, which is the assertion. O

REMARK 3.7. The above argument can be pushed a little further. We can give
the inequality in (b) with an explicit constant for each 4.
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REMARK 3.8. Here we can also consider the function 74(n) which denotes the
number of (ordered) factorization of n as the product of exactly k positive integers.

THEOREM 3.9. We have
n

p(n) >

ProoF. By Theorem [2.21} we have

£-n(-)

pln

loglogn’

so that
1
1 1—=)=- + log1— - -
T (1) X2 (e (15) +5)
pln pln pln
Since we have log (1——>—|— < 2,We have

Z(log(l—%)—k%) < 1.

pln

We write

ZZZ-

p\n pln
p<logn p>logn
The total number of prime factors greater than log n of n with multiplicity is O( 1o§i gn)
Hence we get
1 1
S le
o p  loglogn
p>logn
By Mertens’ Theorem [4.6] we have
Z - < Z = logloglogn + O(1).
p<10gn
p<logn
Hence we obtain )
Z — <logloglogn + O(1).
pln P
Thus we have
log #(n) > —logloglogn + O(1)
n
and
(n) > —— O
7 loglogn’

REMARK 3.10. If we do not use Mertens’ Theorem then we can prove
n

p(n) > logn’
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by applying

Z —< Z —< Z =loglogn + O(1),

p|n p<10gn m<logn
p<10gn

which follows from Theorem [3.4].

REMARK 3.11. The result of Theorem |3.9|is best-possible, in the sense that there
is an increasing sequence of positive integers ni, ng, - -- such that

n?“
W(nr) <

Proor. Take n, = p1ps - - - p,, where p, is the r-th prime. By Chebyshev inequal-
ity we have

loglogn,

logn, = Z log p < p,.

p<pr
Note that
log logH (1——) Zlog(l——)
p<p p<pr
1
= — Z +> (log (1 - —) + —) = —loglogp, + O(1).
p<pr p<pr p
Hence n n
p) < —— < L. O
o) logp,. loglogn,
THEOREM 3.12. We have
1 a(n)p(n)
- < ——= < 1.
2 n?
ProoOF. By Theorem [2.15| we have
. PQH —1 . -1 -2 —a
o(n) = HPT—RH(1+}? +p 4+ +p ).
p|In p°|n
Hence
a(n)gp(n):nzn(l— Dl+pt4+p?+- )=n H p e
p*ln p?ln
We have
a(n)e(n) < n?
and
olm)pn) > [[(1—p ) > nte >
T ((2) 2
Here we have used ((2) = %2 <2 O

THEOREM 3.13. We have
o(n) < nloglogn.
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Proor. By Theorem we have

(n) <
o(n
p(n)
By Theorem [3.9 we obtain
2
n
T S— log1 : OJ
oln) < n/Toglogn < nloglogn

3.4. Averages of 7(n), o(n), p(n) and |u|(n)
At first, we introduce Dirichlet’s trick of switching divisors (the hyperbola method).
THEOREM 3.14 (the hyperbola method). Let h = f * g, and

F(z)=Y f(n), Gx)=) g(n), H(z)=) h(n),

nlx n<lx nlx

then for any y € [1, x|, we have

() = X 6 (£) + 3 amr (£) - rue (%)

n<ly m<z/y

FIGURE 2.

PROOF. Since h = f * g, we have

H(z) =YY f(n)g(m)

k mn<z

=D fn) Y gm)+ Y gm) Y fn) = f(n) Y g(m)
n<y m<z/n m<z/y n<z/m n<y m<z/y

=S r6 (2)+ X atmr (£) - rwe ().
n<y m<z/y

This concludes the proof. O
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THEOREM 3.15. We have
Z 7(n) = zlogz + (2 — 1)z + O(z'/?),

n<zx

where v is Euler’s constant.
Proor. Note that 7 = u * u. By Theorem with y = v/, we have
x
> rm =23 [7] -
n<x n<Va

By Theorem [3.4] we have

Srmy =20 3wt 0@

n<zx n<yz
= 2z(logz + v+ Oz ?)) — x + O(z'/?)

= zlogz + (2y — )z + O(z/?),
as claimed.

THEOREM 3.16. We have
ng :——i—O(xlogx)

n<x

Proor. Note that ¢ = pu* N and

Zn:y;—l—O(y).

n<y
We have
x x
S et = Youn) =S utn) (55 +0 (%))
n<x n<x m<£ n<z n
:_ZM %Z + O(xlogx).
n<z n>1
Note that 2@1 % = ﬁ = 5 This completes the proof.
THEOREM 3.17. We have
mla?
Z o(n) = + O(xlog x).
12
n<x
ProoF. Note that 0 = ux N. We have
n<z n<z m<x ( < >)
= — Z — 4+ O(zlogx) = v Z 1 + O(xlog x).
n<x 2 n>1 n2

Note that ) -, 5 =(2) = %2. This completes the proof.
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THEOREM 3.18. Let Q(x) be the number of positive square-free integers not ex-
ceeding x. We have

Q) = 3 lul(n) = Sy + (V).

n<x

PRrROOF. By Theorem [2.19, we have |u|(n) = }_ 5, #1(d). Hence we have

Sl = Y uld) Yo 1= D" wld) (5 +0(1))

n<e i</E  m<%  d<yE
p(n) pi(n) 6
=z §o +O(\/§):x27+0(\/§):§x+0(\/§),
n<\/x n>1
where we have used ), % =5 O

3.5. The Gauss circle problem and the Dirichlet divisor problem

DEFINITION 3.19. The sum of two squares function ry(n) is defined as the number
of pairs of integers (a,b) such that n = a® + b?, that is,
ro(n) = #{a,b € Z : a® + b* = n}.
The Gauss circle problem is the problem of determining how many integer lattice
points there are in a circle centered at the origin and with radius /. This number
is approximated by the area of the circle, so the real problem is to accurately bound

the error term describing how the number of points differs from the area. The first
progress on a solution was made by Carl Friedrich Gauss, hence its name.

THEOREM 3.20 (Gauss). We have
ng(n) = ma + O(z'/?).

n<x

PROOF. We use the slicing method. By the definition of ry(n), we have

dYommy=> Y 1= > (@Ne-d]+0(1)

n<z la|<vz |b|<vVz—a2 la|<vz
—4 Z vV — a? —I—O(\/E).
1<a<y=

By Theorem [3.5{with A\, = n, ¢, = 1 and f(n) = vx —n?, we get
Ve gy
S () = _4/ S+ O(1)du+ (V)
_ 4\/5/2 sint (Vzsint + O(1))dt + O(v/7)
0
=4z /Q(Sint)zdt + O0(Vz).
0
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Here we made a change of variable u = y/z sint. Note that

2 21— cos2t
/2(sint)2dt - /2 il
0 0 2

T 1 [T T
_Z_é_l/o cos@dQ—Z.

Z ro(n) = mz + O(x/?),

n<zx

as claimed. O

Hence we get

By harmonic analysis we can improve the exponent to 1/3. Furthermore, applying
the exponential sum method we can even go lower than 1/3. The best exponent in
the error term is conjectured to be 1/4 and it is well known that one can not do better
than 1/4.

THEOREM 3.21 (Voronoi, Sierpinski). We have

Zm(n) = 1z + O(z'/?).

n<x

To prove Theorem [3.21] we will use the Poisson summation formulas. Let L'(R)
denote the space of Lebesgue integrable functions on R. Recall that for any function
f € LY(R) its Fourier transform is defined by

f(y):/Rf(x)e(—xy)dx.

We first give the follow Poisson summation formula on R.

THEOREM 3.22. Suppose that both f cmdf are in L'(R) and have bounded vari-

ation. Then we have R
> fm)=>" f(n)

meEZ neEZL
where both series converge absolutely.

PRroor. Consider the function

F(z) =) f(m+a)

mEZ
which is periodic of period one. This has the absolutely convergent Fourier series

expansion
F(z) = Z cr(n)e(nz)

nez
with coefficients given by

1 [e9)
cr(n) :/ F(u)e(—nu)du :/ f(uw)e(—nu)du = f(n).
0 —o0
Taking F'(0) we get the Poisson summation formula. O

The same method (averaging of integral translations) works in several variables
giving
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THEOREM 3.23. Suppose f in the Schwartz class S(RY). Then we have
Y fm)y=2 fn).
meZt nezt
LEMMA 3.24. Let f :R? — C. Suppose
f(a) = g(|=[*)
where g 1is a smooth compactly supported function on R™. Then we have
f(y) = n(lyP)
with

hy) = / " h2myT)g(x)dz

where Jo(x) is the Bessel function of order 0.

ProOOF. For integer values of v, the Bessel function has the following integral

representation:

1 s
J(z) = —/ cos(vf — zsin 0)d6.
0

T

Hence Jo(z) = = [ cos(—zsin@)dd. Since f(z) = g(|z|?), by using the polar coordi-
nates we have

f(y) = - f(z)e(—xy)dx = /000 g(TQ)/O ’ e(—rcos(f)y; — rsin(0)ys)rdrds.

If y = 0 then f(0) = Jeo f(@)dz = 27 [ g(r?)rdr = 7 [[° g(x)dz and h(0) =
T [, g(x)dz = £(0). Here we have used Jo(0) = 1. Now we assume y # 0. Let

¢ € 10, 27] such that cosp = #r and sin(p) = £, Then we have

f(y) = /000 g(r?) /0 ’ e(—rcos(0 + )y, — rsin(0 4+ ¢)ys)rdrdd

00 2w 00 2
:/ g(rz)/ e(—rcos(9)|y|)rdrd6’:/ g(rQ)/ e(—rsin(0)|y|)rdrd6.
0 0 0 0
Making a change of variable 2 = x we have
fl) = [ o) [ e(=vasin@)lyhsds = blyP)
0 0

as claimed. O

LEMMA 3.25. We have
h(y) = —i Oo(uy)l/4g'(u) sin (27?«/15 — E) du + O(R(y))
Ty Jo 4 ’

where

R(y) = / " (uy) 4 (g(w)] + ulg’(w))du.

0
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PRrOOF. We have the following asymptotic expansion:

T o(z) = (27”)1/2 {cos (- %)+ 8% sin (2 2) +0 (%) } (3.1)

valid for z > 0. We get

b) = [ ala)on) 1 cos(2m @G - m/4)da

+ /Ow o) (2 5 — ) + O ( / ) |g($)|($y)_5/4dm) |

Integrating by parts in the second integral above we obtain

00 T —3/4 00 T —3/4 —x
/0 g(:c)% sin(2my/zy — w/4)dx :/0 g(x)( Zi??m W\/@d cos(2m\/ry — w/4)
< R(y)
and hence

h(y) = /OOO g(a:)(xy)_l/4 cos(2my/zy — w/4)dx + O(R(y)).

Now integrating by parts in the integral above we get

) = == [ (Vg ) sin (27775 = ) du + O(R())

This completes the proof. O

COROLLARY 3.26. Suppose g is a smooth and compactly supported on R™. Then

> ra(m)g(m) =7 /0 N g(z)da + " ra(n)h(n)

where
hy) == / 9(2)Jo(2 /)

and both series converge absolutely.

PROOF. By Theorem with f(z) = g(|z|*), we have
> ra(n)g(n) = h(0) + Y ra(n)h(n).
=0 n=1

Noting that h(0) = m [ g(x)dz, we completes the proof. O

PROOF OF THEOREM [3.21] Let 0 <y < x/5. Let w; be a smooth function with
support suppw; € [0,1 + y/z]| such that wi(u) = 1 if v € [y/x,1], wi(u) € [0,1]
if uw e [0,y/z]U 1,1+ y/x]. Similarly, let wy be a smooth function with support
suppwy € [0,1] such that we(u) = 1if u € [y/z,1 — y/x], wa(u) € [0,1] if u €
[0,y/z]U[l —y/z,1]. Assume w§k)(u) < (x/y)* for any integer k > 0 and j € {1,2}.

By the fact ro(n) > 0 and Theorem [3.20, we have

Zrz(n)wQ <§> < 27"2(”) < ZW(”)wl (g) +y.

n>1
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In order to prove Theorem m it suffices to prove for w € {w;,wy} and y = 2'/3,

we have n
3 ra(n)w (X) = mw(1)z + O(z"/?). (3.2)
n>1

where w(s) = [ w(u)u*"'du is the Mellin transform of w. Note that w(1) =

J5S w(u)du =1+ O(y/x). Indeed, leads to
n
ry(n)w (=) = mz 4+ O(z/3),
>l ()

as claimed.
Now we prove (3.2)). By Corollary we have

> ra(n)w (g) = W/OOO w(u/z)du + i”(n)hm)

n>1
with g(u) = w(u/z). Note that ¢'(u) = w'(u/z)L. By Lemma we have
_ _L = 1/4, 1 L T
h(n) = i (un)**w (u/x)x sin (27n/un 4) du + O(R(n)),

where
R(n) = /O (un) ™ *(Jw(u/z)| + UIw’(U/I)ll)du

Note that w(u/z) < 1, w(u/z) = w(0) + fu/x v)dv < u/y for u € [0,y], and
w'(u/z) < x/y for u € [0 ylU [x—y,x+y] and w (u/x) =0 for u € [y, 1 —y]. Hence

y oty
R(n) <</ (un)~>/4= du—i—/ (un)~*4du
0 Yy Y

Tty

Y
+ / (un) =Y ! (/)| du + / (un) 52 | ()| <€ 5y,
0 x . x

h(n) = _ L oo(un)l/‘lw'(u/a:)% sin (27T\/u_ - %) du+ O(R(n))

™ J,
Y 1 z+y 1
< n3/4/ w4 = (u/z) | du + n3/4/ u* = |w' (u/x)|du + O(R(n))
0 z —y T
& A By
and by integrating by parts,

h(n) = . Oo(x7L§)1/411)'(£)l sin <27T nré — %) dé + O(R(n))

™ J

n3/4/ 14y ( ﬂ\/_dcos( nx{—z> + O(R(n))

1+y/x
I " </ + ) (€711 (©)] + €/ (€)]) d€ + O(R(n))

y/x
< n’5/4y’1/4 4 n*5/4a:3/4/y.
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Hence we obtain
h(n) < min{n 2ttt 070y}

Thus we get
ZTQ(H)U) <ﬁ> = 7T/ w(u/z)du + Z r2(n)n—3/4$1/4 + Z 7a2(n)n—5/4x3/4/y‘
n>1 T 0 TLSI/ZP TLZIE/y2

By the partial summation formula we get

ng(n)w <E> = 7r/ w(u/z)du + O(x'? /y/?).
x 0

n>1

Therefore, we have

ng(n) = ng(n)w (g) + O(y)

n<x n>1
=71z 4+ 022 [y +y) = mr 4+ O(2/?),
by taking y = #'/3. This proves the theorem. O

The Dirichlet divisor problem is to accurately bound the error term in the average
of 7(n). This is closed related to the Gauss circle problem. We state the following
theorem without giving a proof.

THEOREM 3.27. We have
ZT(n) =zlogz 4 (27 — D)z + O(z3log z),

n<x

where v is Euler’s constant.



	Preface
	Introduction
	Chapter 1. Divisibility theory
	1.1. Divisibility of integers
	1.2. The prime numbers
	1.3. The Fundamental theorem of arithmetic
	1.4. The greatest common divisor and the least common multiple
	1.5. The functions [x] and {x}
	Exercises

	Chapter 2. Arithmetic Functions
	2.1. Examples
	2.2. Multiplicative functions
	2.3. Dirichlet convolution
	2.4. Generalized convolutions
	2.5. The von Mangoldt function
	2.6. The Riemann zeta function and generating function
	2.7. Additive functions
	Exercises

	Chapter 3. The order and average order of magnitude of arithmetic functions
	3.1. The symbols ``O'', ``'', ``'', ``o'' and ``''
	3.2. The Euler–Maclaurin formula and the partial summation formula
	3.3. The order of magnitude of ,  and 
	3.4. Averages of (n), (n), (n) and ||(n)
	3.5. The Gauss circle problem and the Dirichlet divisor problem
	Exercises

	Chapter 4. The Distribution of Primes
	4.1. The Chebyshev inequality and Mertens' theorems
	4.2. Averages of (n) and (n)
	4.3. Bertrand's Postulate
	4.4. Averages of (n)
	4.5. Average of (n)
	4.6. Selberg's formula
	4.7. Elementary proof of the prime number theorem
	Exercises

	Chapter 5. Congruences
	5.1. Basic definitions
	5.2. Residue systems
	5.3. The Theorem of Euler and Fermat
	5.4. Congruences of the first degree
	5.5. Systems of congruences of the first degree
	5.6. Higher-degree polynomial congruences

	Chapter 6. Quadratic Residues
	6.1. Introduction
	6.2. The Legendre symbol
	6.3. The quadratic reciprocity law
	6.4. The Jacobi symbol
	6.5. Congruences of the second degree

	Chapter 7. Primitive roots and indices
	7.1. Primitive roots
	7.2. Existence of primitive roots modulo p and 2 p
	7.3. Indices
	7.4. k-th power residues

	Chapter 8. Dirichlet characters and Gauss sums
	8.1. Characters on a finite abelian group
	8.2. Dirichlet characters
	8.3. Primitive characters
	8.4. Gauss sums
	8.5. Pólya–Vinogradov inequality

	Chapter 9. Primes in arithmetic progressions
	9.1. Dirichlet's Theorem
	9.2. Proof of Theorem 9.1

	Chapter 10. Sums of Squares
	10.1. Sums of two squares
	10.2. Lagrange's four squares theorem
	10.3. Gauss' three squares theorem
	10.4. Waring's problem and Waring–Goldbach problem
	10.5. Modular forms and theta series

	Bibliography
	Index

