Homework 4
(due Wednesday, April 28, 2021)

. Show that for k& > 2 we have

> " Ax(n) = ka(logx)*~ (1 +0 (10;1;)) .

n<x

. Define the counting function 7 (R) as the number of prime lattice points,
both coordinates are prime (positive or negative), inside the circle with
radius R and origin O = (0,0). That is, 7o (R) := #{(p,q) € Z* :
p, q are prime and p* + ¢*> < R?}. Show that

TR?

W@(R) ~ (IOg—R)Q’ R — oc.

. Let No(R) = #{(m,n) € Z? : ged(m,n) = 1 and |m| < R, |n|] < R}.
Show that .
T

. Let No(R) = #{(m,n) € Z* : ged(m,n) = 1 and m? + n? < R?}. Show

that 6
No(R) = ;RQ +O(Rlog R).

. If my, mo, -+ ,my are pairwise prime, and x1, xa, - -+ , T} run over a com-
plete residue system modulo my, mo, - - -, my respectively, then

T1+M1iTo +M1MoXs + -+ MMy Mip_1Tk
run over a complete residue system modulo mymg - - - my.

. Let m > 1 be an integer and a € N, (a,m) = 1. Show that

(a) Z { al+b }

& (mod m)

b)) X {Rt= %

¢ (mod m)

where > ¢ 04 ) M€ans summing over a complete residue system modulo

!/ . .
m, and > ¢ (mod m) M€ans summing over a reduced residue system modulo
m.

. If p is an odd prime, show that not all three of the sets

{ab'" a@p—1}7 {bla"' 7bp71}7{a1b17'“ aapflbpfl}

can be reduced residue systems (mod p).

. Show that for 1 < k < p— 1, we have (p — k)!(k — 1)! = (=1)* (mod p).



Solve the system of congruences

3r =

9 (mod 12), 4z =5 (mod 35), 6z=

2 (mod 11).

10. Let p > 3 be a prime number. Show that

(a) (g) — 1 if and only if p = 12n + 1;

(b) (‘73> = 1 if and only if p = 6n + 1.

11. Show that if p is an odd prime and ord,(a) =¢ > 1, then

a* = -1 (mod p).
k=1

12. Show that a primitive root of p* is also a primitive root of p/ for 1 < j <
k.

13. Solve the congruences

(a) z'2 =16 (mod 17);
(b) 7z" =11 (mod 41).



