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18 R A#F Fourier 4 BB RO FRE(BRRAF ALK doid 12 E LA HF
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§1 EEALE RFEME,Zorn 5|1E

HMNBAMBEPRNE, CRXTIRENGE, RERLXTFEEBR » A
KEEE P (n) FIEB I 8 BINRATE T IS RN A& 8, I E 4 R?
REKRNZIEA—-NEH P(a)X—Y « €/ EWIL, X B o/ RLETTHE, K
T HEE N HBFANEE RO T .

BRELES SPEBFHILE o, b ZEBBERBRF,HA

(1) #F a TEb Z5E, M b EARTE . Z 5.

) FEafEbZH, b XNFECZHE W aTEc 25k,

RHMES JMREFE UTHE 6 2%k a<b.

HEENRRINENFEER s RREKN, B

o BHEMIES T8 SHLE —TBT YHREHTE.
B Y=o, MRFE JESEREHTE, X PTLEICHE q.

EE1.1 MWRFE ,WME

(1) Play)RE ,XH o, B 4 FERENTE.

(2) & P(a)X—Y) a,a,<a<pB, HE,M P(R)IFE.

M4 P(a)X—Y] a €L EE.

i AEHAENES =o€ dl:P()PEIFEES. NI RBRIFENEG A
BAHTE a. . |

DA a<a.. BRY oy <a<a.B,P(a) NE. BQ)ER P(a, )T
H.X5a, €CYTE. FLE.

AATHE X A 2 2 B R R 5%

HE BEEEIMEABERT - N ERRFHAFZRIBFER? B
BEEN XMERAFEE. o LA E Zermelo MR BEAEXIEH. (B2 R
(131514 %, 87,28 2) :

RFEQAE WA= {NIR—NETESWBNE, WLFEE XE & E1
PR/ EBX—Y NENEE F(N)EN.

B. Russell ﬁé?%?ﬁﬁ%,%‘\,XT?%%?%XX%?,JM%/A}EE%%XM@fFfJ!IH,
AT ARABERAHOET BREM FEFEWKTR? BRBABRT.



2 E—-F EBLEMTE

WREAHETAMKEILE% LR ABEEER. ESFERTERFRIIER
KEEE, 8B RBEENALTMNERS B THEELABESHAANNLE
R ZF BRMEEH, NEMY K ER TRAEELAR ASZ RSB EAL,
40 Hahn — Banach 2 3, Banach — Alacglu F EEHITHRB A EZTRIEB(EZR
[21]), A RITRNEBRABNEZENHRFEELURT XH Zom 51 #. 45
FETFEMME BRBRMNHTEMREESI R F 1.

EBX 1.1 XM—HETR 2L MRERENMTR(a,0) EF _TXRER, I
a<b. EEFHE:

a<<a;

#Ha<b Bbo<a,Ma=0b;

#Fa<b Hbo<c,W a<c;

MK I REXR<ABIBEFE.

Bl1 RIRKNFEZRFEZI-VMTRHER. EX A<B,# A,BEY
HACB R4 9#%<ABWPERFE.

Mzt XRREW, BELURBRER BERKNBIEFE.

X 1.2 WIE<HBIEFE.

(1) ¥ S CIER p€dE 2<pM—tNx€SEML, MK p h YW E
.

(2) &7 C2MRXN SHFERBEANTE 2,5, 00 <y Ry<z, WK ¥
REEFFW.

B) mEIHA IHWBRKIT, IMRIEM 2€2, Y4 m<zx,%FH x=m.

Bl MEHz=z+iy,w=utiv,8EX z<w,¥ z<u By<v.TLE
FHERDEFH, MEH BRAEEELNEZLEFH.

B 1.2(Zorn 518,1935) W INEZHELEFE. R 2WEMTE
RN TFEBE-TLRE 2P, 2LEHHRKTT.

A LUER Zorn SIBMEEAHESMK. 2 RH[44],%8 6 .

§2 £ =6,Hamel X

EBX2.1 RXBREZES KBRS (EHAREHE) mEE X L&
XTMEEE X X FEH TR,y BHUX P—P TRz, z=x+y &
R XEXTERZE IXNENM M «cEK BN TE2EX BMMX P—1TC
RuMu=ax Fn;MAKENT A

(D) zx+ty=y+zx.

2) z+(y+2)=(xt+ty)+z.

Q) X PHEH—WITE FH O ER,ENEN 2€X,2+0=2,0 I X



§2 “AMZ(E,Hamel E 3

TR
DX X FEITR L, BEEE—HWTE A - BR e+ (-2)=

(5) a(x+y)=ax+ay.

(6) (a+B)x=ax+ fx.

(7) a(Bx)=(aP)x.

(8) lx=1=x.

X8 z,y,2€X,a,fEK. W X T ERMBEAMBRBANE(H K EHE)
HE(H K ALPE) RS B KRB REE. SEPHITEXFENE
Baia.

SRR, RS R AR RS, ST URZH, KPR
a, B W Fr i 2 E B E Sk W€ AR B Rtk 0 Rt B L&tz .

BRI, ELREEE X P AR R M« A

0x=24,
(-Dz=-x,
ad=14.

ATHEER,SFRMNC 2 -y R+ (- ) AEIEATRERSE
St X oL

rty=r+tz=y=z¢,
ax=ay Ha#0=>x=y,
ax = Pxr Bx#0=>a=j.

EX2.2 &MTEXFPH-DESTFEMKIX FHRERRE, R
EBW 2, yEM 58, 8F 2+ y,axEM.

WRMEX H—TRERE , A EFHEETHEXPHNEZARE M
HARESL, E I M A G R LS R X WA RAIEN, METRL
220 X Rii— 1M EnHaRNESUREMENE, RITA0IBRE.

W, oz, BRESHE X F8n NTE, a0, e, B MLEMN o, 2,
tetaz, ITTRBRNTE 2, , 2, HEMESR.

BSEEAUTEHX WEBEESTE . ZER SHPLENFTELUEAESTE R
MESM. ZRER X W—TRERE . R AIE S KRMWRERE ik M=
SpiSt. BEH BT R e B oL,

(DMEXFEES WA RKERENE.

2)MEXHEES WBRNRERE, WIRNEX FEES HEHRK
., NFa&M.

SUTAPREENRIRAMMXERETEL.



4 E—E EBKMETE

BN 2.3 LHEE X FERMAEBES «, o, | BREEEEXK, W0
REERLHENR o, o, H a2, + +ax, =0 BN, RHEENENT
XB, XNER ez, +Vax, =08 ETa, = =aq, =0.— M EFHREES
SHANRMTLEN R SHENTERFEHRREL LN, TN, S ALK
BN

BHFEH BAE - TREHLTENES —ELREMX KEXXE—ER
BEENE.

EX 2.4 BXEBEANTH, WRFEEERE -, # XA8dr MAEA
BHEHELXE, MHE X FBr+ 1 M HBHESHEBREMEH, N X FRH
BFRER, WK » BRI X R, HHEE dimX =n.
 RAEZRENKMESEOHRIEREN, ITLEN. R X ST R-RERER,
I TF R, XEFE/E dimX = .

EMRAEERBN L2 R R BB B2 B R LT AW, HEEEIR
FIRGZEEHNEHEE R,

EX 2.5 SGHER XFHERFESHKIXWE MR S ELRELX
B, mH S KBMWAHEREREENX.

ERERKPRIMNCEME KMETE X £ &0, HHNE X H—1H
n NICRHABRWE. n FEUTEHHEBIEHETE MK,

FRELRMETR X WEE—TMLKEREM FEARLEN, M B dnM<
dimX.

ZR[2],8E.

EX 2.6 WXEEESHEH. LEXHWENMEREM,N,ERIMA M+
NRRAER N m+n, mEM,nENZUENES. HKZAIMENKHT. W
RiEHE MOAN=1{61,B0 M 5N EFH—2350, ML MON RE M+ N, K
ZHMENKEREN.

R X=MDON,MHEM 5N ZREEMNZERE N EMEX FK
— N RE .

EE2.1 B M,NEBLHETEX WEERE, N X=MON 4 H Y5t
Bz X EHE—RKER
(2.1) r=m+n, mEM,nEN.

iE R X=MEN,MNEN z€EX TUER

x=m+n, mE&M,nEN.
MEXNAEH m, €EM,n, €N,

x=m; tn,,



§2 M =8, Hamel & 5

n
mtn=m,+n,,
AT
m-m,=n,—n€EMN.
MBI, MNN={6},%%
m-—m,=n,—~n=469,
Bom, =m,n, =n.
RZ , MFHN € X FRMQ. DHEME—RERX, M X=M+N.BWN €
MNON, M = B . 1)MERERXH
z=x+0, K x=0+=x.
RIFERE, REXRME—H, 8 2=0. AT MNN= {0} . iFE.
EE2.2 R X=MODN,N
dimX =dimM + dimN.

HE WR MAMNAE-TERESFEN, N X IRRTFH 4N, 558 8RR
WAL M AN #HEARL4ER.

Bim,,m BEMBFE, n, -, ENHE B X=M+N,N
Loy yeeesmyymy e, VIR X X MOAN =10, 008y, m,,ny e,
m VBRI FRAm, o ymy ny o n | R X BI—ANEE AT

dimX = j+ £ =dimM + dimN.
UEEE .

HEKUTE X W—MRUEREM,EE —EHE MEX PRI
R Y BB XA, AT E 5| 3 Hamel RIS

EX 27 BXEREFEFTHERESE. X UFHEH KA X B Hamel
e IUES

(1) H BE& XX

(2) HKEBRHEHRIERENTRE X.

S5ABERES A EREARF, Hamel RO HFEEHARZHTH .

EE 2.3 B XEBLAUSH,SERX FREEMNRELXTE MEE X &
— Hamel # H,{# SCH.

E WIRXPHARES ZRUELATFENE N YHESHBEXE
RBAEFE, MR M, NESH MCN, I M<N.BR YRESR(HE SE
S)MR G R IINELEEFTE MG PHRAEAHIHNE X FEES WA
PR T, B AHE S ER % B9 LR B w9 R Zor 3B &G, K
FHULERKIT,IEHN H. W HDOS,H HREHT XN, R HKRMEHFK



6 » BB EBLEMUTE

AR X, WAE X Fita, EATE H KBRWEERES . XHE H 5> 83510
EXHTHEHESHEHEEXFE HNEENETE X H 2 YR KTF
B BTLA H SR RE RN SH X. B2, H 2 X A Hamel & JF5.

X RE B AT WL ARl JE T St = B 6 F — 1> Hamel .

BEERBER X BERESE,AEETT 2,38 S=1z,l . W S EX F4&
HEXFE HEMR2.3,FH X B—1 Hamel .

EE2.4 W MEBLREEEX WERERE,MBFE X HEERE N, #
X=MODON. .0 N EM #—MREH.

E AR—BERMEBEX ZEFHNEKERE, B M A5 HESH
), EHAH Hamel # H, H, hE& X WEAU LT RXTFE HEH 2.3, FEXH
— A~ Hamel & H,ff HOH, @& N 2B H\ H, KBENEEHE, W NSREM
B— B B E RS € X, BER HPuWERHEAE, ATATIERR H,
FIKLEASE H\ H, PR EHETZM, B M F55 N foz . b
L X=M+N.BEzEMNN,MIFHE u,,,u,€H, ,0,,, v, €H\ H, Y
&ﬁ 01,"',a,,ﬁ1,"‘»ﬂxz,ﬁ

x=alu1+'“+aju/=51vl+“'+B£'v£'
M T
auy e tau (=B vt (=B )u =06,
Wou,o w0, 0, BEREEXRK, M
01:“':0,:31:"':&:0'
Bl =6 . HIt MOAN=1{6|.iE%.
R LU REME, RESRINTILEIENRO.

§3 EEETE,EELNEZTE

EX 31 HEFTER XFEEFHNLE 2,y BN F—PER d(x,y),
f3

(1) d(x,y)=20,d(x,y)=0 ¥HMNY x =y,

(2) d(zx,y)=d(y,z),

(3) dx,2)<d(x,y)+d(y,z)
MEBH x,y,2€ X BOL, R X HEBSE,ICHE(X,d), iR d(x,y)H0 x
Sy ZHAMWER BERQIN=ZHTER.

EX 3.2 BREESEX, )PS0, E

}i»rgd(z,,,x)ZO(Ejz% d(z,,x)—>0),

RURR |2, = BB (-, U]z, 3FiEHE 2, ——r BOREEI RIS, E



§3 EETE,EELMETE 7

HREIEHN z,~>x.

FERMRABE X LRI —MEZRSHH, X ERINMRESH,F L

EERFHRBENSHINEMSE RS ER IMBERBIBTHABRS.
EX 3.3 WAeHSE X LARAEERI(-, ), MEMBFRBIE 4(-,-)

B o 58 AR BR 2 2L 1Y, BD
(1) d(x,,x2)>0,d(y, ,y)>0=>d(z, +y,,x +y)—=0.

2) d(z,,x)>0,a,~>e>d(a,z, ,ax)—>0.

BEaktEsh X fRVBEBREZE.
TERMNE-LEREENERKHSEHNMATF, ENESESELFBEE.
Bl1 HRFIIEE(m).

WX REFANE RIS
z=1&,&, &, I (FEHIEH z=1&1)
RES X8 2=  FEFE K. >0, E8XMHFEN j,16I1<K,.§ K
HTCx =16 IS j I LFF.
Rz=1{&l,y={nlBF X.e BH,.EX
z+y=1g+qpl,
ax = {ak; !,
d(x,y)=§g11>1$,-‘77,-|.

AR d(-, - )WEEBEL . X EBRUEE (-, ) WEBLMESE. XHEE

= ERAERFIISE,ICE(m), BEEIEHE .

B, =167 ,n=1,2,,2={& | MR(m)PHWIL,ME d(z,,x)>0,

BIMES € >0,FTE no=no(e) Y n=n, B,

d(ac,,,x)=§gll:>|5,-(") -§1<e.
MY n=n, B, 5—40 5,

&7 ~ &1 <e.
RZ MRIESR e >0,FHE ng=no(e) MY n=n, B, —4] 5,
[Ej(n)_Ej|<€-

m
d(x,,,x)=§g§>|6,-(")—5j|<e.
Bl d(x,,x)—0.
BT UG AT 23 1] (o ) P ST S0 R 0 A A 1 — BB
B2 WX RERHHERIHT
12161;821"'!5jv"'l



8 -8 BEBEL&MEZE

KEE BXEN =18 GX,IIjP;E, =t FEHAR.

BEslE (m ) —HEE ek BEMEE 4(-,-) ., FHRIF X RRAES
d(-, ML E,FRAKREFIIZE,icEC).

GR()R(m)WRERE, T HEBME X BR—H, B (c) PRIk
SRR AR FR —BUR K

B3 AFEEFATMBEER L™ [a, 6], X8 a,b BIEEFH NI, ME
-l g< h< o,

G2 [ Z 80, 5 A K RS,

W f()RXE[a,b] Lk Lebesgue AT U BB ¥ .t B FELE [, b 1 — N BW E
TEE M f(O)TE(a,b]\NE FEREREK, UK f Ble, 0] LERBERATH
o

cxmupl /(01 =t | g 17O

HfOTEa, 6] EMERLEBBR,XE m(E)ERES E H Lebesgue I B .

BXREXE o, 0] EFEARERTHERWES X FHANT 2=
(1), y=y(O)FEREEN, MR ()5 y()BILF AL, B (1) =
y(t),a.e. Fla,b]. 3 X FHBE N Tr=2(1),y=y(t), ] a,EXL

(x+)()=x(t)+y(t),(ax)(t)=ax(t),t€[a,b],
B % i E LR B B Z . 5 W X BRAEM2s 8, g X
d(x, y)=§g§§pbglx(t)~y(l)l.

AR IAE T W 2 A%,

(D BRA(z,y)=0. 8 2(¢) = y(t),a.e. Fla,b], Ml EXH
d(z,y)=0.3—F@,nE

d(x,y)= mf;ui SR, lx(t) - y(2)|} =0,

W xf B ERE n ,FIEE,Cla,b],m(E,)=0,H

1
- <=
tE[aS,L[l;g)\E"|x(t) y(t)| pa

4 E=U__ E W m(E)=0.TiH
_ _ 1
[E[EL’JIH\IJI(Z‘) y(t)|<[6[f};€)\E”,I(I) y(t)|<7

4 n->oo B[ I,

sup E|JC(t)—y(t)f =0.

r€la,biN

TR, z(t)=y(t),a.e. Fla,b], B z=y.
(2) REARM.
(3) W 2(1),y(2), 2()EE X BT, MIEE ¢ >0, o, b TR



§3 EEZE,EELUERE 9

% E.E £

sup  |z(2)—y()<d(x,y)+=,
1€la,b]\ E!

sup 1y(t)—z(t)|<d(y,z)+%.

1€La.b)\E
4 E =E'UE, W E, N&[a,b] B EL, B

su ]x(t)—z(t)|
t€la,b]\E

< - + t)—=z(t
St T YOI o1y =)
<

sup lx(e)—y(t)l+ sup 2|y(t)—z(l)i

t€la,b)\E! t€fa,b]\ E?
<d(x,y)+td(y,z)te.
M
d(x,z)= inf { sup |z(e)—=z(2)|}
m(E)=0 1€(a,6]\E

< sug) lx(t)—2(2)]
t€(a,b \ E,

<d(x,y)+d(y,z)+e.
e>0 RIEEW, i
d(z,z)<d(x,y)+d(y,z).

BZ,d(,)R—TER. XESHRIE X ik mBRE X MERLC, )
REZN. —BEIHBINERAUT AN ERERTHELEE, ik
L”[a,b].

FATLAERA L™ [a, b ] SR JUF b 4b — Bl %, BRiR 2, (), 2 (2) €
L”[a,6],M d(z,,2)>0 EH FIEA >0, FEFER n, REVNELE, &
lz, () —x()|<e M n=n, MFH t€[a,b]\E,.(2R[11],% 17—18
)

B4 FAEFHIZME(s).
BXRAAYIINES MR =6, y= (3BT X, a BE,EX
x+y={§+pl, ar=la¢l,

R X BEHESE, LEX
d(x,y)=;%i%—_m71l—,
BR4C,)WBEEBEBARK),Q). HEHEREQG), RITEE—/I LR,

MEEREE a,b,
(3.1) la+ bl < lal " [&] )
1+la+bl 1+lal 1+]8]




10 E—E EELMZE

ZE (0, + o) ERH
_t
f(t)"—lﬂ'
R/
PR |
f(t)———(1+z)2>0.

TR ()R, +0) LEEEMERT. BHA
lat+bl<l|al+lbl,

H

la+b] lal + 5]

1+ Ja+b] "1+ Tal+10]
_ lal 1
T+ Tal 7161 T+ Tal+ 18]

|a| &

<
ST+ el "1+ 16T

PSR (3. 1)L
@&1=f&hwﬂmhz=wﬂﬂﬁ?vnﬂ%&—gz(g—mwwm_
£),i=1,2, , MBERER3.1),

1 g |
“x”‘zwﬁﬁfﬂ
1] 1§ -1 Iy - & |
<2’27[1+|e~7;, +1+|r,,~§,|]

| g — & |
_ZwﬁFTT zzﬁﬁéﬁ
=d(x,y)+d(y,z).

FRhd(-, )R X FHEE. SH5BIE X FMEMERE AT XHES

d(-, ) BEZN XHEBIMNEBSLESEHRATEFRSIZE,IC/E().

B, =16"1€(s),n=1,2,, 2, =181 E(s). MB z, >z, W}
limg ™ =¢°,j=1,2, FW FEENERHj Ke, >0, 5 ERKIINTFF
B, |, 8

16 — 6| =e0, k=12,
EK%KGJMWWMMEﬂw—Luﬂﬁﬁﬁﬁwﬁi

1 1&g —¢°
dr )2y g - g7

1 &

/7i+—e(]',k:1,2,"'.
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%5 d(x, ,2)>0 FJ&.
}iZ”%{‘Zn }j=1&é&*ﬁ§q&ﬁ$ T 75iiEl~rn }leg(s)*q&ﬁiﬁc Io-%ﬁ%
83X 41 T R A
X ULRA (s ) IS S5 1 T 3 Ak AR i8R
Bls =E L (I<p<ee).

w X R RN Z e 1" <cocMBIBEI =16 IWES MR 2=
fel,y=19BF X, e« BE,EX

zt+y=1§+ 9t ax=1a§!.
MIEEEK o, b, BR
(3.2) la+bo]"<<(lal +|6])"<<[2max{lal,l6]1]*<2’(lal”+[&]").
WA G X #% FdE XHinEMBRE -1t E . XE X

d(z,y)=(D>,1&- 717",

SRERBEEENB),(2). HH Minkowski AZR (B W[6], BN E,§1,%E
E 4)’

(D1 E+ 1)< (1617 + (21 g 19",
HREBHEERARG), UL, )R X FHER. #F—-$5IE X BRI
BEEd(-, )WEBEZESHE,FREE .

AT ATERA, 2518 ¢ BB, = 16, n=1,2, AT =161,
(1) &' —¢ ,n—>oc0 JHPIH ;.

(2) fE% e>0,7F% No= No(e),fE > 161" <e, 5 BiE N=N, MFF

.

ZR[11],58 22 |,

Ble =B L'[a,b](1<p<), 5|3 —# X8 o,b BEBFIMNELE,
MH -—co<a<b< oo,

iﬁxﬁﬁmﬁm,@%#jb | 2(2) 17de < o WK E [ a,b] ko W &K

z(O)MEE BXHERN 2(O)FR K e, 0] p BRI X FHEITe=2(1),y
=y()BERMEN, R 2()5 y()BRILFLLLHER B 2(1) = y(1),a.
e. Fla,b]. B x=2(t),y=y(1)BF X,a BRE,EX

(x+3y)(t)=x(t)+y(t), (ax)(t)=ax(z), t€[a,b].
FIRAARZERX(3.2)RIER X BLRMESsE. XNE X



12 -8 BEE&MEE

dlx,y) = (Jh | x(t) — y(2) 17de)"?,

BREBEEEAE(1),(2). B Minkowski FER(K[61FEANE, §1,EH
4), mB p=1,2,y€ L [a,b], W

(Jb | 2(e) + y(2) 1Pd)" < (jb | 2(e) 17de)V + (f | y(2) 17de)" .

AREEARGIEM, T dC, )R X LHWERE. FHRIEX EREEE
d(-, YWEBEZEE,FFRIESE L [a,b].
W, =x,(t),xr=x2(t)€L[a,b],n=1,2,,E

b
J | 2, () — x(t) 1°dt > 0,2 n - oo,

WFRRBI {x, ()7 p PR T BRI 2 ().

B Lo, ] FRSBE p BrF 398

B PI3ERBTE L [a,b]FB] 6 REER L [a,b]FHITRRE—H
PRH, M R— T ILFA L ER R FME.

§4 HEEZEPHEHIN THZE
EX 4.1 XNEHETE(X,d),

(1) iﬁxOGX,r>0.B(xo,r); {x € X:d(x,x)<rtFRHLA 2o HL, r
HEZHBK.

(2) X P EEO RAFH, WREM v€ O, #F >0, B(y,r)C
0.

B)RyeEX, XWFREU KRRy BPE,NWEH »>0,8 B(y,r)CU.

(4) MECX, M 2, €EXRAE BBRBRAR, BT r>0,8 B(z,,r)
BET EFRTx, HA.

(5) X HREF FRAVHM IR F MRRASEF +.

(6) BMGCX, R x EXHAGCHNR,EH G R, HEB. SEGCHAA
EUEFEHN G HIRER.

EBX4.2 By=f()BRANEBEER(X,OBEBRSECY, o) KK,
€ X 3 €Y, f(x0) = yo . WMRI y, WILFEH V, BE =, R U, &

eV, . HxeU, JUFK f()fE x, b EE. MR f(2)FE X FEEHE

S () BELRY.
EE 4.1 NEEZE(X,OBEBZEE(Y, o) WEE f(2) BRELH L
MERBX Y PEMIFEO, F'(O)ER X FIFE.
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X8 (O)RRFOMWERIZEX: f(2)EO].

E ®A()EEZORYPHE MTEMN 2, €' (0), %FH y, =
flx)) €O B y, BISI V, 1 V,CO, i f(2)TE z, M3EEE, A 2, B4R
Uy M f(2)EV,, B 2z€U, . B Uy T (Vo)CTF'(0),B f(O)R X W
.

RZ S 2,€ X, B f(2) =y, By, WIE—4F V,, Rk — &k, LA
BE V, B R T (VOBRFH. BH £, € £ (Vy), 8E z, BB
Ue o, U Cf (Vo). TR F(2)E V), K 2€ Uy, Bl f(2)FE x, AbiES . F
g

WA EBUET RN, T EALEM ERE, XARNTIRZEE RG L H
58 . R RE , S %50l 0 53 A 1 JOR 7 — A O 8 25 V) PP B ) 2 T 40 2 [ AR, B 3R AT
BB TEZT B A 4 MBRIR T LA B il 1 — SR R M5 31

EX 4.3 B(X,HREBZR, FTESCXHEIX WREE, WETL
>0, XMEMB € X, FHETC 2, € S, d(x,1,)<e.

R X AT, R X AEE— TR EEE.

BAVE L W52 B 5 REZ T 28

Bl1 g (A<p<oo)A[4y.

WS, & ¢ PErARm

!r,,rz,'",r,,,0,0,'"}
MTRMES HF n REBERE, r,(i=1,2,,2) RIEZHEERE W S,
OB . Bk S, XM ¢ PRE.

HELE AR >0, =gl €, 6(i=1,2, ) REE, HEEE
BE n, f#
> 1610 <5

j=ntl

BROEFEY r,j=1,,n M

n »
13
;|ej—r,|"<7

é\ Xy = f”n"'yrn,o»O,"'f,m'J IOES(},E

[d(z,24)]" = Z & =r 12+ > 1817 <é.

Nl
d(zx,xy)<e.

WS A A ¢ BT 4. 3 T O AT ASE B A A ¢ R4
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B2 zsE(s)A ).
%Hl1—#,4 S, RRFFARM
}r,,rz,"',r,,,0,0,"'}
MILEMES, Ko » BERERY. (=12, n) REENEHEL N S,
ATERIER S, LR () NIAE, RAUERES € (s), FE S, F3)
{2l M 2> BRIV B 4 JE, XEMTXHHAENERER j, 2, BB T
BRI TF « W M. B x=16,,86,,§, 1 €(s), MEBA &, B
DEb S R L ST RPN IS A I S Lo
=4 e e r 0,0, =1,2, -,

Wz, €S,,MH x,—>x. BILEZE(s)RA55H.

#— 2 LIE R 2 [ (s) W R A4/

B3 =R (m)AF 5.

/_:’\

Ey=lx=1gl€(m):§=08K1,;=1,2,}.
BEE, PEIT =16 1MH0,1] E—AZ#H 0N BT ES E,
KE[0,1]=2 08 1—1 X% ER, Bl E, BEEN ¢, B E, RRTHHN FEBE,
WENRET z=1§1,y=171, B8R d(x,y)=1. HHTHE (m) BA T4
B .
HELE MBn)AFEATRMAEE S,USHFEITLHL . e=1/3 K%
BAEER, (m ) BIFTE TCER S IS X BBk (B X R R AT, FTRA AT HE E,

FELHBNARFIT x,y HER KK EERRLH 2,1

1=d(x,y)<d(x,xo)+d(xo,y)<%+% %’

Eid =
RAEZ B (m ) AT 43 BE LHER /E R 8] (m ) R ERTE () R AT 531
FHAMELS B JTysun B Y5 Weierstrass BT E B, RATE 7T LAIEBA =8 8]

L'[a,b]J(A<p<o)RATSH. (B R[11],5 47 7))
§5 EEMEBZME

EX 5.1 Fle 0 REBSRE(X,d)PHFEH, MEXIEAR >0,
HIEEH N,
d{z,,z,)<e, ¥ n,m=N,
WFF{x,t7., R Cauchy FF 3.
B8R AL S 51 88 & Cauchy 551, B 3 AR K . 6 i 2 (kA 28 30 5L BE
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B A A NS Cauchy 531

EX 5.2 EEBEZE(X,d)FAEM Cauchy Fr 5 #B ik &4, W #R BE B %5 6]
(X,d)HE&H.

[E AR Fh S B E L, KM LR IR R IEFHEE MU ELAmE. H
EXMNTRENER,BRBBEAEMAH#HT CABTEHE LSS
BHATXAE, M AAMIMEHEREESEREZEE ERBRBRANET.

UTEERINTRE LWESTRBHFF.

Bl1 Clo,l]RE&EN.

ClO,1]1EAXE[0, 1] LM EEEEZRENES, &L ESUMEMEK
FizH B

(z+3y)(t)=zx(t)+y(2), (ax)(z)=ax(2),t€[0,1],
% 2(t),y()EC[0,1],c€EC.RUINTESR
d(z,y)zoxggllx(t)—y(i)l~

AXEUER] CLO, 1] RLABER d (-, )WBER KW, EHF A EHREHZTE.
THEIER Cl0,1]RZE&/1.

Bix, ()1 & CLO,1]F# Cauchy P31, MIEL ¢ >0, FFFEIERE N,
d(z,,z,)<e, ¥ n,m=N.
Bp
lz, (¢)—z,(t)|<e, M n,m=N,0<:<l1.
BAX B tG[O,l],ix,,(t)IT:lﬂﬁlﬁl.iﬁinqu}cxn(z)=x(t),ﬂ'HEE_tﬁ'1:'
4 m—>co ] 1§
|z, (£)—2(2)|<e,X n=N,0<r<1.
XERA 2, () E[0,1] E—B B « () HEESTHH, 2()EE
(0,1] EiEgRB. Xl EX
d(xn,x)=0rél%lx,,(t)—x(t)|<e,% n=N,
Bl z,—>z. 8 C[O,1]EE&K.
Bl2 L'la,b](1<p<co)RFTEAZH.
BATRITIE 1< p<ofFIE 5t p=1 B FHE R K BIER.
Wlz, |, & L [a,b]FH Cauchy P53, MBHEEE N EY n,m=N,
B,
1
d(x,,,x,,,)<2—,e.
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ARYE N, <N, < <N <, ]

d(x rn ) <
; Neot N o= = 2

&1<q<w,{§%+%=l,fﬂ Holder 7 %3t

f' |2, () =y, (D) ]de < (ﬁ[xNM (£) = xy (1) |"d;)up(f1dt)uq
= d(ay, ay) (b - a)"
T
:Zr Ly, (2) =y () 1de < (b~ a)]/q:zld(x,q“' yay ) < .
Jy

r(ilx%(’) —an, ()] )dr < oo.

BB S |, () = 2w (O], KT Sy, (6) = 2, ()] #la,b] EJLF

SIS F R
limy (1) = 2y (6) + lim S 2y (2) = 2y (1))

la,b] EJLP AL FELE. &

limzy (¢)=x(2),a.e. Fla,b],

j>o i

W ()T, 4R Y Fatou 31 (S R[6], FHE, §5)

]
lim| | xNk(t) - xN](r) 12de

j>®Ja

[ 12 - 20 rac<

= %Q_;[d(xjvk ’-l'Nl)]p <2_1/,7’

Mooy (1) -2()€EL[a,0). BHF 2y ()E L [a,b), 1 L*[a, 6] RESEZH
A ()€ L [a,b].
24 >0, 12,1,-, & Cauchy FFF), i A IEBH N,
d(z,,z,)<e, % n,m=N.
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BREHEEER K, N >N, Y >K. F£

d(‘rn ’INk )<€9§ n>N,k>K.

R Fatou 53,5 n=N B,
ld(zx,,x)]? = Jh | x, () — () 17de

13
<lim| | z,(z) - :L‘N,(t) |?dt

j~oJa

=lim[d(z,,zy ) ]"<e’,

j=ee

R R, d(x,,x)>0,n—>o JEEE.

BY5.3 XMEBEE(X,d), EHRBENEBRTE(X, o), X SETX
MBE TR, BIFERS T:X—>X

d(z,y)=p(T(x),T(y)), Vz,y€X,

HTXEX +RFETE MK X HX WL,

ERS5.1 (EAEHEZSRMFLTEL.

iE BEEZSE(X,d) FEFA Cauchy FHIMESIEE X .3 X Pite=
{z, 15 p=1{y,}.%&

}iﬂid(x".yn)=0.
WFK & 55 9 M%,IFEHE 6= 9. X0 X FEBRANATE= (2,1, 9= {31, EX
p(E,n)=}ir{1°d(x"»yn).
BHiz, b, iy, 1R X 9 Cauchy B3, AR {d (2, ,y,)! ", & Cauchy %51,
A LR R RREFFAER . BB NA Cauchy FF x|, iy, 1, £6=1{2/1, 7=
b
limd(z,,z,)=0, limd(y,,y,)=0.
A ABEEA®RG3),
d(z,,y)<d(z,,z,)+d(z,,y,) +d(y,,y.).
TR
limd(z,,y,)<limd(z,,y,).
KT EHEMAER. B2
limd(z;,,y,) = limd(z,,y,).

EULH (&, P MR F RS &, n BEAE Cauchy BFI. BT o(-, ) TR
EH.

BR pC, ) WBEEEARPH(),(2), B e={z,|,p=1{y,1,L=1z,1€
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X,

p(€,¢)=limd(z,,z2,)

Slimd(x,,y,) + limd(y,,2,)
=p(&,9)+p(7,8),

B p(-, VMW EBEBEARFHG). B2, X (-, ) RIBEEZMH.

RES(X,d)ENX, p) B T 10T -

T(x)=zx={x,x,,x, ], 4 2€X.
ByeX WM T(M=y=1ly,y,,y, |, F
p(T(z), T(y)) =limd(z,y)=d(x,y). .
BRI T:X—>X Z—SHERS AE T(X)EX PRHE. R e=1s1€X.%
o= e,k =120 M 2 = T(a,) € T(X). XHEM >0, H
Hiz, 4. X % Cauchy ¥, FHEEEBR N, d(x,,2,)<e, ¥ n,m=>
N.F&
p(E,;k)zlmd(In,xk)gmg E=N.

AW T(X)TE X %, '

BJE, RAEM X BR5E&.&1E, |7 & X & Cauchy 51, F T(X)1E
X mHE, 84 6, 08 2, €X F 1, =T(2,)EX Hpolz,,&)<1/n,FR

d(x,,,x,,,)=,0(.;c,,,;,,,)<p(;:,,»E,.)+,0(5,,,5m)*,0(5,,,,.;,,,)

<t/n+p(E,,6,)+1m.
HHAT Wz, |-, B X & Cauchy B 5,18 §= {2,017, . 0l £€EX. T
p(E,,,E)<p(E,,,i,,)+p(1~c,,,6)<1/n+}i12d(x,,,x,e)—>0,

Y op—>oco Bl X BSEKM . FEE.

REBNAEFHUETEL. B2E 2 -2=0 XX HTBERRER. [
MR EFEERBER TR B AFE R BORER. S, ks b
i

3 u
Au-WZF,

(5.1) ulzx,y,2,0)=u/(x,y,2,0)=0,

du| _
Tl =0

XHE S BEEXEOQ MR, C.JI. Cobones SEE R — &8 L*(Q)HEH F,,
Fz,"',Fk,"',ﬁ

P

limﬂ]]Fk - F|*dzdydz = 0,
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HhHR
2
Au—z—tlzisz,
(5.2) ulz,y,2,0)=u,(x,y,2,0)=0,
dul
Inls

BIFHR o, T 58
limJH[ u, — u|’dzdydz = 0,

k—»00

MELFR « BH S DB . B RAFHER L (2)KH5E F K Riesz -
Fisher & BIE ) bR XM FEE. (3 R[20],58 XXII )

§6 3 &

HATm0E -

HEXLBIMEARAWEFAERESLE-—TERA.
X B TR T B —ARBEE A, A5 T AR

EBX 6.1 HEEME X PHEAMKBAITEN, MR M FEMFEFIHS
A—TBHEWFFINX T FRIGRBRLEE M ). AR5 EEFRIE
5l JR 4 o

XEREHERAPIEREEEN LS.

WM, NEBEERZE(X,d)FPHES, e FARER. R M 1M
—Rx, DFENF—R Ed(x,2)<e,IRNEMMHe~M.

EX6.2 BHHEZEEHXFHEAMRKITLERN, WEMTLAK >0,
BAFFEHAERNITARK M He— M.

EE6.1 TEHEEZTH X P IEHEASELERN EFR X EZEN,
WFEHSELE R HEEN.

E BMEXTIHEE MR MAREEARN, MAFERED ¢, >0,
HMBERAEERNTEN e, - W ATER 2, E M, BEE 2, €M, E
d(zy,x))=e), EM, {x, REMZERK e, - W R, HFE 2, EM,#
d(z;,x2,)2e0,j =1, 2. XM WA —EHHTF &, XERMNBA M p—4
Bl b A d(z,,2,) =0, ntm. BRI, |7 BERXWFHFH, X
5MEFNENTFE.

HERXEBEBEHN MEXPRELARE (o, B MPE—FF. K
g, TRE L, AEFENT. BE-NDEEF e, o, # &, 0. H
BREEMBe, -MAGEERNT, TREE X PEBNe, WK B,,EHQ
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Tl 1P EFEANILAE S, =B, Nix, t7, M S, Bl . WEFF
EXFEEMBe, -NREGEERIT.MEE X ¥R N, W B, . 8%
S, HEFEZNIL, S S,=B,NS, . MkEHE RMNBB X P—FHR{B, |, . H
HBRHNH e A Rz, 1. —BEFFEIS, |- R

Si.1CS.CB,  k=1,2,.

FRIATWT RAK K % B
z, €38, ', €8S,\ f.z,,l | T, €S, \ {x,,l Ty 2T, fyeee
XERMNEBE <, -, H—TFFIx, i, ,’Fﬁ%ﬁgﬁ,x,ﬁ €B, %Y=k TR
d(x,,‘ = )<2e,%j>k.
A e, 0, BT LA ir,,k te=1 /& Cauchy FF51 .1 X E%%B"J,ﬁkfx,,' boo M8 JEEE.
EE 6.2 TEEEZEP EMZLERERETSHN.
E MEBEBRTE(X,HMTLANE WMTAK >0, TUR M

MARTEEIM Ble - M. FELE, HBREE M Zﬁlﬁﬁ‘]%— M, e R

iyl,“',y,‘~{fﬂ'y l'keMnB(yp v_g")9k=19“'yj7mljil']9'“’1,'ECM.EELFE:
”M#e-R.
Bt MG ERR & N,CMRM ZARIL - 4

N=Un,,
WNCM, BR— B AES >0, 7€ M HHERS o, L <c

x, EN,
d(xn,x)<%<e,

AR NEMFPRE. B2, MBTH.EE.

EX 6.3 FETH X FHEASM HRIEHN, IR M BOEMFEEERAF
EERNTER.

EE 6.3 HEETEG,BHESAFIEESH.

E ZMEEEZSEX WEFE (I EMPE—FH mg
le, AR T M PREMTFH, M EE c€ M, WELE 6. >0,4f
BE,6)ABEIz . FRTF A BN, FEEAN 6€ M, 1E € WAEBIR
FEREET 2, - FRF WA XN EER I FENTHRINRE, XS
lx, b AFERSET M P RANTFRIINBRIEFE. 82 B(&,8,) LK
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BMB—"FEE M EZRN, BFEARTESE. BHH B(5,,8, ),
B(&,0, ) R#E B(g,0 VMER, BIMRERAR |, 1] F—1TR. T
i P REARNMAR A, LRELPE AR EEHAXLFTFEZ K, A
fz I ARBT MPESNFRI . XIMBEFE. S M LEBFER.

RZ,B&MEBFIEN, HEH6.1 X6.2,M Bu[4rH, B M FEEAK
WEFEM,.

BAG e, BRMW— 1" FEE. EA M BEENG, F €6, . H G,
RAE FE >0, B(2,0)CG,. BEM EMUWESFE,REERES
rEMBERFHEE >0,

x€B(x',r')CB(x,8)CG,.
RERNMFZEBU M, BTRL, EFRE A LR, MESETEAD G, WHEREY
2K, ENBRBRTHA,CH B,,B,, - . REWECIERT M —1FE
& RIS, (B PRLEERINERT M. ERR NENEBE », 87

i, €M\[UB ] MBEFIRM, (2,17, Ft— 1 TR, |7,k

HF—H 2, € M. SHIE zo FBRTAEM B, X 518,17 B M WEEFE. et
B, | FHRA B, BV BET M.t B, WHBLA G, .o €,
G, DB,,j=1," k. FRIG, .G, 121G, |, WHRTEE .

S p e B — R T R R R TS, ER T B A R i
& F 45 (U, RATH LA A X Tk

Bla 7, (k=1,2, ) R—BERES . WHES b, Fla, |~ BER
WO, 5 — R TFFET | ) 1 — BT, SRR £, 1, )17 R
RHERKT TS HAR S EREERFE &, B — P RFNERMFINT
Bl n(j) e, AT K,y |5, . AT

a7y b =1,2, HER— T B, B — A o, |~ HELEEE—
T AR oy, |7 S A K, ER

iy Q. Qg Ay,
@21 Q. Q3 Tt ag,
a3 axp  az o ag,

Qi @y Q3 °7° Ay,



22 % HEBELZHETHE

KBE—17, BT oy, | 7 BH RIS, A BT IFINEH ar, () |20 RIE
BEB AT RI (0, ) |0, CURA R, LHRNTFHEN
lan o |2 BEBEFMFHEI 0, |00 EORA T, HOE ST,
B Ly, o |0 ARG T %, B4 51— Sl OB HEAR 0 T3 7

A () Qi@ X3 T A ()
Xon, (1) Q2uy ) F20,3) T Q2w ()
A3y D3ny(2) F3p (3 777 @zag()
Xn, (1) e, (2) @i, (3) T Qe ()

XA H B g — 17 AR — IS B 55 JF
XF L H, FRATAE B X E B B AN AR HE L 55 T B
n, (1) n,(2) n,(3) = n,(5)
n, (1) n,(2) n,(3) - n,(5)
ny (1) n3(2) ny(3) o ny(5)

(1) m(2) m(3) - wm(j)

RBRTE A ER, RITERN X T ES T E TR T HRE LB —1THER
FFNRFREF B n, GOV B, G FRI, s (GO R, G2
WFRPIE%E. BERNE LR TS FBEPI AL ERTERE R, BB~
WE A n, G, ERBRRNERHEBRIIN TFH, EXE4 k,
taw o) L BRI BB B £, 2 2k LR, U (DL BRI ()1,
B‘J?r?y[’y}}kﬁﬁ { a’"’,(j) };21% { a;m‘(j) !7:1 B‘J%ﬁ“ﬂ ﬁﬁ{ﬂ’k"‘(j) E:ll %&ﬁm9&
{akn).(j)l;ilm%q&ﬁ%-

FF[0,1] EM—HELRE 7, BEBIER CLO,1]ZHEFH—TEE, X
AR 7 8Lk, B R F FRATRE
(6.1) Fount 23| EK?

MR FRIVEN, N FREZLARN YREL-BER WHFEFER K>
0,%#
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o H T HE, RATRERE 7= 1 ), g B—BGES TR, TE g = go 5
R T A2 L MR VE B
A1 |
fuzﬁﬁxm+J;ﬁUMnk=LL~u
Ej‘:’ﬁ R' L—ﬁi&ﬁ fi—™g vf:_’gm ,% k—> 00 :J:E%E_tﬁqj/?"\ k—> o0 ,Eng‘
g(x)=g(0)+ K gu (2)dz,

XKW g BRIELTMM,H g’ =g, IEHE.

Bla ¥[0,1] ELEEETMKRHMESICHE S[0,1], ANIJLFLALHE
LR EEPHN T S0, 1] —170, & L€ X Hmxk ¥k, S[0,1] -1
LYk . € X

" lx(e) = y(2)]
d(x,y)—L 1+Ix(t)fy(t)ldt,éix,yGS[O,l].
FHES§IFAEXG. DESHIERA (-, ) BEEBELR,S[0,11# 4(-,- )RH
BE B4R V25 6] .

BERMEKIERE S0, 1]FFF {x, - WHTF = FH FREF
{z, ()b oo AR BERSETF 2 (2).

Wd(zx,,z)>0,2 n—>co F{ELH ¢>0,4

E, (e)=1{t€[0,1]:]x,(t) - x(2)| =el.

PR B f(s) = —— (0, + oo) I 5553 1 iR %, BT LA

1+s
Vo, () —x(2)]
d(z, ,x)= d d
(o) L1+uxn—xun’

>J |z, ()~ x(2)]

E o 1+ |z, (2)—z(2)]

= €
/JE"(e) T+edt

213-m(E,(e)),

XEB m(E,(e))F M E,(e)B Lebesgue M. UL B, m(E,())—>0,% n—>
oo Bz, ()} ARBERST x(2).
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RZ, B tx, ()7 ARBERSETF = (), Wiz, () - x () KBRS

F 0,
|x,,(t)-1(t)|

1+ 1z, (2) - z(e)]

R Lebesgue WA EE(SW[6],58HE, §5)

_ 1 Ix,,(t)—l‘([)l
d(zx,,z)= o 1+ Tz, () — ()]

TERAE BN S[0,1]RTEK.
Wiz, 17, & S[0,1]% Cauchy P8 , M HFELEE », &
d(z,, 2, )<27", F n=n, k=1,2,.
AR, <n, << p <o, 0
<z, (2)-z, (2)]
= 01+|z (t)—x (z)l

= g;d(xn , T, )
ey k+1 k
-k
\<\§=12 < oo,

|z, ()~ =z, (1)1
1+|x (t)—x (t)l

n=1,2,"

dt—>0,% n—>co.

S

’2’...‘

ak(t):

yj
j; [ i ¢ (2)]de = i}ﬂ & (1)dt< oo,
(BR[6],%5H%E,§5, FHS5). &
S (1)< w.ae FI0,1].

k=1

XFA 1€ [0,1], MRXARBRE, WX FE 4 K k,ak(t)< s AT,
|z, (8)-=, (¢)I<1.

X
Lz, (2) =z, (1)1<2a:(2), 3T KH k.

T IREH S [z, | (1)~ 2, (0) 4600, 1] £ JLPALAL IS, AT 03K

z, (O+ X[z, (D)=, ()]
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F00,11 1 ST ALAL K. BIEAEHON 2, () B
2, (D=2, () 3 [z, (O -x, ()]=z(6),a.e. FL0,1].

HREH 2, (O KIERET =, )(SRI6],BHE, §5, FH 1) R
RTBRAE1, d (., 20)—>0,2% k—>o0 SETHALUEH , d(x, ,20) >0, % n—>co.
8Z,S[0,1)REF\EEEMEE, B F-2H.

§9 EHMLKREFETE Fréchet ¥

XFEZRAMKACTEREEN R FAREBERENAE, XM HER
BRE.EFZITEHBAENA BERXIMEINATEFERENLUTFR
Liouville,, ft & ¥, 2l #tb F) A 3X A 4% 25 % % 8 5r 57 B A1{E (5] & . B] 1922 4F , Banach
BT ESE R, AEE SR R EFE NSRS E BRI FE, X
R % % I Banach R i@ BB KSR, LR KRB BIEREL &2 B
HENRZ— XNTRNEENFEELEU R FHURTHFEERH.

BX9.1 B(X,d)REEZE,TRZRNX B X FRBHN WRFERK
g>0, X 2, yE X,

d(Tx, Ty)<Xqd(z,y),
JW#FR T W Lipschitz &%, q #4 T #) Lipschitz %%

FRAL, R o<1, T RN ESRMS.

Wa€EX M Te=x,M x FRABRH T HAGHA.

EE9.1 (X, )REETE, B T:X—>X %R Lipschitz %&4,M T
BELEN.

i & T Y Lipschitz 8N q E48 r, € X, & V £ Tx, BIE—4PHE,
WA r>0,8 B( Ty, ) CV. B Bz, rlg) B zo B— 48, % 2 €
B(x,,rlq)t,

d( Tz, Txy)<qd(x,2,)< q(rlg)=r.
Bp TxGB(T:co,r)CV..ﬁJ\"U T 7 x, Abi&ESE,IEEE.

ERIERMKIRE, 1922) (X, HEREEEEZME,T: XX £
Egwst, N TEX PERE-TABE. BXNIAR AR 7, W37 9 86 A
2, E X, BREREN 2., =Tz, , n=0,1,2, - WA F z, BEXTFURSEEH
mE MG R

dlz,, ZB)<q (1-q) 'd(Txy,z0),
XH g 2T 1 Lipschitz ¥ %K.
iF By Lipschitz &4, % rE EB¥ »,
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d(zx,.1,2,)=d(Tx,, Tx,_,)<qd(z,,x,.,).
£ ] B IR 943k 5 e
d(x,.1,2,)<q"'d(Txy,x9),n=1,2,
T
d(z,0s2,)<d(xpuirZ,i5-1) -+ d(2,.,,x,)
(9.1) <(g""' '+ ¢")d(Txo,zy)
<¢"(1-¢q) 'd(Txy,x,)-

B TREZHB, 0<¢<1,A Wiz, | . B Cauchy F%. X X BRZ&H,HK
Lo, 17 W) X FRATT, R lima, =z RIBEH 9.1, T RELH, TR
Tz = hmTr =lxm.r at1 =T

Bl z BT WASA. ﬁ&y%TB‘J% /‘;FZJJ)?’\ Ty
d(z,5)=d(Tz,Ty)<<qd(7,5).
H¢<1,#d(z,5)=0,00 z=75.
BJ5, 9. D)RP, 4 k—>oo, A8
d(z,z,)<q¢"(1~q) "d(Tzy,x,).
IEEE.
EHRRFERERUZ RSN I EEER. EEHFENA . BIEM
SR BYTREBOFEE—HEENIERS , ER—-IMEHNTEH.
Bl 1 ERS S BRYMER R —
BA1H B B A R
(9.2) {x (t)=r(t,z(2)),
x(ty) = x,.
FRAERRRERRNTUIERRAOGFEERE— e,

B 9.3 (Picard,1893) # f(¢,z) R
Ht,2):lt-12,1<8, —0< z< 0|
FZrEERE, M HXF « % B Lipschitz &4, MEEER K>0, WS

t€(ty—8,t4+8),z,yE(—,0)E
lf(t,2) - Fle, ) I<Kl|lz-y].
T HME R (9. 2) FEX B (24 — 8,20 + Bl EBHME—EIESM X B 0< f<min| &5,
1/Kt.
E W Cleg—B,to+ BIRAREREI 1, — 8,1, + Bl L ELE RIS RIKIEE
d(x,y)= o max ]|x(t)—y(t)|

1€z, Bty + B

Pl BE B s8] . W Cle, - B, 1, + BIREEM(AIESB).
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MTBEREEMN Cl1, - 8,1, + BIEIB BRIBLE T
(Tx)(t)=xo+jl f(s,x(s))d.s,xGC[lo-,B,to+ﬁ’].

RIEX@[2,,:t ] EBRBFO.2)R, W, x=x(1),eE[t,— B,1o+ B YIMA 0] B
(O 2)MEERLEHMNE 2(1)EC[ty — L.ty + LIBBH THAF A HRIR
f(t,x)RTF « W& Lipschitz &4, 8

t<Tx><z>—<Ty><t>t:fj' [f(s,2(s)) = f(s,y(s))]ds]

< J' Klzx(s)—~y(s)|dsi

<Klr-1t,] max mlx(z)—y(t)f

1€ (19~ Butg

<K‘[%(19y)9
Y- i<ty +p.% ¢=KB.HI BHEN,0<¢<1,FE
d(Tx,Ty)= max ]lTx(t)—Ty(t)lqu(x,y).

1€(1g =Pty + B
BB T R— AR RIEEHE 9.2, T AM— MRS A, Y (E 5 E
(9.2)7E[ 1, — B,to + Bl LA ME—fR UEEE.

Bl2(BEMFERE) R =(a,,20)ER, Y =(,",)E
R”,UX VCR" XR" &(2°,y" )4, f: UX V>R" RELSEH, B F%:F
y=(y, ) BWENMRIBEEE UV LESZE. MR

f(z*,y")=0,
det[g—;c(xo,yo)]¢0,

WAL 2° H—M8E U,CU ZME—REER R o: U,—~R" ,f#

(9.3) {f((i;;oixzho,xe U, ,
RE e
) D)
%(xo’yo): = :

B £ )N y R BT y° AbBY Jacobi w;,det[g—yfw v 1 BR BT
.
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W ONTHEBS RIOB®E n=2,m=1 m'r:ﬂz%mm.imj—-’v"u,y>

igmz—mm,amﬁ.mﬁﬁj—ﬁkx,ym@ﬁﬁﬁ& det[?—ﬁ(x",y")}¢0,ﬂ
WAELE 6>0,f8% x € B(2",8),y€EB(y",0)H,
(9.4) {%(ru,yo)]i %"(I,y)—1‘<§.
XEHX flr, ) UXV EESER (2°,y°) =0, BFEERI/NMIEHK r<¢,
#X24 ~€ B(2", r)B,
af 0 0 ! 1]
(9.5) H@(I Ly )] fla | <5
BAER Co(B(2,r))ERB(2°, r) F & k5o (E &% % B H Banach 25 8], B
BRI #£xR.4
X=1g€ Ce(B(z2",r)):p(z")=3", | ¢ —»" Il <&},
M X BCe(B(2',r))WHFE EMEXRZEESN.X FHEBEEX N
dle,¢)=lle-¢ll .54 ¢,9€X.

0

EX X FHBE T
(Te)(z)=¢(z) - [%(10,y")]_lf(x,cp(x)),goEX,xGB(r—o,r).
B Te€ Co(B(2,r)), Xl o(2") =", f(2°,5") =0, AT I,
(T) (') =) = [ a*3) ] fpat D) =57

e, € X, MIARYE M5 o E 38
(Te)(x) = (T¢)(x)

=p(0) = () = [ LG ] e (e = £, p(a)]

=¢(x)— ¢(x) - [Z—f(xo,yu)]? ;)—f;(r,[l— 0(x)]p(a)+
6(x)p(x)) M o(x) - ¢(x)]
:(1v[j—fv‘(z°,y°)} g’{u,[l—e<x)]¢<1)+a<x>¢<1)>)
Le(a) —¢(2)],
HEBO<H(2)<1, B s€B(2°,r)CB(x",8),H
(1= 6(x))p(x)+6(x)g(x)—y'I<6,

TRBRE.4) 7%
I Te—Tyll = max [(Te)(x) - (Tg)(2)|

€ B0 ,r)




42 B-F EHELMETE

(9.6) < max () — ¢(x)]

2€B(x ,r)

NEEERS '€ X, ME
(1) (@) =3 =[St ] s,
R#(9.5)

I Ty0 - yU | = max
r€B( )

FR, Y g€ X, (9.6)T 1
| T -3 1<l Te—Ty" | + Il Ty = 5° |l

< lg=y" Il +82<s,

AR Te€e X BH.6)ATR TEX LEFMS REEE.2, TEX LA
— IR S M EB (2", r) EME—HIESE R o WE(9.3) . UEHE.

ANFTA R4 18], % F—M Banach %5 [B] £ — NI & Mo 5, 2 BUB] 2 M BF 5
REANRE? BR, HAREXNTIHFEZE RS #H LM T Jacobi EHEKBE. THR
NN E LW Frechet R, EHEELUEIHEETENERM.

EX9.2 B’ X,Y#HEBanachZH,QBRXHWHAFE A:0>Y BE—1F
BE,r€Q MBHFE- TN XB Y WERLHBEFL, &

. | A(x+h)—Ax—Lh | _
I all—~0 H h ||

W A #E 5 x &b Fréchet AT, 5 W2 A 7E x &b Fréchet AIET , £ b 4% FR A%
SNHMEF L RE—HN.XNHEF L RRI A TE x LW Fréchet S8, B HiCH
A'(x).

AARBET BT A(2)EXBBRRHEREES, T EF KRBT HIEL
R EL L. CENABREN MM BE."(ZR[15],% 26 ®)

B3 EMAERREBEF T: XY EEESAN Fréchet REHE T & 5.
EAMESER

(a3 ] ety | <ot

0,

T(x+h)-Tx-Th=0,YVz,hEX,
SLZR .
Bla BORERR BWAFE,0:Q0>R BEEZENSTMHREE KR FH
RERIIH &, B
¢, (x)

I,

, ¢(x)=

Ty P ( x)



hy
R A= | BTEEGESD R S E E B
h,
o¢; I¢;  _
¢ (z+h) =g ()= 5722k + o+ ()b, + ol R 1), =1, n.
)]
(9.7) elx+h)—g(x)=Ah+o(ll R l),
X
e P
A:
¢, I
ax, (F) 3z, ()

M. TR ¢(x)7E = &b H Fréchet RH ¢ (2) ERZ I Jacobi B A.
# T Fréchet FEBIBEE, BLTT LA I F 4 2 57 Banach 25 |8 I B8 R ¥ 77
HEEE XTENEEEFEHTSR[19],4 383—384 7.
= (]
1. WiEB E RS R F HEBEE =, BRI « HE
0x=20,
(-Dzx=-=x,
a0=20.
2. BUEBA TR R AL M2 | P oL
rty=xtz=>y=z,
ax=ay Ha#0=>x =y,
ar=fr Hx#6=a=p.
3. RIERR:ESH )P, Bz, | B ST xo Wi, |7 HREEEE
BHF .
4. UEBH R (o) R4 K.
5. Bl by, b, BREEEE(X,d)FBEA Cauchy 5, i iF B
td(x, v, ) oo & Cauchy (%1 .
6. ERHZE X PHAES KABRN, MBHEE X PEAKB(x,,r) &
B(x,,r)DS.
T E B - BE B9 %5 6] P AR A Cauchy FFFIERRAE FH M.
7. (X, ) REESRE,ABRX FH—IMAERTFE EX
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dist(I,A)iinf{d(x,y):yGA},%i z€X.
BZN x5A WES.

IEB :dist(x, A) B x HIESER%L.

8. WSER MFE,C(S)FER S LERELRPEEELZE HELHM
ERBRE RELESERE. X f,e€C(S), EXEEN

d(f,g)=§telglf(z)—g(x)l.

WIER : C(S) BT &MIER Lt ] .

9. MEBH: P (1<p<<oo) BTEAMIBEE 25 4.

10. & X BRALHTN, A RX PERNES RIEH: A BEZ2ERE
HHEHALEHXEM e >0, FE X WERETFERM,# AFEBINAEM NER
#H/NhTFe.

1. 38X, - DRRELREEE, r >0 MBER B={z€X: | 2|l <r|
RIVER, N X BDEEREMN XA Riesz 51 (EH 7.2)IEHZ .

BE BUXAEREREN. AHER S>LWERNELZRE n M HE

Lo U OB | 2, =z, | >0, % 7.4 M=, 12,2, |0 M X
ARG FZE, 8 M=X. H Riesz 51 B, % 2, . €X, |z, | =1, || =,.,
| > = e RABRCEAIE A (2, 1 OB | 2, -, | >

1% £k B RIVEWFIE.

12. EBR : n 4EBKKZS[B] R” & Banach %5 [8] . iX B R" E & n LA RK
BB, ., 6 MK T 2 XAne: B EEE RN RESHS
J&]

xty=(&+n,,86+7,),
ax = (a&;,"",at,),

hxll = z &%),
A x=(&,,6),y= (g, 7)) ER,aER.
13. WRFE R X
p(x,y)=]2a<x"16j—17,-l,
B = (8,16, y= (10 ) ER'.
AR :R” BERS o( -, ) 00 564 B BE B 4 P2 ]
4. B(X,d)REEMERSE,E R X WHTE, RIEHE, d) ez



HHIEE B H]. .
15. EH: P (I<<p<oo)FFE S BIIEMTEELMLE

() BEEBE M>0, 3 —4] =161, €S, #H >, 16 1"<M.
(i) B4 e >0, FHEEBB N EY k>N, W~ =167, €S K

Z 1 & 17 < e.
16. BIEH :BEH(HFFE S EINENRELXZBGEMNENFBER - 1
FEM, >0, x=1{¢1,,€S,EHe,|I<M,,n=1,2,-.
17. & Mla,b]RXE[a,b] LH R BB S EEZ S E LHH0HEMBRE
LR Y 2 =2(2)EMla,b], EXTEHK
Izl = sup [z(2)].
WEBH 35X ¥ M[a, 6] Banach %5 f] .
18. & Via,b]RARERXE [a,b] EAELKNE RAZBESE, HE ST
SCHTIN 3 MBI TE B R 2 18], E X E A
[zl =lz(a)+V!(2),% 2=2(¢)E V[a,b],
KB V() RREE 2 (t)FE[a,b] LHLAE.
RIERT : Va, 6 ] #R Banach 23 [H] .
19, ZEUH, E—ROVERSE P, ZL2EREF—ELTEMN.
20. Bz, |, REESHE X FH Cauchy F¥, MR 1, |7, 8 FFD
e, o BT =, Wz, 1 BT 2.

21. B FRMBEB A X BIRE RIS IR Y A9 BRE, W £ R TSR0 Y B AL M %t
Y P EEHEF, (PR X PR,

22. X Rn BELKHESME , {e,, e, | B X —NE KM, % X B
LR EEN, HERREZ D FHiEHEHn—1%.

23. B X RBEAMEN, 2, € X,n=1,2, W8] Dz, i & X &

BRI TR S, WA MREIH S | o, | B BB S, =, 18

pot'§ 8

BUEBH : X H AT ] 46 %ot i S50 R SR 8 24 BLAY 24 X & Banach Z3 6] .

2. | X, Y RBELMEZR, TEAX B Y WEMHE T HiFH . g X
RAEREN, N TRERN, B THERR(T)WEER%EY.

25. WX, Y RBRHELRHSH, TEAX B Y WAMETF MR T Rpg
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MLy, R X PREERMYEN Y Tr,, -, Tr, | B Y PEHEX
K.
26. % T RARAELEEECX, || - | DBIBEEEEFECY, |- ILOKAE

T — T - — T 3

27. # T R Banach &0l X L EREHE T WREE X LARLKNHET
S, f#

TS=ST=1,
nmTRAERATHEMN WA T '=S.

RZ R T RAERASEN, N

TT '=T'T=1I.
XBIRX FESETF A
Ir=x,Vx€X.

28. W X REEBZEME, T: XX BB . MR T RESMN,RIE:HEE A
RE n, T W EEHEN MBEMENERE 2 >1, T REZFBSH, T h—FLR
J 48 e 55 1 7

29. W F &n EBKIRZE R PIESHRAE ,BH T:F>F %R

d(Tx,Ty)<d(x,y),Vx,yEF,x%y.

RiEH: TEF PAME—RBIK.

30. B K(t,s)REE(1,s):0<¢,s<1| LA HIRE,H

ff | K(t,s) |I> dtds<oo.
X RMSHE
x(t)=f(t)+/\ﬂ K(t,s)z(s)ds,

Ho reL* 011 R—B w2 S
R EGE R I . 2 A & M/, ERBS FBE L2(0,1]9 8
MAEEHME—.



4 — 3% Hilbert 238

§1 A=

A FRYERR EC 28 (8] R™ ELAT Stk 5 AUJLAAT B 0 S5 588 #r JLAT S5 R 3R AT, X 2 1]
R' FHBA TR 56 WM, ALK

_ (a,b)
cos 0-Wy
REC,ORMEBMAR, | - I BRHMEBHKE,mAE
lall =[(a,a)]”.

FRLL, i BE AR B X A RS ER T LU AR R R X

BLTE K B I 55 425 ] L N BBE .

EX 1.1 WX NELMESR, MEMEAN 2, vE X BEFE—TEH,
WH (x,y), 5ZXRL,H HX A3 REA TH MK

(1) (x,2)=205(z,2)=0 BHMHRM x=0.

(2) (z+y,2)=(x,2) +(y,2).

(3) (ax,y)=alx,y).

4) (z,y)=(y,x).
SIEEH 2, yEX,a €EC. MK (2, )N 5y AR, KX EAEARBC, )
= E.

HABRKEN , BB (z,ay)=al(x,y).

EX 1.2 WRZEE X FHTCE,y FREZH, R (2,y) =0,
xzly.

XHPH—KTR i | RAERERZE, IR

(z;,,2:)=6,,

X8 5, & Kronecker ﬁﬁ:&kzl,ﬁjzk;&k =0, j#k.

EABSE X P, 8 1E X

lxll =[(z,2)]", % z€X.

AABRITEIEIEHERT R AE BN EH X RRELHZS .

FxHyEXR, M

lz+yll? =(x+y,z+y)
=(z,x)+(x. )+ (y,2)+(y,y)



48 % _E Hilbert 219

=(z,x)*t(y, )=z + 1l yl?*.

TRA -
(1.1) fxtyl?=lzl?+1yl*
X IF 2 ) BB 8 B AE 55 4 =5 Rl
EBE1.1 iz, )L BAREE X FRHEMERSE, UXEM € X #A

lal® = 3) 1 om) 12 4 = D)) 12
E foER
x = [i(x,x,,)xn]Jr [z - i(x,x,,)x,,],
B SR 5 B A TS TR T A AR (1. 1) R
e

Iz Il

N N
I > (xz )z, 12+ Tz = D(x,2)z, |17
n=1 n=1
N

Z | (z,z,) 1P+ x - D (x,2)x, 7.

n=1

Il

e,
L 1(Bessel FER) BFir, I RAFSE X PHERERE, N TFIE
il x€ X #AH

S Ham) Pz

#it 2(Schwarz AEX) XMABER X FEEH IR 2,y H8H
Hz,I< T« Iyl
E #FHy=0,1
(z,y)=(z,0y)=0(z,y)=0,

AR SRS 5540, }ﬁl—lfﬁﬁﬁmﬂﬂii% "t Bessel Rt
(I y )l2:f<x,y>12

| z]2*= , >
Iy il Iyl
A b BB S BT L IR EE
EE1.2 BIMAHESEH XEEE | 2] =(z, ) ]""RAIBRELH
73 (6] . :
E HABRES SR - | MEEHEARQ),Q), RAEHERER(3).
WER £, vEX,

lx+yl? =(x+y,z+y)
=(z, )+ (z,y)+(y,z)+(y,y)
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= z?+2Re(x,y)+ |y’
<Hxl?+20Ce, )+ 1Tyl
i Schwarz A%, 7] H
lx+y 2l zl?+20xl Byl +Hyl2=Clzll +1yl).
IEEE.
wE1.1 AR (x, )R 2,y I uEERE Y n> B,
z,>x,y,>y>(z,,y,)>(x,y).
[(zao3) = (2, ) < (20, 3) = (2,30 |+ [ (2,3,) = (2, 5)]
=z, ~x, )+ 1(z,y, — )
<z, -zl ly, I+l y,-yl.
MRz, >z, y, >y, WEH | y, | 17, BREREI, HH n—>oo, EXBIWRET
0.IEEE.
w12 REEMEARZEX PRE.H 1 € XK
(x,z0)=0, VzEM,
B x,=0.
iE BEAEMAENBEEX PR, FE 2, €M, n=1,2, # 2,
(z¢,2¢) = lim(z,,2,) =0,
ﬁxo:o.iﬂffﬁ.
R RAES ARG BER, RO, N FRESE, RIMNETIEESER.
EE13RAUESENX) WHHETE X FEER IR,y A

(1.2) (2.9 =a(letyli=le-yl?+ilz+iyl?=ilz =iy ).
iE HEESHABXRESE

(1.3) lz+yll?=(x,2)+(x,y)+(y,2)+(y,y),

(1.4) lz-—yl?=(x,2)—(x,y)—(y,2)+(y,5),

(1.5) lz+iyl?=(z,z)—i(x,y) +i(y,z) +(y,3),

(1.6) =iy l?=(z,z) +i(z,y) ~i(y,z)+(y,3),

MeE(1.3)-(1.4)+i(1.5) -i(1.6)0] 18

[z+yll?=lz=-yl*+illz+iyl*-ill z—iy [*=4(x,y).
IEEE.

AR ARZERFRENERAER THAREKES R FHEEK
P4 2 5 4 R
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W L3(FEITEAaEEN) MHRER X PEER R,y #A
lz+yl?+ lx=ylI?=2C1= M2+ 1 50?%).

i FEEHE 1.33EBF,(1.3)5(1.4)MInEI1E BT 8KIE & .

ATERZBT, ETBNMREREZR X HERUAH (2, y), FEE
KHIEE | 2 | BTUERN (2, 2)]" 7 BREBTEH. ATLHEH, X B
DINBRM A ERMHEX FHEEWE LT NAEEN. KIERHFEER(1.2)
AWK E X (x,y) , REF AP MNETEENEEW N E (o, y) HERN
M. #R[18],55 268—270 M.

Bl1 zEzsE CLO,1]9 B 2 (2)=1,y(t)=1¢,

x+yll =max[1+¢]=2,
0<1<1

Hx—y” =max|l1—-¢|=1,
0<1<1

lell =11yl =1,
BARAWE BT R XU CLo, 1] AR RN .

EX 1.3 HWBREFE H &K, WA H A Hilbert 2 8.

B2 Hilbert 72 fth B B4 J5 72 TAF o 2% 28 R B0 1 IF ML IE 52 % J& JF B
Xt K Fourier RS IL[6],585%F, §6). XHRAEFI ARB T FHET UM
ZE[8) £ . B4R Hilbert H-8A 13X £ 2 BUF 51 B BL2S 18] 5 48 109 A0 45 , 0 8 5
JUR 8978 & (M AR BLAT 463X — 4 B B Schmidt 1 Fréchet FF 8 89) , /B A 158
F PRS2 £ B MR 2 8] 24 Hilbere 25 8], AR & XA A6 K SE1T % .

B2 zs08 4.

R D) 6, 17 < o EEUFT 2 = | &, | KA DRI A g
ff 7 b Holder 5, T BLSE X
(203) = D67 Mz = 161500y = 17,10 € 2.
EBBIEEWENBAR.E (-, ) RS T Y ¢ R HH.

W, =167 k=1,2,, B € H Cauchy FFFI, FEMESL ¢ >0, 5%
Egﬁ N’gl k9]>N9

(1.7) hz =z, I = (D) 169 - &2 )" < e
MmN EBRE »,

6 -V <e,Y k,j=N.
iX V6. BR | Ef,k) - Cauchy %, &

: (&) _ a(0)
limé¢,” = ¢,
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FEHAR AT 2, =121, 1. DR, BN EBYE m,
S W - g P< et M ki =N
5 ool
2 |68 — 62 P<e, % k=N.
B4 m—>oo 0[] ":1/
f} & - &) <&’ ,% k=N,
EEW 2, -2, €2, %4 /:;N. B ¢ RIS 2, €4 B ER

la =z = () 169 - 6912)"<e, % k=N,
B x>, GEEE.
WHE Hilbert T R KRB H, Kb BB METEFENEH
L*a,b].
B3 =5 L (a,b].
EEARXE(a, b]tﬁﬁ‘?ﬁ?%ﬂ@ﬁ F(x) 2% S LRk
BRI B — NP8 ,i84E L2 a,b). H Holder A%, 7T LE X AR

(f,g)= j:f(x) g(x)dx, % f,g € L*[a,b].

AHBAE L*[a, b 135X A MR R BLZS (8], T B 353X 4 P B B0 A 0 B B4R 0
RE-FESSHH2Y p=2 i WESR NIEBH L’ o, b I REEH, FHKL
L*[a,b 1/ Hilbert Z5[8].

B4 H,(Q).

BORR PHE,EX

Col)=if(z): fEQNEEH t M ESRFE,

H supp(HCT0 ZREWI,

X B supp(f) ={x € Q2: f(2)#0].E XA

(frg)e= S j 2f(x) Pg(2)dz, ™ f.g € CL(Q),

i<k

ﬁ%j:(jlv'“’jn)%i*g*_f"}"]1 +7as

il
¥ f(x )—J—g—l;( ).

Co (B XAMBIE BB WA EHEE B (Q), 1 H (BRI HESHY
BEME S, ID/E H, (2), X & —4 Hilbert 25 8], # 3 #k[26], % 250 T,
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Schauder B4 % it 256 HY(Q), AR AEZEEHRE&L. XBEH H(Q)
H R A K Codonen 25 18] W (Q) B F2SiE. (B W[3]1,% 50 )

#l5s A*(D).

W DREYHEHEN -TERXE,S

AX(D)={f(2): f(2)EE D V\]ﬁﬁ,ﬂﬂl F(2) *dzdy < | |

XE z=x+iy. & AY(D)FFHEAR
(frg)= Hf(z) g()dzdy, % f,g € AX(D).

BHIEW A (D)R—1TABZE, TEIEVHELRREZEZW.
WAL ()7 & A*(D)FE— Cauchy F5. 1 E& A>(D)R L*(D)W—
MNRHERIE M L2 (D) Hilbert 28] (W I 5), AL £, € L*(D) {f

(1.8) Hlf,,(z)—fo(z)lzdxdy»O,én»OO.

M RAGER f,(2)TE D W
Blz:lz -2 [ <plRBEFT D AMWMEEAREL, BT £, ()7 D AR,
& Taylor B

£

fn(z) —fm(z) = ZC)'(Z - Zo)j.

i=0

MTF B BHEPE R 2~ 2, = r’ , 718
I £ = £ lI? Zﬂl fi(2) = f.(2) 1*dzdy

= ﬂ | fu(z) = f.(z) lzdzdy

te-T 1<
_ J‘p [Jh( icﬂjei;a)(ieﬁke-;m)da}rdr
oLJe =9 =0 :

il ,
2 25+
=§21‘t lc]lr"dr
i=0 0

— ZNZ; P2j+2|cj|2(2j+2)_1

J

=2’ ¢ |?

=np’ | f,(20) = f (24) 7.
Bif b % | - | & Cauchy B3I, XK FEBI S, ()., EBLEF D AW
EEARA E—Bks. TE
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folz)=lim £, (2)
£ D HfEHT.

BZ,A*(D)R— Hilbert 55 f].

Wl 1.4 WEZE X K584 X & Hilbert 2.

E AR X ARG, ) MRENBRRARELE SR, FREAS
—E§SHEES. L, EE X WESLX,#X £,5€ X, 8 X FH# Cauchy 75
le b vt 2=, 40, 5=y 0 B R

[z, v,) (x|
<l(z,,3.) (2,3 + 1 (x,,3,)~ (z,,y,)]
<z, -z, I 1y I+ lx, I Ny, =3, 1,
A WAz, >y ) V2o & Cauchy BH], AT . & X
(2,5) =lim(z,,y,).
Bt e, -ty 10 IR X 9 Cauchy 3,8 =1z} . 5= 1y, 10 W
,}ifg |z, —x, | =0,}Lrg Iy, ~v, | =0.%&
(9,0 = (o 9) |
<z, ,3.) ~(x,y )+ [ (z,,9.) = (2., y)|
<Mz, I My, =y b+, =2, I I3, Il
Al
lim(x,,y,) = lim(z;,y,).
XY (z,5), MEXSER 7,5 HEMAH Cauchy FFIEFE T X, BT UE LR
TEN,FEHRIEC,), WERARAR, B X #%(-,+), RANFHZME.

R XEE-E§SPEES I SELUBEIBEMER) - | SAE

(,), ZEAEWMTXRR

(3 l|2=}iqi(xn,xn)=(i,i),,
B X Mgl - 1A REMR(, ), BB, MU X EARBS A&
i, B0 X £ Hilbert 25 ja] . JEEE .

§2 EMEXZE

WIS, I EARER B, RATEA H £nETH Hilbert 33 A] .
Blu, | CH REHERRMFH] . BAEWMRERBT R, S
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wy
T e T T 0

1

W,
wzzuz—(uZ’vl)v19 'U2: ”w ”

2

(2.1) e e e e
-1 w,

w, = u, = >, (u,,v)v, v, = | I
k=1 lwn |

Miv vy, v, HER—NIERIERE, FFHIEMIEER » 88
(2.2) Splu,,,u,l=Spltv,,v,!.
EREE Q. DA w, | HE v, | B M Schmidt EMIE L% .

BX2.1 BSEHPHEAERE MR HPRERMHENERER
BE SRS AHWEREZE.

T o B 45 Y Hilbert 25 [B] IE MLIE S B0 — S i .

2.1 RSEHMEMEXE WSERHWEHMEXENEELRMLR
HHBREFEERTS S hEIMTER.

i WEH. R -EHSS FEIMEER. I 270,48 r, =-”j—”,mu S,
=SUlx 1R HPEBTSH—IEHAERE. X5 SEFREXETFE:

Rtk SN fFEHWEREXES AEBES, WEFTH €S8\ S, =
5 SHBANTER, SBIEFE. EE.

EBHE2.1 HEHUS MHAE-MAEMEMERLE.

E HWT HAS HAPFETRKNBEEFES. RAREE S LER
VRSP IMERELLTFE 2| EB SHENTHTURRIR 2, | PR
ST REE R .

¥ Schmidt EMERERFlx, |, BEERERE e, .

HH eCH,f#

(e,e,)=0, n=1,2,.

MR Schmidt EMERHE, B4 2, TUER2, = D) e, AT

(e x,)=0, n=1,2,--.
NS €S, A IRz, | PEETHEEAE,
(e,z)=0, Vz€S.
MTSEHBPHETE VEGMEL.20H,e=0. BREGE2.1, T Wi, | B
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H fEMIEZE EE.
EE 2.2 BNMIEFH Hilbert DHEEH EMERE.
W W HR—3EF K Hilbert 22, B8 H F — ) 1E AL IE R 814 B R

TTRARE AR IR 20, | R T RH— LR S, S, €7, X

5,<8;, % S,CS, MIL<"MHI—THABFE. LIS |, EIPHEL
wrre M Us eomBms, .o 00 ER. B Zorn 318, 7 FEEAR AT

a7
Su, W Sy BRH B¥— N IEMIERHE GEE.
2.3 ®S=lx .2 HHE—NMEMERZHE, MAEMK € H,

A

= YNa,2)z, ,

a€ ./

lzlt?= 271 (x,2,) 1%,

o€ .Y

X B Zz., BREZRENHEN 2, 70, HEBE XKW,

ak ./

¥R, H B0 4§ Hilbert /8], {2, |7, & H B 1FHIE K, W X4 i
W x€ H #8
(2.3) Iz~ 31 Cxym) 17,

FH(2.3)8 E HH N Parseval AR .
iE & £ € H,H Schwarz AR, %81 « € o,
[(z,z)I< Iz .

i
11 1
Ulgglel, plhzi]=0 =00
FREARTEN (2, 2,) 70, WESH— 4K
1 1
gt Fran]

PRELFEN(x,2,)].1X5 Bessel FERFE.
BE(x,2) e, PEREBRAUEEANAR 0 E B EMHFIR

(x"ral)9(I’Ia2)9.'.’(I’Iqj)9-..9

i Bessel RER,MIEREBHK N,

N
Siila,z )P zll?,
i=1 !
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B e, )17 WK

2y, = (z,2, )z, »,n=1,2, 0% n>m i,

i=1

- 2 2 _ 2
Iy = 3 >3 (z,2, )z, | D (z,2,) 1%,

j=m+1 j=m+l

AWy, |7 B Cauchy FF3). H BREEAM ,HATR y, > €EH.FiF 2" =x.
B8R, X —14] x,,kﬁ

n
(1_1’,1%): (;c - limZ(x,:caJ):ca} ) X, )
=1

n—=o0 4
J

i

n
(.z,x,,k ) — lim(z(x,xﬂ} )x,,} = )
n—>oo j=1

= (x,x,,‘) - lim[ Eﬂ (z,z, Nz, ,x, )]
nwo L 7 J k
=(x,z,) - (z,z,)

= 0.
ﬁ'ﬁXﬂ' xaes,a¢ak ,(x,xa)=0,ﬂ(x,,) aI,)=0»j=l,2,"‘,ﬁ

n
(z-2',z,)= (x - lim > (z,2, )z, »x.,)
n-°°j=1 J J

=(x,z,) - lim(i(z,la )x, ,:c,,)
i=1 ! !

»n—>00

- [ 330, ), )]
= 0.
FR2z2-2’5SH—YITERX.MSEHHEAERE, M -2 =08

n
r = limz(x,xa )z,
nwoo =4 J )

= Z(x,x,j)x,‘ = 2(1,10)1,-

a€ A

EFHEASX REEELLHERERE »,

I = 3 1 Cae,) 124 = 3z, Ve |2,

i=1

FE,S n—>oo, 018
| 1% = Z | (z,z,) 1" = Di(a,x,) I

a€

IEEE.
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B A A, AT LAE TR EEH L.

B LT — A4 Hilbert 5 AR ¢ F#.

i % H 25 Hilbert 5 J8], i 2.1, FEEEMELHK e, |-, X
EM2.3,/E% 2 €H,

© .
x = Z(I9en)en’
n=1

Fxll?=>71(x,e) 1%,
n=1

FRI(x,e) = (x,e,),(x,e,),, (x,e,), | EL,EXBY U. H>7

wE
Ur={(x,e,)l, VYxE€EH.

RyEH,a€C,M y= > (y,¢,)e,.
n=1

r+y= > (x+y,ede, ar = >, (ax,e,)e,.
= n=1

n=1

]

(x+y,e,)=(x,e,)+(y,e,), (ar,e,)=alx,e,),
GIR
U(z+y)=Uz+ Uy, Ular)=aUz.
W U R, Xh 84,
(x,y) = > (x,e,) (y,e,) = (Ux,Uy).

W U BRRABEK, AR SBEM. TESFIES U BWSH. &ie €4,

é\

WY >k A,

=z 2= 0 S e 2= ) 16 12,

H Z [&, [ <oo AJHl{z,} & Cauchy . T H%%%ﬁ@,ﬁi}i%xk=r T
FR

3 oo
x=lim> &e, = Dte,.
k>0 < —

n=1 n=1
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(x,e,)=€, n=1,2,".
B, Uc=1{(x,e,) =16 | B0 URWEH.IEEE.

§3 SR EI,Fréchet-Riesz RILER

#% M R Hilbert 25 8] H I HERE , € X

M= {y€H:(y,z)=0, Vz€MI,

HER ML A M BIEZH.

MHBMEES 848, BiE M2 HRNTSA.ERME5M BN
{o}. '

EFE3.I(HEEE) ¥ M £ Hilbert 2818 H ¥ F=5 8], MG 2 €EHH
DRUL:ES: .37

z=y+z, yEM, z€ML.

MIHRZXITH s EME-RENy hx EAM LHEXZHE.

- B2 M PR Hibert T, BEEFHE 22, M A -/ EHREXHR
[Voleeo B xEH MEE 23 A -BTA, BEZHAAREN (2,y,)#
O.i&"‘zﬂ‘]ﬁl(x,y%)Ijll,DllJXa‘ a€d,aFa;,j=1,2,,(zx,y5,)=0.%

y = Z(x»yaj)y,j-

i=1
WEM 2.3~ LHER, EXAREBRKSM. B M BEHMN, B yEM.
{‘?\ zzl_y,ﬁwxd' k:1,2,"‘,%‘
(z,3,) = (x,3,) = (v,5,)

= (x,3,) - (:Zl(x,y.,, )3+ s, )

(z,3,) - E(x,y.j)(yaj,y.,‘)
im1
= (Iquk ) - (x’y.,k)
= 0.
XY o€ A H aFa, k=1,2,,
(z,3,) = (z,v,) - (y,y.)

= (z,3,) - (i(z,ya})y,}_,y,)= 0.

IE\Z,
(z)ya):(), é’!aé&(

BEEE23,M G BATu BTRR S ()5, (2, u) =0,V u€
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M,Bl z€ M+ At
x=y+z, yEM, zEM*:.
EFH—t,ATH MOM: = {0185 ERE.
REZAE X e WA LB ER Schmide IEMIER A . B 5% FIE
falFzE M, 5z & M, REBHFEEE EF
To=yo+ 29, YEM, z,€EM™*.
B 2,70,z BFWE M B —UITHEZXHIT. M2 EHE %R BAHHR
FER) dimM RRFH R
X 5] F — ft Banach %% [ ,Hilbert & R B LM KRB FEEH ST H , BEHZ—
RETERAHFEEHE. BE 20 A 30 48, AT50E 2 % 4, B X 8T R /9
L?(p72)Z ] , AR XN E ERMWERGHER. X TFTXIRATS L
{36].
w31 ’RMEBHMEURE, M M=(M")".
E # oMY EAMEHMTFSRE,BENEEH,
x=y+z, yEM, =z€(M)*.
AU (M) =M* FR .M - 5 EREXRAENRE
0=(z,z)=(2,2),
WM 2=0,\li z=yEM.AIR(M*CM.
A—KHE, BEXHELNE MC(MYHY  XB (M) REAK, % MC
(M) iEEe.
Bl ®
f(x) = be(t)dt,x € L*[a,b].
W fRL [a,b] EMEHE R, B

| f(2) | = bx(r)dz’

(J ldt)m(J | x(2) | dt)

=(b-a)"|2].
AW fRL [a,b] FHELLIET K.

BRE§T RSN ERRUERNBESERENBRSXNARERLEEEY
KHZRMB RN, B 1 L9 Hilbert /8 L*[a,b]) FHEBHERRHT
B. 8¢ H" %75 Hilbert 8] H |2 K% S48 1 17 o6 15 75 5UF 000 5 70 30k
FRpgtsE. 3 fFEH EX

”f” = sup |f(x)|

[E3 E
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RERIEHEXNER H REEMRELEZR . EERH A HKWHEARS
i8] , 5% 3t {8 == i) . ,
I8 3.2(Fréchet — Riesz RMEIE,1907) % fE€EH ,MEH—~1 2, €H,
M F AT RN \
f(z)=(z,2,), VYz€H,
¥ H
Wrle =1z 10y,
XBWEH - | WM H  H B AR
iE $M={zEH:f(x)=0}, M MEHK—IF=zHE.
# M=H,N
flx)=0=(x,0), VzEH.
Elzf:() Bpaf .
#F M#AH,MNE 2, € H\ M. BREFHEERE
To= Yo+ 20, YEM, z,€M*.

@%%¢03fup¢um@w&%mxemm¢=%%%ﬁu

(3.1) f(x)=Bf(z,) = f(Bzq).
W f(x = Bzy) =0, - Bz EM. B2
(3 2) x=(x = Bzy) + By, x— P EM.

XERA M 5|z, | KREA2E.
B(3.2)R5 2, A, A5
(x,2¢)=B(zg,20) =81 2, I *.

T RE
_(I Zo)__ %y
=T Hz”(x’ [z | )
H(3.1)XX R
. . . f(zo)
S =Bz = (llut)“” (JMHP%)
F &
> = f(‘lu)
T ey 1270
RO P sk % .

BFEW e, EH XA 2 CH,
flz)=(x,2;), Vx€H.
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m

(x,z,)=(x,2;), Vx€H.
Bp

(r,z;,—2;)=0, Vx€H.
TR 2~ z;=0,B0 z,=z}.

BE.H
Fflse = sup | f(2)]= sup |(x,z,)]
<sup lx e =12l
0
(v = sup | f(x)]
>y )|
| (vz7=)
= | 2|
R
N flge =1z 1.
EEE .
HR¥E Fréchet — Riesz RIER, B fEH MMME—K =, € H, 8
(3.3) F(x)=(z,2,), VzE€EH.

H—FE NEN 2€H, %
folx)=(z,2), % z€H,
Gk f. BH FESKWER, N L EH . TR, MWRRITEXS «:H —H
A
(f)==z,, Y fEH",
XH 2, BM4YE Fréchet — Riesz RBUEHE fREWH P E(3.3) X —
. W REH" 3 HJ:B‘J——XTYLBM%*EW&ET HERREKHEMN, MEXEL
30
la, fitayfi)=a,t(fi) +a,r(fy).
BAHXXEE £, L€EH ,e,,0,EC,
(e, fitar fr)(x)=a, fi(x)+a,fo(x)
=a,(x,c(f1)) +ay(z,2(f,))
=(z,a,7(f,) +ayz(f;)).
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mRE H bEXHR
(3.4) (f19f2):(zfl’zf2)’ —)glflvaEH"

BEBEAE H* B~ Hilbert 6. T2 r: H" —H £ Hilbert 53 8] 2 [8] # 4
EEMED « BREH . NFH LHEENBS). MR RN EHEEHH
HilbertZs [8] A 0 X 51 , 48 K9 [\l — 25 8] , ®T 32 H® = H. Hilbert %5 [8] 4 5X # ¥ R 7%
KX E*EY. XE Hilbert 2 B EAMFZ —.
XS, BMNERXBIN-RKER ¢o(x,y), MBEHNEHE FRAIE
EREUHETFRREEHBEABFENRN - KERX  EZBE FEIFE.
EX 3.1 & oz, y) RAHXHB CFHERE, BFWRK:
(1) glax + By,z) =ap(x,2) + Pp(y,2),
(2) p(z,ay+ ) =ap(x,y) +Pp(x,2),
Y 2,y,2€H,a,fEC. MK (2, y) W HIHWERNEREZHR. EEFTHFEK
cC>0,f&
Q) letz, IK<Clxl Iyl % x,y€EH.
MR o(x, ) ABEFE.
e LR P, iR (2) # BT 8
(2) plx,ay+ Bz)=ap(x,y) + Pp(x,z2),
B ¢o(x,v) 8 HERNEHZE.
B, MRIENEHZE o(x,y) BHE
oy, z)=¢(z,y), o¢(z,z)=0, Vz,y€EH,
9,4
p(x,2)=082=0.
W2 oz, y ) RENMART.
EE3.3 ®oe(xr,y) B HLELERANIEEREHEZ R, NWEE HLE—-1F
REUETA M
e(z,y)=(Az,y), ¥4 z,y<H,
iE »EHW z€H, %
f(N=9¢(z,y), %4 yEH.
ik fEH" B x —HHE BEEH3.2BF 1L 2, €H &
f(y»)=(y,2), HyEH.
XAz, BEfLATH z FiE—HE. €EX Ax =z,
olz,y)=(y,Az),
Bp
o(x,y)=(Ax,y), ¥ x,yEH.
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AERIE, MEXH ABEH LEREHET ETH - HEBRK IEE.
B2 ROERR PRBE,2={u€Ci(02):u BREMEM]. W

alu,v) =ﬂ(u,vx + wv,)dxrdy, u,v € 9,

n

9 b H@WELK - |, FRODVREER,XE CL(QWEXBR§1
Tl 4,

_du _du

I—E’ uy_ayﬁ u€ 9.

EABRIMAEBREMERE, H(Q)FPHABEXH
(u,0), = 3) H"ua"vdxdy,

FIES |

u

112
= [H(uz + u’ + ui)dxdy] .
o
BHRIE
a
(u,v) =ﬂ(ux'v1 + uyv,)dxdy,u,v € 2,
o

WR—TNB, AT B Schwarz A&
la{u,v) | = u]‘(u,;vI + uyvy)dxdyl

< [ﬂ(l u, 2 +] u, lz)d_rdy}l/2 [ﬂ(l v, 12+ v, lz)d,‘cdy]]/2
< lal,lol,
AR a(u,v)BE HI(QOKWBEH - |, FFHN ZETFTUEHERBERN. & §1
84,27 Ho(Q)FRE. BT a(u, ) TUH KR Hy (02) EHE R WL
TR,
MEXABFRTFHA 2, H (Q) LB #, FHELTHRLBEFH
- AuBBAER H (Q) FRERWNEHEZEN a(u,v).

§ 4 Hilbert 33 ¥ F,Lax-Milgram & &

1. Hilbert M F
W H,,H, #& Hilbert |, T EM\H, 8l H, NERKUBEF. X H, $
B EET y, &
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f(x)=(Tx,y), % x€H,,
MW f(x)R H B x BETHELELYEZ K. B Fréchet-Riesz WM ER 184
—A yEH, #
flx)=(x,y),% x€H,.
XAy BH fONTE y E—HEN. AfTEX
T y=y.
BHRIET RMNH, 3l H IERKHEEF. R T X T # Hilbert 3£FEHF,
BEEERAE T HEEET.
BT #WEATR
(4.1) (Tz,y)=(z,T"y), Vx€H,,y€EH,.
BZ XM H Bl H HEREHEET T,8HFE—"NH, 3l H ¥
FREHETF T"HG.DRXBL. BR T Bl TH-HEN.
Bl1 Ble,, e, BR B—1TEMEXE. ARR FLEHEF, A=
(ag) <. e ATEle,, e, | EMEBRERR MAERESERERNELR,
an ap T a4y,

(Ael ’“.’Aen): (e] y“',e”)

A, G T Q,,

2l

Ae; = Za,je,», j=1,",n.
i=1
(ZR[2],5 274 TONTXS BN k,j=1,n.

(A" e,,¢,) = (e,A¢) = (&, D> aze,) = a.
i=1

O

5
(4.2) Ao = Dlaue, k=1,7,n.
j=t
WA e, e, | LREBERRA A = (ag ), B

[

A'e = Z aze, k=1, ,n.
5(4.2) KM HET R

* __ . _
Ay =ay,j,k=1,"",n.

Ep

)
2

~
Q)



§ 4 Hilbert 3% H F,Lax-Milgram TIH& 65

PATF,H L(H)%/™® Hilbert 6] H L & FEREMHRE FHES. &S, TE
L(H),e€C,EX
(S+T)Yx=Sxz+ Tx,
(aT)x=a(Tx),
(ST)x=S8(T=x),
M xEH. BEHWIE,S+ T,aT,STEL(H).
EE4.1 ®S, TEL(H),M
(D (S+T)" =S"+T";
(2)(ST)"=T"S";
3)(T") =T;
(4) ME «€C,(aT)" =aT";
(5)F THRFAH, N T FERA,H
(T*)'=(T"")";
@ I l=1Tl.
iE (D,QF5HRIE.ZFG) ,MEE 2, yEH, HA. 1R,
(2, (T") y)=(T"x,y)=(y,T" z)=(Ty,z)=(x,Ty),
W(T")" =T.
XF@4).SHEE =, yEH,
(x,(aT)" y)=(aT)x,y)
=a(Tx,y)
=q(x,T" y)
=(z,a(T"y))
=(z,(aT")y),
W (aT)" =aT".
(5) W{EE =,yEH,
(x, I"y)=(Ix,y)=(x,y),
XEHM H FESEFIAE D = 1. HBRERE—EIE 27,
TT '=T'T=1.
WRERTEA(2),
T (T '=(T'T)" =1"=1,
(T T =(TT™ ") =1"=1.
FHE-EIJE 27,0 T BERTHEKN, B
: (T") '=(T™"".
BJEFIEH(6). K
| Tx Il = sup [ (Tz,y)l,

Iyl'<t
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(RIE 1) R
i Tl = sup Il Tx |l

(EXES

= s T.
u?‘ﬂ%l Ililﬁgll( I’y)l

sup [(z,T" y)|

= su
I y[l%l [ EYES

= sup | T yll

yl'<t

=T 1.
S
W H, 5§ H, 2 Hilbert B ,A BN\ H, 8| H, WEFLKEEF,5 8t
Tigs:
N(A)Z|z€H,: Az =01,
il A B2iE. 3 R(A)ER A BER B

R(A)ilyGHz:y=Ax,x€H,}.
EE4.2 AELEARBET,
N(A)=R(A")*, N(A")=R(A)*,
R(A)=N(A")*, R(A")=N(A)*.
iE W xENA), M Az =0. NTixHE&E yEH,,
(z,A" y)=(Ax,y)=0.
XA, z€ER(A ).
MR 2ERA) ,MMEE yEH,,
(Az,y)=(z,A" y)=0.
# Ax=0,80 tEN(A). 2
N(A)=R(A")*.
REwE3.1,
R(A")=(R(A")H)t=N(A)L.
HAm A% R 0T AKPUER .
2. Lax— Milgram E 8
EE 4.3(Lax — Milgram E32,1954) # B(f,g)# Hilbert ] H + &
FOFENREZ R, BAENEE r &
(4.3) IB(fo)1=rll FII%,% fEH.
MF HEELANAREHER (BF—1 g, €H,
«f)=B(f,g), VfEH,
H
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g <= ell.

XN ERBRETEELET BHRAKX, HAR L Fréchet — Riesz B3
EHP AR AR ERRGFAG)NFERILENEEEZ R B(f.g)ME,
HEXMREAHANE ERELTRZEEENHEPHRBEAN.

E HMERIIFEARKHEET T.6#

B(f,g)=(Tf,g)=(f,T g), Vf, g€H.

H(4.3)8

rll FIPIBAAOI=1T HISTAITT £, YfEH.
Bp
(4.4) rlFIIT f£I, VfEH.

BULAT R T RBG8, NT(T ) 1.

FE T WEBR(T )=H.BH@. TR R(T" )RAFEM. & R(T")
ZH REFYEREEFN o€ HSR(T )P EINITLIER, AT

0=1(p, T @) =|Blo,p)I=rllel?.

REH o=0,FE. M R(T )=H.AW(T" ) '‘RMN HEHHEHET.

M Fréchet — Riesz RBLEM, X H L ERKUE R (, FEE—M «€H,
i

Wf)=(f,u),% fEH,
Bliicl=lull . FTR&KE (F)=B(f.g,),.¥YfEH, B
(fou)=(f,T" g), ¥ fEH.

DHERM u=T" go,B go=(T") 'u. A(4.9)K,,

1 . 1 1
<__ = e— =
Hgo”\rlll go |l r||u|| r||l||-

ET g WHE—EN o FIE—HR T ZASHEE EE.

it (Lax —~ Milgram) ® A RH EHEREMHET,

alu,v)=(Au,v), u,v€EH,

W2
(4.5) la(u,u)|=Zrlull®*, Yu€H,
He r RERER N ARERATHEN.

iE MER 4.3 WIEH  HNIREE B(f,g)=(Tf,g) ., BER a(u,v) =
(Au,v)."ﬁﬁR(A’)zHR(4-5)ﬁﬁA"Eﬂ§fW,ﬁﬁ

(A ) wll < lul, %u€H,
BICA" )™ RAFMN REEREA.1H(5),A=(A")" LRARTMHE.ELE.
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% 2 %% Dirichlet 11 7] B

~Au=f,
4.6) {ulmzo_
XEQREFEEARRKE,00 FR0 WAHR,
3* a3? N 2
Au:§+#,é’l u€ CHQ),
fEL* (). %

9=1v:v€ C(Q)RELMEM,H vl,, =0},
¥ u,v€ %D, KN Green 24,

H(-— Au)vdxdy

u

d
- ﬂVu . Vodzrdy — Lﬂ ods
n
:J Vu « Vodzdy,

7
EBVu-Vo=uv, +tuv, FTRAAG.OWE-RFHE
(4.7) Vu « Vodzdy = ||fodxdy,u,v € 9.
J;f f

X BRI R
alu,v) = || Vu « Vodzdy
I

= ﬂ( u,v, + uv,)dzdy.

W32, ELIEHEREN Co(Q) L3 HY(Q)WHEH | - |, HRIOWNE
P, T a(u, )T KB H(Q) L, HEWG. DY REHHE

(4.8) alu,v) =ﬂf‘vd1dy = (fyov) 2 u,v € Hy(Q).

BN 4.1 #FHH wu€H(D),f#

alu,v)=(f,v) 12, VvEHLIWQ),
PR« RBEE(4.6) BT XIR.

A 2ZRERT XER? BHH o« RUFEOWN. FEEH, M « € H (W
XL REE € Co(2),j=1,2, ,8(,*), BFXHEHBHED «. BT A
B, BB A o HEREH W R R AN

ul,p=0.

EE H,(2)MiEH
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12 1/2 :
lwl, = [ﬂ(uz + ol + ui)dxdy] = [Huzdxdy] = lull 2.
a 0

(v, £ R H (Q) EMLL v EBMA FLHEZ K, AT H Fréchet -
Riesz RAER, TR T ZHEETF T" —HE XN LY(Q)B H(Q)EHR
KUEETFKHE
(v, ity =(v,Kf),,vE€EH ().
mMERE3.3,MMH JEL(H (2)),f#
alu,v)=Ju,v), ,u,vEH(Q).
BN (4.8)EA RS &K
(Ju,v),=(Kf,v),, YvE€H(Q2).
B
(4.9) Ju=Kf.
M Friedrichs A% ([12],% 117—118 7))

la(u,u) = [[(u + «2)dxdy = y|lu’dxdy,
J J
(XE y REMHER)TH
1 2 2 2 _ 2
{1 + Y]I alu,u) l}—ﬂ(ul + u})dxdy +ﬂu dxdy = [l ull?.

B, a(u, ) RERIIZHBRPHERNEE, TR RERTHM. IR
ERBEREH T L REEAE — R RBREN.

3. A4 Hilbert 2H L HEREMEFRHEERER

PIF BB H &7 4 L5540 Hilbert 58], ¢, , 0,,, ¢, , 3 H FHIEH
EXE ATLH € H, W » Al ME—Hy R

X = Esngk,
k=1
XE
Ek:(1y¢k)
A x X TRARE (o, |- I b DBIF. X

SE 1=l <o,
k=1
Bg i, €0,

By= > Lo € H, MENBRER (LI 3)

(4.10) (z,y)= 2&2&'
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St A€EL(H), B8R Ax= > &Aq,, NI Ax B15E n MR N

(AI,;D,,)Z ZE&(Asak!SDn) = Za;&s&’

XHE
(4.11) a,,,,:(Aqok,qo,,), n=1,2,-",
— R () sern - (ATFEER(a ) NEF A LTRIRRE o, |- BER.

FIEEST A WRTEFA  SZHNMNMERETER
(4.12) ay=(A" @, 0,)=(p,A0,)=(Ap,,0) = a,.

hEM2.3

Z | ., |2 = Z | (AQV/,»SD,,) '2 = ” A?’& ”2 < oo,
[} A
S lan 7= S s = A g7 < .

B2, BFEE(a,)WF R B STRERHR C PHTE.
WAEFABELH)XRTEHER o - BEBEKRKR K (a;),(b;). BEK
C=BAXRTRIFE ol BEFEE. A
cx =(Coy,9;)=(BAg,,0.)=(Ag,, B ¢;),
5

Ap, = D (Age,90) 0.,
n=1

B¢, = i‘(B“go,»,gon)go,,,
AR (4. 10) LR (4.11) 5 (4.12) %, 18
(Agi B" ) = S)(Agi.9) (B prp) = Dlaubl = Dauba.
FARER C=BA KTFAWR g | WERTH "
o = S buan.
B RREERE A,
3 @

DWR s E5YyER Wz 5y KHEXX;
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(i) r 5y EXWEERGRIEERK o,
lz+ayll =l z~ayll;
(iii) x 5y EXHAER B RTEE R o,
lz+tayll=lxll.
2. Ble, I RABTE X PHERERE MMEE z,y€ X,

PIRIEBICI D IES e Y
3. Bie, | -, & Hilbert 5/6] H P EMIERE,

= D ae,, y= O, Pe..
n=1 n=1
ik B

oo

(z,y)= > aB,,

n=1

B4 o % B e 3o o8
4. Btle, | - RBP4 Hilbert Z5[8] H (IEMIER K FEWH AE4 «,yEH,

(z,)= > (z,e,)(y.e,),
n=1

L7 350 4 o 5 WO KC
5. ®RDERR F—AIMKB. 4 L (D)RRHFAEN D LFEF AT RMKE MK
B () 1R RE SRS BRI B &tk 25 1A, %

(f.g)= fo(x)g(x)dx,éf f,g€L* (D).

BAER : L* (D)0 ks A LR — A Hilbert 23] .

6. WEBH: " (p#2)AFTRER N FLIZ ).

7. Blu, | REHT XM, BIFHE Schmidt EMFREQ. DBANE| 0, |
RIEMERE.

8. EMISMEEH(ER 3. DFHHE—1.

9. ¥ M £ Hilbert 238 H 99— MR MEFE  IEBH .

(i) M* & H BF5s ).

Gi) (M)t =Mt

(i) M08 M, HR H WRMERE, & MCM,, | M{CML.

10. RIEH H HMTFE.

hFIl = ||§li}%1]f(x)l , Y fEH",

o - gl Co s R 1

11. iEB HEEH € H,
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=1l = sup I(z,3)I.
Iyil'<t

12. BIFEM3 3P A RH FEREHE T
13. #ie, ! 72 Hilbert B H P —-NEHREXE MENE 2€H,

hxll?=>] [(x,e,)],
n=1

Prle I, BEEH.
Ble, b 1A 10 B HFHBWAERERE, E&

Z e, = £, I*<1.

WIEB : fe, |, BERBEMHENYf . BERH.

14. & T &M Hilbert %318l H, 3] H, WHERLKUBEF,iEH T BN H, F
H WERLHET.

15. % T & Hilbert 8] H L ERLHEEF. iLIEH . EX— € H,
Re(Tx,x)=0,0] T+ T =0.

16. 8 TR LHMAERIMET.

T:x=(&,&,,&6,)>Te=(n .9, 7.,),

Hep

/e Z ankEk!n=192y""
k=1
X® T B THWHERT:
T* :-I:(El )527.“96119..')—>T*1:(7]1‘ 97]2, 9'“9’7: v'“)v
i B
Te = D) anb, n=12,.
k=1
PRIEBA

Qo = Qg s k=1,2,-



$$=# Banach %R FMAERENE T

§1 FREHHETF

1. RTFHHEY

EE—BESTHPRIFIFTEREHEFHELS. 7 X, Y RRELHUS
B,UATEN X BY HefRFREUHBEFHESRIL(X,Y), M L(X,X)HEiE
Hh L(X). # ACL(X,Y), ®RIT4E A HHEKEN

- - o LAzl
hAb=sp Aclh = sp N Azl =sup 5y

WA L. Garding B “SF L ERE—TRA AN TR, RITTUMBAE T
—REFF."([1],5 112 ;)
Bl WKG,)RBO0<s, <1 EMESEEE, N Clo,1] FHWBRSEF

(Az)(s) = jo K(s,0)x(1)dt,z=x(s)€CL0.1],

B 580
A J =02131<31j; |K(s,t)|dz.
EE TN
M:Ozgglﬂ |K(s.0)lde.
T
(A I< [ 1K G012 dr
<l [ 1KG,0lar,
B
| Az | =02151£1f(Ax)(5”
<zl Ozuglﬂ |K(s,2)|d¢
AR
AR A<M,

%—*ﬁﬁ,ﬂ K (s ) lde £ 0<s<I FHAL RS, BEAE0,1] LA
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so,ﬁj [K(sy,t)lde=M.%
0

ko(2)=sgn K(sq,2)P,0<:<].
W kg (r)R[0,1] BRI 1 B97T K%, B

f K(sy,t)ky(2)de = j K (sy,2)de =M.

AR Tysun B3, XHEM 6>0, 80,1 ] EEEE () E| (1) I<1H
m(1:€[0,1]:2(t)Fky(2)})<8.

MHES €>0,4 0=57, KB C= sup |K(s,0)|, 81 EREH z€ CL0,1], &

x| <t,BHE=1t€[0,1]:2(t)F k()BT mE /NT 6, AT
U] K(so,z)[x(t)—ko(t)]dt‘ = UE K(su,t)[x(t)—ko(t)]dt‘<2CmE<s.

TE
|(Az)(s¢) | = “; K(Su,t)x(t)dt’

- UO K(se,t)k (2)de + JU K(so,t)[x(t)—ko(t)]dt’

> [V 1Kol | [ KRG oleo - ko],

=M —e¢.
NI}
| Az | =M - e.
BRI <LBUIAIZ=M-e.e REBN,KIAIZMBZ Al =M.
W 1.1 #ABEL(X,Y),« BEE,MA+B,ecACL(X,Y),MA
lA+BI<[IAIl+IBl,lleAll=lalllAl.
WA, AT =0 HHANY A=0, AT L(X, V) REFREEBRBLESE.
XHE A+B,eA BZELENH:
(A+B)x=Ax+Br,(cA)x=a(Ax),VzEX.
E BB FEECE XL,
IA+BIl = sup [ (A+B)x |

I =li™=1

< sup (| Az |l + | Bz II)

fxl'=1

® iESsgnzEXH
0, 4=2=0;

ET S %0,
X2, 2| DR TES - WEEE S 5H.
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<“§1ﬂp:1 Az I + Sup. i Bx |l
=All+1BI.
HAgE R b B e LB AHEIE .
1.2 WX EMEKHSE, Y £ Banach ZE, U L(X,Y)#LE
BanachZZ [d].
E om0, RAUEN L(X,Y)RZEREWN.BIA LR LIX,Y)Hh
Cauchy 31, W XH{Ef] 2 € X, A
lAz-AxI<IA -A, I |21,
WAzl . B Y # Cauchy FH.M Y BREEN, MAM—H yE Y, &
,}L%A,,x=y.ﬂl"£ﬁ)‘( Ax=y. 50 A BEMEN. HIRIELESHH Cauchy
FIIRARW(SRE-—BEIE6) MEEFH M>0,# || A, | <M,
n=1,2,-.0
| Az |l = lim [ A,z Il QJLII; lA Tlhzl<Milxll.
ARACL(X,Y). X
A, -Al

Il

sup || (A, —A)z |l

lzl"=1

sup ]irrolo (A, -A))z]

hxl™=1 m~—

="l'i*nr01‘>ﬂ51ﬂp=1 (A, -A)x
=lm || A, - A, | -0,

al__!, n—>°°.ﬁEErl3.
Xf F Banach Z5 8] X, L (X)AN{LJ2 Banach 23 [d], i AR MU (X F“R
XA, ZR[18], V.1.3). EHAXMEM A, BEL(X), AT TF & L.
(AB)xr=A(Bz), Y r€X.
% 5k ¥
1.3 ®A,BEL(X),M ABEL(X),H
lABI <Al IBI.
#5590, SHE B IE B »
la iI<ial-.

EX1.1 &0, 5001, HEKHESE X EREE, MR X $4E
Bedla ool |\ >0 &S | =, | ,—0, WFRES - ||, 8F I -,.10
R EE M-I EHBRT S, UHRENRENNEY.

RN, -1 OB, - [ RtE S st 1,80

Ir=z,Vx€X.
WEEREE N - | BRFN - Il,, KB I A EERHEBET NTHEEER >0,



76 ¥=ZF BanachZELABEREMET

lzl,=lIzll,<plzl,,VzEX.

mERIMNES BT
1.4 KA X EHEEN-I, 511, ¥HNEILBEEHRE
HEES r,r &
rl\wl],—x—H—igrz,é'] x70.
2. BT

BEFHRENBERFHIR Az=y
XREFBNFE, B ARNREEXESEX B Y HEEETF. 4 A BB
B MEEE A T REPHEEHE MBI RITECERFE A 'y XTF
y BEES?

w15 #X, Y BEREEIESE,A: XY REKBE BL AL
BHHM HEXE RA LHWETF A 'REENARTLERGRFEREm >0
Azl =Zmlzll ,V2EX.

iE ORIERSE. BR Az=0HE =0, A BHEEH AT A REX
7E R(A) R HEME . y= Az, W z=A"'y BHHB& Iyl Zm A"y I,
BWATRERN.

KERRVLEN. S, HEINEBH », 8 £, € X, #

Az, | <Xz, Il
n
—i&yn :AI",B]JJ
1 -1
Iyl <tiay, .

WA FEE RN, 5EE A REENTE. EE.
EIB1.1 % X FBanachZTH,ACL(X),BlAI<1I,MWI-ARER
AT, B

(I-A)'= > A",
n=0

=2 <y 57
XE A =] RIEFET.
iE M A" ||<”A|| ,n=1,2,-, | Al <1,l% L(X)X Banach =
8] , BT

Z A"=I+A+A"+
B TR, BHME L(X)EP ERE MEREREH ».
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(I-A)(T+A++A)=(T+A++A")(I-A)
:I—A"”,
e I A" =0, n—>oc0. % n—>oo, EXMN
(I-A) (D A)=(> A )u-ay=1.
n=0 n=0
M —FEIE27, /A [-ARFFTEN, B
(I-A) '= i A",

T
> had 1
—A)H) = < S
I (1-A)" | NZA [j > IAl = =
JEEE .
Bl2 EEESHE
(1.1) ) - j K(z,y) f(y)dy=g(z),
XE K(x,y)E <z, y<1 E¥%L,gc Cl[0,1].
BIHET

(Af)(z)= j K(z,y) f(y)dy, fE€ C[0,1].

W1 1)RATEH R
(1.2) (I-A)f=g.
WiEEH 1.1 26 1,&

Al = sup. ; [K(x,y)ldy<t,

<<

MFR(.2)MER g€ CL0, 11 EHE—H
f=(I-A)'g= Z A'g.
— R LA i A"g A Neumann ¥ .

ERVRR Y — B, 7T LUE D Banach 2 b A0 53¢ S 2, MeOL(RE M),
2T (I 2, )V <1H>1)(SRI8).5 322 T, M AMFL (] A )7

AR FR .
EE 1.2 MEMAECL(X),
lim (F A" )" =inf( ] A" )1

iE 92 r=imf( | A" D" BRLm (| A™ 1)Y= Ktk ABURE
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E( A )" <r.
REBETHRAEN ,EH >0, LEEBE m &
A" ' <r+e.
SHEMIEEE n HHEREBE L, 0 < m M n=kn+; FTRHBHHEL.3
BIKES
A I<<itA" I AaI<lA" I 1Al",
M T
FA <A™ I A "<(r+ )™ Al

ey G I S RGN
n n
@ A" 1" <r+e.
e BIEEMN, BHAKIEALR JELE.
B3 WK(s,t)TE a<<s,t<<b L#EE,5% Cla,b] L# Volterra MO HF

(Vz)(s)= JSK(s,t)x(t)dt,xe(s)G Cla,b],

/%\/,t: malgb'K(S,t),,ﬁw

asis,t

[(Vz)(s)] =

JSK(s,t)x(z)dz

<j’ IK(s,e) 11 z(2)]de
<plzll(s—a),

(VP2)(s)| = U‘K(s.m(vx)(z)dz

gj‘ 1K (s, )| 1(Va)(2)]de

<j#-# Izl (¢-a)de

=t el gal
—
(V) () |<pg" Il z |l (s;,“)",n=1,2,~--.
N .
FV'z | = max [(V'2)(s)|
< a8 al mrn e
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vl <w Lo h=12,

HH(n!)"—>o0, 2 n>oo K
lim [ V" [ =o0.

1.6 MAERAEMACL(X), K A 'R ANEZRE. MAH
L(X)HF&EgRa#ETER— M HE.

iE ®RAELX)RBRIHER, A

A=A,- (A, ~A)=A,[I-A,' (A, - A)]
BIBSm, 4| A, - All ZBo/Me, A WRARATHR,H
A'=[I-A;"(A,-A)] A,

=A'+ D LA (A - A T"AL .
n=1

HAY A - Al Ra/bit, | Ag'(Ay - A) | <L BHEER1.1,1- Ay ' (A,
-—A)FERAEH, B EXAmBEES. TR
A =A< Z; I TA;'(Ag—A)]" I 1 A" i
A (A, —A) L 1At
1= A (A - ATl
A2
T1-TA T TA-AT
BRI AR A MBS RS IEEE. :
M EFEHERAT I, JE8 1| - || BBIEXHEMER, FERRERHERK
AR AY LAHET B Banach 25 8] L(X)MES . HBEASRZ WL, S, s BREA
RE . LA RO HAN M4t i st BAEXRFE =, XGTHEARIH. B
A NIUEBA X — i B B SL IE 2 25 B 0 B RA4E AR 4E . (WL[28])

§ 2 Hahn - Banach 2

” Ao—A”.

1. ¥kEE
E.Schmidt £ 1908 £ 89 £ %% Hilbert 23 [8] £ H RS gL BEA
2.1) (a,,x)=c,,n=1,2,,

EKBle, 7 BCPEBH—BREXTKKEE, Wi, |, B—HEH.
Bl1 EHAEEEM>S0EXMERERR » REFHALL WA

O FEERERFUAREEERERANF, RERRAXTH—E.
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’

(2.2) DIpH |<m] PIEES

NEFHEEWEFTBAC. 1))AE—F.
Bile, |, KEMFEEA ML X
flay)=c,,k=1,2,",

— i

f(Z; At”k)= ; AgCy -
pE#(2.2),

(2 ha) | =] 3 de|[<M| 3 e,
WS TESY KSR 4 LR REEEZ & MR £ ATY 3R Hilbert 23 [ £
ERARLMEIZ B F, R4 Fréchet — Riesz R EH , 7 », €7, #
Flz)=(x,x4), % €L,

’

F2
(ap,z9) =F(ay)=flay) =c,, k=1,2,.
Bz, REBAHQR. DH—18.
JE % ,F.Riese %X L (1) (1< p<oo, I BB K |H]) L HTFEL N HBE

Lf(x)g,(x)dx=q =1,2,,

EH g € L(1) (—;—+%=1.j=1,2,~--)%%ﬁiﬁ%&f&iﬁ@%*ﬁ&hﬁ

FRAK FEL(]), HEXPTQR2OMWEAGTIEH N BAHE —R.
BEORM gL KRM L (DRMTZE, RBHEE & (f
Ug)=c;,j=1,2,-.
IERE Hely # 912 #FH RFHERMQ.DOWESE T, TUT RREBEA
L'(DEMERKMEZ R NTIFE FE L (I)fE

c;=Ug)= J’f(x)gj(x)dx,j=1,2,"'

(BR§4 HEH 4.4). 48, Helly if £ st — IR 49 7125 (6], A B 2 X%
BRI, L R Cla,b ] RBFRM . HJ5 , Hahn 75 1927 4E X [H 3] Helly i T4k,
S I EMBHI T — M Banach 25 [6] E A AL MY 9% H & .

T 2.1(Banach # KEE,1929) | f(2)RELRMESH X PRERT
G EHSERMHE R IMRE X EHTEZ &K p(2),#

(D) p(z+9)<p(x)+p(y), p(ex) =1p(2), % z,y€ X,1>20;
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(2) f(2)<p(x), Y z€G,
MFE X EWEREEERF(2),f#
F(z)=f(x),% z€G,
A
Flz)<p(z),H x€X.
E HEGC=X,EHERRN, TARE GX.H 2, €X\G,ZEEBUNTE
AR
={dz,+tx:A BEE, € GY.
ERAR x, 5 G WER/NRERE  SHEEE 4 L HFELKUEZ R F, (), 6§
Fi(z)=f(x),4 z€G,
(2.3) F(x)<p(x), Y x€ M.
B F (z9)=ro (FFE). RIEST F, HER, LM
Fl('lxu+1)='\F1(Io)+f(1)<P(XID+x),¥i AER,2€G.

A
(2.4) Arog<<p(Azy+ z) - f(x)
Xf—H A#0, 2 € G AL . LT 4 B R R HE .
w2a>0,
ro\ [p(/lxo"l'x) f(x)]
_ z\_ [z
o)A
=plzog+2’)-f(z'),2'€G.
W a0,

o >%[p(ho +x)- f(x)]

/\J:O
=i:11—l[p( |,1| ]
:—[p(‘xo+x)—f(x)] ‘€G
B2, &HFQ.OMYT
(2.5) —p(-zo+2)+ f(2)<ry<plxo+2')~ f(2'), 2,2 €G.
BREXHN r, FELFERAFQ.)RARER/NFLEE . B
)+ fF(2)<p(xo+ 2 )+ p(—z20+2"), V2 ,2'EG.
HERE(1)5(2),
2+ ()= fz" +27)
<pla'+27)
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=plzgta’ —xotz")
<plzotz)+p(—z,+27),
Y2, 2" €G.
HEAT Q. 5)RAMMBEEA DT ENR. LS
Eté%[—P(xo+x”)+f(x”)]<r0<xi,r€1fa[p(xo+1')—f(x')]-
Wi r, i ENREZ R F, () BERAWE(2.3).

EELEMZ R g(x), HESOHICIE 2(g) IR
GC@(g) y

glx)=f(z), % z€G,
g(x)<p(x), % z€9(g),
Mg HAWP K. & BTV KNERNZRE AFHFUT E g,
2 €NE (g, )T g,), g1 (x)=g,(x), B 2€%(g,), M g, <g,. TR AR
ESHEIEFE N APEMELEFTE S TUEREREZE L (2), 8

a(h)=|J 2(g),

gEY

h(x)=g(z), % €9 (g),g€Y.
W reR, BSt—] g€ A g<h. B h B YW ER. R Zon 51, 20 F
WATC F. 4R F R Ry 3. R 2(F)# X, W7 iE 5 — 8o Wik, F 7]
UHEYHK, X5 FRIRAUFE. TR AF) =X, FEX LELLHZERK. &
596 F BN R TR E GEEE.
FREEAFERLH, EECHATRERABT TENEY KEH.
ZFEIE 2.2(Bohnenblust ~ Sobczyk,1938) % f(x)EBELKEZE X 2L
WG EREHEZER. WRE X LLETEp(2), &
(1) plz+ )<p(x)+p(y),plax)=lealp(z),Vz,yEX,a€C;
2) 1) I<p(x),H z€G,
MAFE X EREERF(2),
F(z)=f(z), % z€G,
B
IF(x)I<p(z), ¥ z€X.
iE B’ f()MEBR f(2), BEA f,(2),BD

_fx)+ f(x)
fl(x)_f9

_f(z) - f(x)
fZ(I)_—Zi———'

U
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flx)=fi(zx)+if,(x),
ME fi(zx), ()8R G ERETEHEZR. FE (o) RELMEE ELHEE
B, A
i[fitx)+if,(2)]=if(2) = f(ix)
. = f,(ix) +if,(iz),z€G.
B PN LA, R
fitiz)= - f,(z),2€G.
N}
flx)=filz)-ifi(iz),z€G.
RSB /AT Lo F S R — |
HARLHSEBTUBEELRESE & f TRILEURE G £H
SELMIZ R, E
H)SI () I<p(x), % z€G.
MEHR2.1, f, T KR&EMSH X EHXKEZRF, B
F(x)=fi(z), % 2€G,
Fi(o)<p(z), Y z€X.
€4
F(x)=F,(z)-iF,(iz),z€ X.
BR, Va,y€X,F(x+y)=F(z)+F(y),H % r £5LHK,
F(tx)=tF(x).
X
F(ix)—_—Fl(ix)—iFl(‘—.I):iF,(I)“i’F,(ix)
=i(F,(z) —iF,(iz)) =iF(x).
W F(z)BRELMESH X FRTEER.
BreG, A ix€G, M
F(z)=F,(z)-iF,(ix) = fi(z) -if,(ix) = f(z).
Y€ X, ME F(2)#0,%4 6=arg F(x), N
|F(x)|=F(x)e “=F(e “z)
=ReF(e_mx)=F1(Ae_i8x)
<ple ™ x)=p(x).
IR F(x) =0, AR BRI IEEE.
7 2.3(Hahn - Banach,1927) Xt FRELKHSE X ZXERE G L
BREMZE (o) 186 X LHESKUERF(2),#
(1) F(x)=f(z),% z€G,
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@) IFl=1Fflg.
REBEIfll o BRFIENG LEZEEHZRBTELE, TH.

iE 4

p)=lrllclhzll .4 z€X.
AR fp MEETH 2 2HMEH, TRAFLE X LEAMEZERF(2) .
F(z)=f(z),% z€G,
=
IF(x)|I<p(z)=1llfls Izl , % z€X.
Hit FRX EHERLMHIEZ R, EH
IFEI<<Iflg.
BFREfHYHK B FHOEERA2DTFRHEZEBIFIZFle. B2
NEN =1 fllg.

UEEE .

Hahn - Banach E M EEHEAET TEAJUIMEERLR. S0, RN\

Wl 2.1 B XRERBELESEH,.EREFHN ,€ X, 8HFE X EHELE
LRYEZ R KR

M Irl=,

(2) flzg)=llzo Il

HE B G=lary,:a€Cl,EX

filaxy)=all z, | ,a€C.

MCGRXFPRERIE, £, B G LEZGZEHEEZER, | fils=1, fi(x,) =
o | RIBEHE 2.3 RABHE . IFELE.

ENBRAEEENRELZESE L, BFEEETHELKHE K. BR
X — RS, XA —ERL. REE—FE §8 P H 4 FriimBEEL
=18 S(0,1].

B2 S[0,1]ERFEFHEZREZE.

B S[0,1] EFEETHREZRHEEZ R ., WHFEEEZRTT «, € S[0,1],
i x'(xy) 70,8

x“(t)zglo(t)’ 3—15116[0,%),
0 %’:zé[%,l],

, % ccfo,L),

- 0 te[o 2)
110(0, é’até[%,l],
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Wz, ,z,€S800,1],MH zp=x, +z,,, T
2 (xo) =z () + 2’ (x1,).
AW 2 (xy;),j=1,2,PLE—TEF,ICHLE 2" (2, ) A0 WEAD 2, Hz, . 0
HHET £ BE B, !,-,=S0,1], «, =2"(2,)70, WA
{tel0,1]:x,(t)#0]

@ﬁﬂ-&&&Kﬁ?%%z@Lq%%

yn(t)zzna(t)’n=1921'“9
n y, €8(0,11, 2
w0
d(y,,.O)—JO _——l’rlyn(z)l t
=J [y, (21 .
i1+ |y, (2)]

<mun<§»m§n»w.
g

' (z,)

=1,n=1,2,-.

' (y,)=
XY 2 WESEETE.
w22 WXRBRUELHEZHE,ERXMWFEM,2,€ X\ E,WHEE X
EEREHELZRFHR
(1) f(-r):09% I€E9
(2) f(zy) =1,
ONFIESS
X B d=dist(x,,E)>0.
ifE WM G=laxr,+z:¢€C,z€E},EX
filaxgtzx)=a, Y ax, +z€G.
GRGCGRXTPAETE 52, WAUFRE. /L R G LLAHE & . 4IE f, RER

LB S, o=
B, MEEN axr, + € G, RE o740,

laz+ 2 =lal 20+ Z [ >lald.

n

I ar, + z ||

lf1(010+-l)l:’a’< ]
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Y a=08, ERAEXBRBL. BT, £, BEFHH
£l
B B >0, x, € E

” Ty — I ” <d+€,

?%,X‘j"ﬁfﬁ% QECy

P axy —az, Il =lal | zog—z, | <lal(d+e),
[34
_ | azq — ax, |
\fl(axo—axl)]—|a|>——d—+€——
N}

1

>0 RIEEM M £ o> 82, 1 1 o=

BiE,% G, MAEH 2.3 EHMENE. JEE.
W23 WMERBEMEEX FRERE, 2, € X,
2, €E MM X AR iESELHE & f,
f(x)=0,VxEM,BEE f(x,)=0.
iE XRME2.29EEEL.
it B S REELUZTEX WTFE, x,€X,M
xo TLAA S HEBEHASRBESK X FEMELELETZ & S,
f(2)=0,Yz€S, AT f(z,)=0.
iE HABGE2.3% MRS PIuikmiL e mm e .
EER% FX NS, AMi1A  Hahn — Banach & P & 4b 38 3 26 58 i 8] &8 2>
SRR R .
Sl 2.4 B MR Banach ZE X WHEBEFEE,ME X HF0E 68
X= M+ NE 4N H=1{0].
E RAMAR ETFEE,EEN 2,2, | BEWE z, FH 2, -,
iy Zjar sy x, WM FEEA M, j=1,,n. B\HFE 2.2, 55 X LW
AREHEE ] #

19 EJ,:!’]:k’
(z2)=08,= .
BRI T g, % e

ERET
P(z)= Zn) z; (D)z;, z€X.

i=1
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Sk P X LESLZHET . H PHEER(P) =4 BR

p (P(x))= D] x/ () xi(z;) =z, (2).

=1

MOHER 2 € X,
P (x)=P(P(z))= 2 2, (P(x))x, = kz; x (x)x, =P(x).
” ;
A=N(P)={r€X:P(z)=0},

SyiE A B X HIFAE].

BxEAMNAN2EMBERENS yEX M 2=P(y). XM 2 € 4,78

0=P(z)=P(P(y))=P(y)=x.

AN A=10].

W MMESRK 2 € X, BF ,

x=P(z)+[xz—-P(x)].
L x,=P(x),x,=x~-P(z),M =, € 4,Ti
P(z,)=P(z) - P (2)=0,
W, €N B2
X=M+ N

JEEE
B 2.4 PRBAFER 45 AFRIBIEHFRE . H— 25 1 48
BN EARTFEE, XGFERTHHRLEEEN. TN TF-REET
LA % £ ) ) Banach Z 8], AR X FENEM TR EHHFES ZHINEI K
FZEB] . HEL E,F.]. Murray 7£ 1937 ES 2 iE, B E 7 LP (5 CY(pFE2)XHE
HHZRTHFEEFER, BESZHIMVEHHFSE (S RI37]). B F
Hilbert= Bl H, A AH TR HIST R E B, WL R IF B 2. 3 F H WE M F 258
MM ERE MFINER B F2S A RA R, J. Lindenstrauss il 1. Taafriri iF
B, TEAE A 5 Hilbert %5 [B] 30 M F ¥ B Banach S [E h B ELEFSH, BE 52
wIbEABFEE. (BR[35])

T E KNI KR Hahn — Banach & B4 JL{a] R 1 .

Xt =4S A E AR R

f(x,y,z)=ax+bytcz.
RENz,y,2):f(z,y,2) =d(EEOIFR=ZH=E P H—F&E. B AT —
e EZ5 4ER) Banach 2 ] X EMIESELRMT & f(2) , ATHRAR A E
{x€X:f(x)=cl

AXFHRBEE,XE c BHHE. M EX PEABERE, 2, € X\ M, RITHFA
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d

Bog=z,+M=|z,+tz:2EMIA X FHEREE. TEAWHEN F=4H
ELZERUVERN.

FETE 2.4(Hahn - Banach EENLAER) & X BERBELHESH,F X
FRZEE g SFRK AMEX , MEBYH HEBE g MES K AHX.

iE AP K={z:lz I <1l}l.g=z+ M,M BREXH¥ERE, 2, ¢ M. N
MEXWTFZE. BBR g 5K A, BHMEE €M, | 2otz | 21,F
& o=dist(z,, M)=1 RFGEE 2.2, FE X LRHEZE .

(1) f(x)=0,% €M,

(2) f(zo)=1,

3 171 =5<1.

ENEFE H A
H={z€ X: f(x)=1},
MXHER x€g,Hax=x,tz,, 0, EM.FTE
fx)=f(z) + f(z,)=1,
il gCH. XY €K B, |zl <1,%%
lF)I< £FII I = Il <1.
AW, r¢ H.IFE.
RZ, M\ EiRZ Hahn - Banach & 3 K JLMJE Xt fEH#E i Hahn — Banach &
HHRrE B EH2.3.
BEEH 2.4 BL. MIELEHWEHERE C R EWETEZLHEE &
f(x),%
g=1z€G:f(z)=1},
K={z€X: llz | <pl,

HE p=
BE 2,€ g, M f(2)=1.4 M=Kerf=2€ G:f(x) =0}, g =z, +
M,ED g BARHERE K RIFER,INE € g, M
1=/ Flls 2l
WMzl =Zp,B € K. gNK=0.

MEETE2 4, MEHETVH
H={z€X:F(z)=c¢},

HDg,HHNK=.
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B HNK=O, 18 c#0. AR—BE, TR c=1. BME F/lc REF WA . K
K gCH, M f(2)=118%F F(z)=1,0H F()£ f(z)WF K FLLE R

€6, f(z)= a0, f‘(ai):l,wﬁ F(§)=1,mfu):a% F(2)=0,
lﬁﬂl% Ioeg’& )
f‘(1+10):f(1)+f(10):19

T2
F(x+x,)=F(x,)=1.

H F(x)=0.
MHNK=C , a8 KC{x:|F(2)|<1}. B, B £, EK | F(z,) =

1.@\12=F{}‘-—),m 5LEK, B F(z,) =1, z,€ HNK,FBE. B2
1

{x: x| <plClz:|F(x)|<1}.

i
,Sup |F(x)|<1.
Bp
x
“jﬁl;lfél F(;)lygl'
LN

1 .
= <—:' .
| F "ﬁ%JF(z)I . I £llg

B—HE,BIEFREOTEKBIFIZfl. BZ, IF=175l.
X EEUEBH T Hahn — Banach 2 3.
2. P WER
EBX 2.1 MNEHETE X FHEEM,
(1) FX 2, yEM,0<e<<1,BF ax+ (1 —a)yEM, MK M B MEY.
(2) &F 2€EM,IASL,BH a2 €M, MR M EFHEH.
3) FMERE 2EX, BH >0, 5 0< |al<e Bf,ax € M, M M ER
Wt R S
SHELHEBEE p(2)(BREBE—-FS§8), A l2:p()<rI(+>0)FERM
K RERMESERSWMBEVRRN—NEE. FL L, F 048RBT 415
HOEZIFEHHR. TERNEEA—-TNESH-FEERETBE.
EX 2.2 BKELKESEX POK RERES, N
px(x)=infla:a>0,H « 'z€E K|
PR K B Minkowski iZ &, E 55— % § 8 AT ULM L EHAE S B M L.
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2.5 LYETHE X POK . PER . RKKRE K B Minkowski IZ 5§
pr(x) R X EMEHH.
iE B Minkowski {2 B&E X, EHE >0, 8
0<a,<pglx)+e,fa.'x€EK,
0<ay<px(y)+€,ﬁ a;‘yEK‘

K 2N,
a, 1 a, -1
a1+ay’x al+aynyK'

Bl(a, +a,) " (x+y)EK. B p ()WEX,
px(xt y)<a, +a,<px(x)+ px(y)+2e.
4 e~>0, 1
px(z+ y)Spr(x) + px (y).
WA#0,2€EX. % a>0,0 '2€ K, K BVHH,

('Ha)_ll,r=]—i—Ta_leK,
T ’
pK(AJ)\<~.~lA|a.

RFEXHEM o BUTHH, R Minkowski IZ i€ XEH
P ()< 2| py ().

B y=az RALRE, BE a=%,mu

Pk(y)g‘l—/lﬂ’PK(#y) ’

Hp
() Zlplpe(y).
Bz
px(Ax) = 1Al px(x).
BAE px(0)=0.8024 A =0 B}, ERIRRL . IFE
w26 HRBBME2.5% K ZOH, R, pp () RKTIE,

B
pK(/\x)‘—‘/\pK(x),% A=0.
E KAMEERASHE2.5 —# . FF «>0,0 'z €K, WX 1 >0,
(Ae) 'Az=a 'z€EK.
am

pK(lI)<Xa.



§2 Hahn— Banach & 91

M B Minkowski iZ RE XH
P (Ax)<Apg (x).
B 2.5 —8 , RAT BT N XTR

P (2) <30 ().

Bz
px(Ax) = Apc(x).

SHIE px(0)=0. 8% A =0 B, BRIFE. FEE.

EX2.3 & f()BLEBLHESHE X LESGLHEZR.E,FEX FF
8. E568%E r &

‘ f(e)=r, Y z€E,f(x)<r,% x€EF,

NFRBFE H={2€EX: f(2x)=rIPBE SF.

iX ¥, Rt B Hahn — Banach B3R JLME RN LR LR HIFER H 75
g 5K, FUBMR—FAEEH. i b, Minkowski F7E 1911 EERXT n 424
EAXFHERAENE TN ORASLEE - ERKTFE(BPNMEEXFEPY
—f) . S. Mazur 7£ 1933 48 S5 B B Minkowski X 4~ 3 F A BR 4 2 (8] & Y}
FEREEEET B XS EMBRIELR S R . WS, il N JUAT B WA R BR A
Hahn ~ Banach 3, HB B TFTHAEEL R (2 [26],§ W1.2).

EH2.5(Mazur,1933) M BREBMBELHEEHX FHRHNFAE.HF0EM,
Mz M. WFE X EHEELLRET & fF,#

(2.6) flx)>1,1M f(2)<1,% xEM.

iE '’ o=dist(xo, M), M BHM, 2, & M,FTLL §>0.4

U={z€x:lzl <3|,
WU K 0 FAEH R AR, H
(M+U)N(ze+U)=(.
XE M+U={z+y:2EM,y€Ul.BR M+ Uﬁlﬂlm,ﬂ&'&m,ﬁim@ K
RN, RIKWHAE B 2 ¢ K. 4 '
plx)=px(x), x€EX.
BEAE p(x)fE =0 RbIESE. BIR p(0) =0, XfEH < >0, p=c &% 2€X,
Izl <p,
ezl <eo=1.

B e'2€ UCK. .
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0<<p(x) = px(x)<e.

XEW p Ex=0AbEELE.

R Minkowski IZZRE XH

p()<1, ¥ r€K,p(x,)>1.

B NAEREERN, FEB ARER.FH p(2,)<1,WH 0<a<1,ff
« 'z €EK.HOEK, FEH KBMEMNH,

' ro=ala'z,) +(1-a)0EK,
52,¢KFE.& p(z) =1L, WHEBESY n FEER o, fF

1 |

n
Hao'z,€K.H K BHK ¥ z, = "lip;a,,_lxoe K. XPHFE. B Lk 2] 6
plxy) >1.

B G=1Az:AERI, 2 fi(Ax) =2p (), W f, & G LERHEZR. 4
AZOR, Bl 2.6,

1<e, <1+

, FiQAzg) =2p(x) = p(Ax,).
M A<0 B,
f[1(Ax) = Ap (e ) <O p( Az, ).
Bz, '
A)<p(z), % z€G.
HREmB 2.6 MEM2.1,F% X EELWZ K fE
Al =1(2). 5 2€G.
flo)<p(x), Y z€X.
F£ g
flx) = filxy) = plxo) >1.
E®E MCK,¥%
f)<p()<1, 4 zEM.
BjEUER] f REZSHEHEZER. B (2)<p(2),VzEX. &
- flx)=f(-2)<p(-=z),
PN]
-p (- )< f(2)<p(x). ,
B p(x)TE z=0 bHEE, AJH f()E =00 %S REFLE-E§7hER
7.1, f RIEENLEEZ K. IEE.
HER,EE2.5F(2.6)RR f(2)>1. —BRIBQ.OWRBYE H=
lz€X: f()=11H 2, EMPFPHRIB. TH2SEXFERIBERBENTH
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5. 05N, ERE Bt RS .

TE Mazur ZJR XA THEHFRN A BEER. (RIERSR, BAFIEH,
HHETSR[39],85.1.)

T 2.6(M.Eidelheit, 1936) #& A #1B 2RFOHIRETE X H M
T,

(1) R A BFH, WENT#—BFEDH;

(2) MR A,BEHERAN, ENAT#E—E V@0 E;

3) MR AREN,.BEAM, ENAIH—BFE™HTE.

XS EERARE EARRWRBBWEN, —HEELR, &I Krein -
Milman €3, EREBRFEMIEAEKE FEMN. W, ENELTHTRABEREZ
HEPRREFENA.

EX 2.4 ®MAEBanachZH X PHAE. MREFEM FFH 2,1,
%t X bAEfIHEELREEZ R L HE

lim f(z,) = f(x,),
WH ., € M. BRI M ABEFIHAR.

B 2.7 Banach ZRIFHMNOIHAEREBFFAM.

iE BEASR,F7E Banach EE X POMHAEM, R 2, € X FIM '4“!—?"'5']
la, oo X X FAEFE SR MEZ f f,8F

lim f(z,) = f(z0),
HE x, EM.
ANE—tkE, AT 0EM. R\EM 2.5, 74 X L EELLHUETE f,E
flx) >, ()1, Y 2EM.
4 .
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MEM2.2 —#EAIE . F BX FESKHETHR. TR
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i&ﬂﬁ}i{gReF(I”)=ReF(xo).fE_%
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DR RAVES 3 — e 553+, RAE 8 5 5w DILER
Banach ZEPHF AN OHAEEBREFHAR.
X Mazar EHH—NREEHEL.

§ 3 Baire N
3.1 ®X,YHERELKESE, MWEHET T:- XY ERAERANE



94 %¥=% BanachTEILHNAREGMET
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BB, IR S BELAFEN, U S REX PIEMRATE.

BN 3.2 fEEEEZSE X, E= U S, TiEA S, BE X FRLHE
BB AE E N E— R S — R AR B R
EIE 3.1(Baire HEL,1899) FEHWEETH X LRSS ~HHK.
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Us, #m .
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BERRLEFAREN | WELEERLABRMNES. 5 RERH
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EMREERBEAKSE. . NENEEHK 2,2
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o= fol =ofgfélf¢(x)—fo(x)|<e,
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JEE B ¢ REEMN, £, BRX4 ¢ ERAAL % 5L B AL FTHUK R 4L
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BB RLSER R Sy RRTAL TR, B S, IR RS E. WA
U={z:llz-x, | <e} M UCS,.
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d b
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— R FRZ M Lebesgue R ¥ .
HLERE f(2)Relo, ()7 BRla,b] B ESERE, N S,,(Io,f)ﬂu
B Cla,b] EWREZ & G5B § 1 PH 1 7T LAEH

I's, || = sup
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.
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n X ” <Ezyﬂ H (yo— 1)‘.y2 ” <7,’3 .
MG T X188 2, €EX Ry, =Tz, .
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¥ 3.3 BanachZE EEZKXHEFHRIENRE —NAE, HERX
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HE 3.4 BER-—-ARHESE X LEEEHRIERI-I151-1,,E1M
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(3) Txo=y,-
EHAEH T fEx, BFELE, FEADEHQ)MG) X . REGABREEH, WA
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lx,',(x,,)f>—é—, n=1,2,.
B X A2 o, |7 RFRFERAR X BEME 22,08 «,€ X',
zo(x,)=0,n=1,2,+, Hllzoll =1.
M

| 2o —a, l =lxo(x,) -z, (z,)]
=1z (z) >4, n=12,,
EEle, o B X ZHANREENEEFETFF. FE.
2. LM REEH LR EELEE TSR
EE4.2 ()PHTESTE—HFIR
(4.1) flx)= D ax, Y r={z,17 €,

Ha=1a, ), €(m)(WE—F§3H6 1), MiE
£l =supla,l=1lal,



106 % =% Banach SELHNEREMEET

XB | all #R a tER(m)PTHTEE.
B—FE,HE a=la, 1], €0m), B4 DRARELWEREZ &K [
().
E R e 8 T
e,:{1,0,0,"'f,€2:fo,l,O,"'f,"’.
WMAHER 2= (e, 1 €L

= i x,e
BB (P TR

oo

f(z)=>] z.f(e,).

B e, | =1L FRIfe) < 1.8
a,= fle,),n=1,2,-+,
Wa=ta,d;-.€(m),HadfHE—HHHE. X
()= > ax,.

n=1

Ma,=fle), fle <N Fll,n=1,2,-,
lall =SL3pia,,|< I

sk,

A1 Y la,llz, 1<supla, | 3 la,d=llall =1

Bolri<lal. Bz
frll=1MHal.
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g(&)=F(u), €£€lo,1].

Xt F[0, 1B R4 53R
0=¢,<§<-<¢,_,<§,=1,

£ Nk
S le(8) - 5(5-0))]

= 3 e lg(s) g6 )]

i=1

n

= > & [F(ug) = Flu; )]

j=1

:F(Z’b e,.(uej _ufrl))’

=1

B €= 1, BB | AR
| > 6 lu - u 1] =1,

Wi "

n

>3 leCe) - a6 1= [F() elug —ug 1) [<IFI= 171

j=

XL g(&) 20,11 EF R4 RE, M H.
) var(g)< || f 1.
M(4.3)3,

ro=re=tn 3«3 a() o))
= f z(1)dg(1), % z=z(1)€C[0,1],

HE AR, || £l <var(g), B2
| £l =var(g).

HEEE .

EREEPH g(OANRE K, BUHE g(1)E V,[0,1]1,0 g()H f
ME—HE. TRAE

wE 4.1 (C[0,1]1)' 5 V[0, 1 REL R M. B

(clo,1])y’=v,lo0,1].
RS R[43], 83 E§5. X8

Vo[0,1]2 g:g()R[0,1] FHEREZ RS, 2(0) =0,
Hg(t)FO,1)AREELEM! .
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EPE 4.3 B F.Riesz 72 1909 SFiEBK , ERERBRENEZLHZ R R
M — A58 . )G ,7E 1937 52 ,Banach W EH#T 8 C(Q) L, EF Q0 EEE
ZEEFHEE . BLE, Kakutani M1 A. Markov 5% Q 88— R ERNEZE R/
¥ H Hausdorff 75 8] . ;X 245 R B B AL T 43 o — £ B o DAl 2 MR 32 o6 3 1
k., BB EEFHRIENENRTEEFHAENESE (BR[27], 651,86
224 T1)

EE4.4 B RL[a,6](1<p<co) LHERKHEZ R, NELEH—H
BB yeL[a,b],q=p(p-1)"" &

(4.4) f(x)zjbxmy(z)dt, W o= 2()EL[a.b].
B
d b i/q
||f||=|!y!|=(£ |y(t)|"dt) .

RZ M y€E L [a,b],(4. ) XEWMEXT L' [a,b] LHERLEHE
PR .
W Xt s€[a,b], %
o (1) = {L”z’l a<t<s;
) 0,% s<1<b.
Wz, €L [a,b].38 g(s)= f(x,), W g(s)Rla,b] LB ESEFEK. F I,
Wo=[s.t,1,j=1,,n, BREE—HBETFla, b | FERAE LN EAWAKX
6.2 ¢, =sgn[ g(¢;) — g(s;,) ],

n

Dilgle) —gls)| = E e;[g(2;)—g(s)]

=1 i=1
n

= > [ f(z,) - flz,)]

i=1

:f(}nj e}.[.r.,] _1}1]>

j=1

<Usi] > els, - 2,1]
= i i

=1 (] 21) [, () -z, (1] ae)”

“irn (3 J, 1ce)”

n

=1 r1 (> me))"”,

i=1

AT g(s) RAXT SRR .
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% y(s)=g'(s),s€(a,b), M y€ L' [a,b].BH x,(¢)=0,a.e. Fla,
bl g(a)=f(x,)=0.FTR
g(s)=gla)+ J:y(t)dt: J:y(f)dﬁ
NI}
(4.5) S =)= [ y(ode= [ x()y(0)dr.

W) Rla,b] EAE—7 5T 0 E 8. R R —BE R 6B 2 RO
Lo (17 JLP AT 2 (o) AR (4. S) R o, (1) RS o (OB
&
(4.6) )= Jhr,,(t)y(l)dt,
R HE Lebesgue WS EHH

J:x,,(t)y(t)dt—’Jubx(t)y(t)dt,
P (j lx,,(t)—x(t)l"dz)w—»O.

TR, E4.6)RPS n—roo, 78
(4.7) Fx)= be(z)y(t)dz.

Ik y€ L'[a,b] XN ERE N FEWTH R W KK

{ly(t)|"lsgny(t), ] y(t)I<N;
0, H)y(2)| >N.
i Ev=1t€la,b]:ly()ISNI|, W

f(y,\,):J)yN(z)y(z‘)dtZJF yN(t)y(t)dz:L | y(e)1“dr.

N

()=

=, g=p(p—1)"" 40
Lyw (12 =1y(e) 1“2 =y ()|, % t EE,.

T
PO s =171 (],

T

*yv(z)lpdr)ljpz Il (L |y(l)|"dt)lip_

N

L v de<< | sl (JF U(Z)I"d;)”’

N
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(j ly(t)l"dt)”q< AR

Ex

4 N—oo ,Ey—>la,b], ] 18
b 1/q
(j |y(t)|"dt) <Irll.

KW yeL'la, 0], Bl yII<I£FI.
BB, XEM 2 € L [a, 5], (4.7) KX B L. BUA 5 AT I ok %051
‘1,,(t)}:o:191§

-t = ] |x"(t)—r(t)|”dz)]ip—>0,§’| pwoo.
(4. T)KFH
(4.8) fao= [ e (Dy(0den =12,
JU4E Holder % 5%
[ e oyan= [ etostoar]

a

Jb [I,,(t)—x(t)]y(t)dl‘

<(j |x,,(z>—x(z>|»d,)””(f |y(z>wdz)”"

=z, —xl [ yl—0, 4 n—>oo.
1E(4.8)RH , 4 n—>oo, 118

flx)= jbl(t)y(t)dt.
BI(4.4) R BSE. (4. 4) X F A Holder 7% = 7] 78
£ ()] = be(t)y(t)dz

A, Al <yl ARy <l FREIAN=11.
RN AE y, €L (a,b] fE

Fz)= fx(nyl(t)dz,g €L [a.b].
Az (t)=sgnly(t)—y, ()], t€[a, 0], M 2, €L [a,b]. AT
[T 13 =3 lde= [ (s = 5, () Jar =0,

<lzllyll, Vx€L[a,b].
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Woy(t)=y,(t),a.e. Fla,b],Bl y=y, . ME—HBIE.

Rz ,% yELa,b],FIF Holder FERXGH,(4.4)A%EXT L' [a,
b1EM— 1A RLEEZ R IEEE.

EE4.5 F(1<p<o)LWERKHEZTER FAILIERA
(49) f(]:): ZC,QE“’_—L'I I:{EL-};:;elp’

k=1

XE =l €0, q=p(p—1)"",HH FHE—HZE, A

Ll =0el =(3) fe o).
RZ B = o |0 €0 (4.0 RIMEXT 00 E— A HREHE %,
E R B
e, = {1’0,0’...( ,e, = {0,1’0’...| S
WEATE «= 1617, €0 UM R

X = i Ekekv
XA RBE 0 PR
w e,

flz) = Z gf(e).
é\ cle :.f(ek)!kzlvzv'uvmu

oo

(4.10) fx)= 3] aé,x= 1617, €0

k=1

&ﬁE’C: {C’?}:;leéq'iim In = {E(k")[:l']elp,n:l,z’“.,ﬁcp

g :{|ck [ 'sgnc,, Hr<n;
W Er>n.
MW (4.10) 050
f(z,)= 2 [co 7.
F—
SIS 2, =11 (3 1871)"”

0PI tel)™,

AXH IR FHE

(S 1el?) "<l £1 .

k=1
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& n—>co [EH
(S le ) <71l
k=1
EEB c=le i €0, B e < £Il . BAEM(4.10) B Holder RE 21T 2

F1=] 3 e

<(X lal)" (X 1a17)”
=lcl lzll.
M’_ﬁj’ ”f”< ” c ” !IE\Z
NFlb=1cl.
BEXE " =lcl, €0,

=3

flx)= Z C;Ek?éi x:{EIz}::]Gly'

k=1

ﬁl’]xﬂ'{fﬁf x = {Ek !;:1 eép wé\ﬁ

/2 (e, —c; )& =0.

WK x=e,,n=1,2, B8 ¢, —c,=0,n=1,2, .8 ¢ = ¢ . f— P 183E .

RZ % c=le b, €, Holder FERXH R (4. OREMWENLT ¢ +
B — A RLPEIE R IEEE .

3. ZRMBERBM S

W X /& Banach &5 6], X RIEXHEAS A X' B9 6HE 25 (6] X8R0 X B9 = Yk xt
B RINEEER X 5XZREFNHBE.

Xt Banach A5 [B] X FAEE— & 2,70, E X

Flz')=2(z,), V' €X .

BAFEX FHRHER, A

| FIl = Hf,u”pgllF(x')l = uf}ﬁp@lx/(%)l< Il g Il -
A—FHE, BHE2.1,8 x, €X' &
lzo(zg) | = Fxol Bl zo Il =1.
FE
| FIl = Hf}l&llx'(xo)|>|xé(xo)!: Il o If -
Bz,
IFIl=1all .

MR F Bz, —HE , B FE X" BIER 2; UMRE FLE
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() =2 (z,), V2 €X .
AR 2 G . X~ X7,
(xy) =124,
H
“ I’(j ” = Ly ” .
XRBBG ¢ X R AR X, AW « HERBBRS. RITH
8 X EmREES - AR X MBS, XEZ RPN AN
ST TR REA Z S B P TCE S 3R, G || o, | B4R || 2f || SR H %
%%,
THERE TP ZKWEIEE X 5X ZHEHHF.
4.2 Wiz, l,c, & Banach 5[] X FHHE. MEMEM f€ X, 8F
W M, >0,4#
sup| f(z,) <M/,
)l'll] ey
sup | x, || <eco.
xR /‘*3‘? X’ LE’J%%%&{ZE
F.(f)=f(z,),¥Y fEX’,
BE,IF = o | REH-BERFEHEENE
523“ x, | = sup I F, | <oo.

\

4. BREH

X RTBEF A B R ET . X~ X7, — KB (X)) F#X".

EX 4.1 MR (X)=X", 0% X ZAREE.

Hahn 7 1927 F & Bl R 5 JS 4R K B R 23 A O MR &, Y Al 4 5 2 55
BIFR A E . THECKIESR , ARERBEESRBEARN. SHAERTENE
SRIERK TIRIEARRAERER S E LW EEEHEAEXS E25E ERBTL.
BT EHHBNEFHERSTSSRARNTERTESHKB A R,

FEABREN X BAH - MFENRERM ZX IX .R.C.James & 14
# i —> Banach 5] X, M X"REFRHE,BE X HFAER(ZR[33]). X4
S A 4 BE R ATTAEAIE B 25 F) B R MR B A

EE 4.6 FMARERELESHTRLARE.

E X R ERERESE e, e, | B XHWE BEGEH 2.2,
fiao fLEX Ml

file)=8,,j.k=1,
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XE 5, % Kronecker (. 5 W f,,, f, BEHETL KM IMEE = 2 xe€X,

file)= D) xfile)=a k=1, ,n.

i=1

HOF BT f€ X,
Fa= ) wfe) = 3 o) f () =[ D] e, |

i1

Bp

f:Z;ﬂQNL

AT f, SR BB XL AT XN 4 A
B ST  RARTLR MBS, BT UL o(X)MBKS X (ESHE. M «(X)CTX",
G, o(X) = X" HEEE.

EI 4.7 L'a,b](1<p< o) RARK.

i RAUEBES FE(L[a,b)) T 2, €L [a,b],fE

F(f)=f(x), % f€(L[a,b]).

B8 veLla,bl,gq=p(p—-1)" , ZEEWE «: L [a,b]>(L[a,b]),

a(y)=f X8
flx)= J:x(t)y(t)dt,g x€L"[a,b].

WWEH4.4,0:L[a,b]>(L[a,b]) BRIRERH. &
F(y)=F(a(y)), % y€La,b].
BiE FE€(L [a,b)) . XHEMA4.4,7FE 2,€ L [a,b],f#

F()= [ 30 (0)de, % y€ L'l 0],
MAEMEER F€E(L [a,6]), % y=a ' (f), M yE L' [a,b],H
fh0=erUUMm¥x€Lﬂmb}

@

TR
FUF#WMy»=FUOZryUhdﬂm:quA
jIFEE .
EIE 4.8 G Hilbert THEIBEARM.
i % H & Hilbert 55/8] {74 yEH , i HE H P ESEABTZER Yy
y(x)=(x,y), ¥ r€H.
127 , M Fréchet — Riesz #IEM  H FHEAEE& N AR E A X MIE .
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BAERWUER  MELW o€ H " JFE 2, € H &
ey )=y"(z,),Vy €H".

HY A iR 225 UE B
¢(y* ):(Io9y):(yyxo),vy€H.
JREp '

¢(y )=(y,2,),V yEH.
FIERAX &, B1 Fréchet — Riesz R EH , R AE B
ey ) =93
R HLEXTyWESELHEZR, MXES TEERIEH . IEE.

Bl Z=EdAER.

REEH4.2,(0)'=(m), M(m) =) (RIE20). % BRI, N
(m)' 5 ¢ RIEFEM B BRTS0, ATT (m) BB RTHNT . BEEH 4.1,
(m)IFRAI K. X5F—-FE§4FHI3MERTE . % FER.

EE 4.9 R Banach Zfa] X BARM, M X WAERFSAM EBRER
By .

WE RAUERRES m, € M 2, €M, E

mo(m )=m' (x4), Y m €M’
NN 2 € X BAH x; FREM LIRS, B
zu(x)=z2"(z), ¥ 2xEM,
Wz, €M .
Xt omy€ M, EX
zo(z)=m{(zy), % 2’ €X',
G0 xo B X FHMAHZER. X
lzo () = Img(a )<l my | lzu 1< mill | 21,24 2 €X".
Wz, € X HBRE X BEARK, AL 2,€ X &
zo(x) =2 (x), % 2 €X' .
Bl , R 2 €X' M 2 (2)=0,Y2€EM,M =, =0. AT RATA
' (zg)=2" () =m"(2'y)=0.
RS 2.3, 2, E M. BEMEDS m EM B 2 EX B m WK M 2/, =
m/,l}w
m o (m’)=m" (z'y)=2"(z)
=z (xg)=m'(x¢).

TEEE
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B 12 53 [8] & 25F Hilbert 55 8] #Y Banach 2508, E E A EE R JLAHEE. Bk
ARER LB FHEHWORELEEF W, XETEHHEFHEBSESHEKX
A, EREEMED . AN AN HABERERIMEEEM.

§5 Banach L£igEF
HAENEGR4ESE FWARETEE FRERER, X

ap ap Ut ag, o M
S T | e Y hl B
anl a,; ot (2 x, Y
®1A
N(A)={z=(z,,",z,):Az =0} = (A BfTHEZ[E)".
X
¥ ,Zla“x’ o (ay
=l =gt
yn ! o a’nj
a,x,
[54
R(A)=ly:y=Axl=A B35 a1 B 23|H).
B LA
(5.1) Ax=y, Aoy, L N(A'),
XEARAMNEEER.
Bl ERRMN.

Ax =y, AR
Sy ER(A)=A HF MEZE
=AM EZ 6
=N(A)*.
EX 5.1 #XY5Y#E Banach 2508, TEL(X,Y). E X84 T .
(T z)=3y(Tz),y €Y ,z€X.
EBRTENYEXWERKEEF. A1 T8 T & Banach #£EHF.
Ble e, n BEEX EH—1TH AR X FEBEF EXIES

THEMETRHN A=(ay) ., B
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Q. 4 Tt 4y,
Ay  GQyp T Ay,
(Ae,,Ae,, ", Ae, )= (e ,e;,75e,) | | . .

Ay A2 7T Ay

HEM4.6 WL, FHE X FHBEREBHELEZERIF, -, f HF
f(eA) ,1 sjak=1,
Hif o f 1 B X' B—1% AERIE, % F Banach /\%gf A'H

Ay 4z "t a4,
', ', ’ . . A Ap 77 4y

(52) (Afl’AJ‘z’”'vAfn):(flvfzv"'af,,) . . ) .
Ay, Ay, o a,,

HANE XS EHE A 2= > 26 €X,

=1 i=1

HeA,a,=(Ae ,e,) k5 =1, ,n. Tl

A= £ (A = S 0[S anfi(e) ]

" " "
Ax = E z;Ae; = E x; ( E aes )
=1

:;xj[Zabj ] Zar
Fi—JiH
filx)= §2~qﬁ(q)
= i 2,0, =x,,i=1,",n.
F i

(Af) ()= 2] ayf,(2), V2 EX.

ap
Af = z a,f . i=1,
RIER(5.2),m(s. Z)JCE%B’J%EI@FEE% A MFEBER.

KR Banach FEHIE F )2 5 B 2 5% B AR BE O HE ), B0 1% 9R 95 X A i

JUSERIER T AR RN RS, 1S T £ 95 4 Banach lEﬂL — U R
BT
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EiZHE H, b3 Banach £ E 7 A'BEREILSE —F § 4 1 F7i# Hilbert
HEEF A WEET, FHFHE - TR LE, ENEARN EEWEEHE
1 2 g 3X — A

#l 1 iﬁl<p<00,%+%:1,l<(t,s)%¥ﬁﬁéa<t,s<b£’§f§ﬁﬁﬂﬂ@
#,H
ﬂ/ |K(t,s)]"dtds< oo,
WL K (2, ) ARMBSET
(Tx) (1) = J:K(t,s)l:(s)ds,x:1‘(1)€L"[a,b],
ML [a,0]8) L'[a,b JMAEREEEF. FL L, B Holder REX
[F1ererorar = [ kGt

gﬂ U: 1K(t,.\')|"ds]Uj lx(s)l”ds]wdt

b

b
< j I K(t,s)|"dsde || 2 | .

a

dt

M
I T | :(f I(TI>(t)1"d;)”"

<(rJ{ |K(z,s)lqudz)w =l

AR TRARK.
RFEEE 4.4, 8D f€ (L [a,0) MPME—B y=y(1)EL [a,b] M8

f(z)= jbz(t)y(t)dt,%'i z=z(t)EL[a,b].

B x=2(¢)E L [a,b],
(5.3) (T'f)(2)=f(Tx)

=f (Tx)(2)y(2)dt

_ j U:’K(f,s)f(s)ds]y(z)df

= Lbf(s)U:K(z,s)y(t)dz}ds.

AtE E(L [a,6]) 5 L [a, 1%, (L' [a,61) 5 L [a,b)%F. B
5y &R, TfxE T'yE L [a,b], B0
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(5:4)  (TD)= [ 2T ()ds % = 2(1) € LLa.b].
A (5.3)5(5.4)  \BEME— LR 18
(T ()= [ K)o,
By
(T9)(0)= [ K(s,0)3()ds,y=3()€ L [a,b].

MOBF T'BRML [a,6]8 L' (a0 INERLEHUE T BE T'HHEK(s,?)
5808 F THEK(:,s) MELEFEBET s f: KB,

B2 & K(z,y)EL(S),HHF S={(x,y):0<x, y<UBEE. MM F
1 RS ET

(TF)(z) = f K(z,y)f(3)dy,f=f(x)EL[0,1],

B L0, 1) EMERRHEET.
B # Hilbert 358 7€ X,
(T" f,8)=(f,Tg)

- j #(2) (Te) (2)dz

- J f(ﬂ[j;z«x,y)g(y)dy}dx

= J; g(y)H; K(I,y)f(x)erdy,
MHEM f,e€ L*[0,1], %
U"ﬁb0=£RC?EﬂIML
53
(1" ()= [ Ko f(»)d.

RBYEF T HWEK(y, ) SBYET THEK(x, y) B, A{UEEE T
x,y B, MiEE T IHEE.

BES5.1 BX5Y#EBanach EE, TEL(X,Y), M T"EMN Y X’
HWERRHEBTF,H

mliri=itl.

) (T+S)Y=T"+5".

(3) (aT) =aT’.
XHB SEL(X,Y),a RIEREH.
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iE )5G)BR,ZF(1),H184F 3.,

| Tz || = ,,?‘f,%.'y/(Tx)l ,
" )
I Tl = Sup. | Tz |

=R, e, (T

=, sup_ sup [(Ty) ()]

T jl}l%n Tyl

=0T1.
JEEE.

HER,.AEHEM(3)Y Hilbert XL HEFHEMERE _E §4PEH 4.1

#(4) e

E¥ 5.2 ¥ X £ Banach =H],S, TEL(X), N
(1) (STY =T'S’".
) # TRAERTMH, N T'IHRREERATFEK, H
(T)™"'=(T")".
E (1) AW r€X. 2 €X',
[(ST) 2" W(x)=2"([ST]x) = (S2")(Tx)=(T'Sz")(z).
B(ST) =T'S".
EFQ),FZE =1, 81)AA
I=(T'TY =T (T "), I=(TT "Y' =(T"")'T".
AT I (2) BLST R EE
BES5.3 ®X,Y #R Banach 28], TEL(X,Y), W TR T ¥ 3%, B
YR £ € X,
T'[r(x)]=7,(Tz),
XE c: X=X, r,: Y Y HE 2 B 4T
E BR.T'EL(X,Y).% € X, RIS ¢,
() (x)=2(x), V' €X".
X yE Y, REHBE <,
2 (M) =y (), ¥y EY.
TRMELH yEY',
T Te() ) =2 (Ty)=(T'y)x) =y (Tx) =7,(Tz)(y).
EI
Tr(x)]=7,(Tx), Yz EX.
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Xt Hilbert 5 [B] L B REMEF T,BR 7T Banach B ¥ T, H%E _F §4
R ATAE P E] Hilbert B F T W6 1 #1162 RIIELEH. T 5 T B
ANEEEEMNEHEZREX, TERITEERE T°5 THXER.

W H, 5 H, # 2 Hilbert 58], TE L(H, ,H,). %

(5.5) f=Tg, fE€EH ,g€EH, .
T HEX
(5.6) f(z)=Tg(x)=g(Tx), Vx€H,.

MR 1E Fréchet — Riesz RME R, M B4 fEH, W HE—1 «,€H, &
(5.7) fx)=(z,z;), Vz€H,,
B

lx, =1 FI.

S5I#EF A:H —H,,iiF:

(5.8) Af=z,.% fEH,,

WA RGBSR (RE %, §3). FE, FERBE/ERY B:H, —H,,
i

(5.9) Bg=y,,% g€EH, .
XH y €H, HE
(5.10) g(y)=(y,¥),Vy€EH,,
B

Ny, l=1gl.

FRME(5.5),(5.8)(5.9)%%
(5.11) AT'B 'y, =ATg=Af==z,.
MM (5.6),(5.7)5(5.10)FT
(z,2,)=f(z)=g(Tz)=(Tx,y,)
=(z,T"y,),Vx€H,.
[
(5.12) xf:T*yg.
A (5.11)5(5.12) "1 48
T"=AT'B™'.

B4 LR, B85

EE 5.4 & H 5 H, ##& Hilbert 8, T€EL(H,,H,), T , T 58 £
T ¥ Hilbert 331 ® 15 Banach L858 7, |
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T"=ATB .
X®,A:H —H,,B:H, ~H, 7R FRHELEREH.
XK T Hilbert 25 8] LRI A L0 F 2 H L R B %R D), 38 % X Hil-
bert 23 8] LA RLHE FRICILHRT , AR50 5 B B R H Hilbert 4EE F.

§6 HFYMEHSEZE,HTME

1. BFHEESSEZE
AF{E# A K Banach Al X LA RLKUE T, MR —RRAITRK
N(A)={z:Ax =0}
KA WMESNE,
R(A)=1ly:y=Az,z€ X!
KA MEBE.

AR — TP RINEENFRES RFREINE FRMESE, TS0, UREEE
FHMESHE Ar=y WRBEVHL, FFUENRETFELDPREEHOHS.

FER R4S B BT, RMNEB R AWITRESEUREKERZH. HE
TE—ft Banach ZE[EH , H B EHNR , FESIFHTHHES.

EX 6.1 % X & Banach &JH].

(1) MEMWRE MCX, BB M 7EX FRBLF,E

M[’;{y'GX:y'(x)=0,§ z€ M}.

(2) MEHWME GCX', B G EX FHELF, B

G2 2€ Xy (2)=0,% 3 €G]

BARAFTATFRABESEI P IERH A

7E Hilbert [ H, 2% M RHAK, (ML )+ = M. B7EX F Banach Z5 8], &
THIER

EHE 6.1 % X & Banach ZJd].

(1) IFEMEX HFEE, M (M)=M.

2)#FXBRARM,CEXWTER,UNCG) =06.

i (1) BRMC (M) R 2,€° (M), WEY y €M,y (z,)=0.
BIRt X bAEf R MEZ Ky , v (2)=0,V2EM,EHE v (2,) =0 B ME
e, BB 2.3, 2, €EM. B2, (M) =M.

(2) BRGC(CG) . % v €(CG) A vy, EGC. BN, 2.2, &
W EX"H

(3 )F0,H 270(2)=0,% 2 €G.
HXEARM,LHE ,€ X, MF



124 ¥$=% DBanachTELABREUETF

2 (x2)=x"(x0), H 2’ €EX.
T
¥olxy)#0,1B 2" (2,)=0,% 2" €G.
X5 y,€(°G)’ WBETE. EE.
R %A ), % F3E B KB Banach 2316 X, ()RS ML (20[43], 8§ W.7)
TEHERMETREERSESEHRER.
BlE6.1 (R(A))'=N(A").
E B YENA)MAY =0 8FETEN € X,
y'(Ax)=A'y'(.r)=0.
£4 yER(A) K x,€X,n=1,2, & y=3i4nuloA,r,,,3:%
¥ (y)=limy (Az,)=0.
Hit y € (R(A))".
A y’E (R(A)) ,{E4A € X,y (Az)=0,B0 A’y (2)=0.#
A’y =0,7°00 y'€ N(A) . iEE.
5136.2 °(R(A))=N(A).
E ®2xENA), M Az=0. FEMIEEN " € X,
Az’ (z)=x2"(Ax)=0.
% v €R(A), K 2, €X' n=1,2, 8 y' = lim A’z . \TFi
¥y (z)=limA'z, (x)=0.
B x€°(R(AN).
RZ, % € (R(A)),MIMEEM 2 € X ,A2(2)=0,80 2" (Ax) =0.
MR 4E Hahn — Banach BHE MBS (HE2.1),Az=0.80 s E N(A).iE¥E.
5/1# 6.3 °N(A")=R(A).
5/ 6.4 R(ATCN(A).
S51®e6.5 # X EAKRH,N
R(A)=N(A)".
XEAG ] R, e FE 6.1 580 I 8 % 5] B RIE.
LI 6.5 R, \5IH# 6.2,
"(R(A"))=N(A).
BrH XRZRARN,BHR(ADE X'WFEH, BEEH6.1 M(12),H LRATE
R(AY=["(R(A' NI =N(A)".

GEmR.E
EM 6.2 AR BanachZH X EWAEREHEEF, M
N(A)="(R(A")),N(A")=(R(A))",



§6 ETHERSTZE,FE 125

R(A)=°N(A"), R(A)HCN(A)".
FER X EBRH, N
R(A)=N(A)".

XN EHRCMERRE TRERY, KL E B S T BILF K Fredholm 32
HEMFEYAE. B, 0 Lorch B . XBEEERHARSHMEN FEFL
WHEICHEER(R(36],58 53 ). AT UGG T, 0E X FEARK, 2

R(A))=N(A)’
Bl LA L (B 3k [42]).
EH 6.3 R(A)=XSA RBEN.
iE = MEHG6.2,
N(A")=(R(A))’=X"={0}.
Bl A" R B G
ET<= NEH6.2,
R(A)Y="N(A)="{0l=X.
JEEE.
A R] DUIEBA X X 2 B K2 [A]af,
R(AN=X"&A RH5EH.

RiBAE B 6.2 RATFHEHBMHABR(A), EFREXFHER R(A) ML
BB, BITRE
(6.1) °N(A")=R(A).
KREZXBERESHILERG. D). W NEH6.3HLEE

R(A)=XoA RESH.
HATHARKL A'WEREESE N LB IHEERERE. HWE R(A)EHA
B, IERBBRET . X# (6. 1)RRE
*N(A")=R(A).
XFXHEH—NEELERE Banach AR Z ELWHER .

EE6.4(HEEER) B X5Y #R Banach S, TEL(X,Y),MTF
3 & T R -

(1) R(TYRMAE;

(2) R(T)ZMH%;

(3) R(T)="N(T');

(4) R(T')=N(T)";

(5) T BFFeest;

(6) T RFFHLst.

FRiEFF B B FF SR FPEE A BR S S B A i T( T ) B IF k&, 50 £
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¥ T(T)EE X(Y)3 R(T)(R(T")) LB g 2 FF R4t .

ETXMNEHEMIEH, A MBREETSR[10],% 101 T.

TP, AEREELHTRETHERETFEENETRNE RBHES .
BMEE=E§S PRIMNELED Banach TR MBE TSR EEBFERRXER X
FHEBAHEZE FHRETHR A RS EHNER A BEEHD

R(A)=A W &= H.
BB, — NMEBENTRERSENERS T MBS RINER(SR(2], 51T
#,§4, M 4). W
RA)=A'WFIHmEZEE=A WfTHBZHE.
[
(6.2) dimR(A") =dimR(A).

B, NAEIS e BT ZI AT L, X n B X ERET®RT BF
dimN(T)+dimR(T)=dimX=n.
XEAHARBETIHEEAR FARZHREILEFGETRIFMIEN XL TL
P REMTE MR (LI1],5 107 ), X F(6.2) XL HEENIERAT

Z0(2],%8 L%, §6.

M EBE e i, AERE LI RERAF AN THRVEBREETS
FMRAELFTESRGE ENTEBNFESEHE 3.9 Wik, b AHEEE
BUZEHELNAE B MEZANAUERS TR PBANES RIE
JTRZ AEBEERELHNKERE SR T EER EXKER TR
BENELPHERERENAG.

RFEEH 6.3 5EMH6.4,7[H

R(A)=XSA MH R ESEN.

RAY=X'SA Wi RELN.
WRTEF R, S F— 1T EF A RES RIARBTHARZEXREEN. ¥R4EJEX
BIMEREHET A, R(ABEHABK. B, E L E,5 2=1¢,6.6,1€L,
& X
MAR! FTEREUBEF BEARAREERMEEARNONANESLST
R(A)H, BT ¢ 1% , MR(A)={.H

[k L]
y ,21',32,

Ax =

ABF R(A)TRTF (.
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GEEHS 4T A,BHREFHENHETF NEMEHE6.4 FEBBIXT
Hilbert 3:¥EH FH T 545 R

EIE 6.5 # H, 5 H, # £ Hilbert 25[8, TE€ L(H,,H,), N T 3| %& & &
&

(1) RITEHA%E;

(2) R(T" ) RIHE;

(3) RCIT)=N(T")*;

(4) R(T")=N(T)*;

(5) T BFFmLst;

(6) T" R&Frus.

B T(T" )RS, B0EE T(T )EE H (H,))B R(T)(R(T"))
b Fy B R T LT

2. BERE R BEE

P {8 38 5 2 A9 UE B A 8 Banach %5 (8] A9 % 25 8], i HL i 2SB89 BRIG R Bkt
RETEEPEAMNEARL AEALENE—AXTRSEHESTR R
TIMNESWEN X RMENLKIRE.

WSR—ITEZEE REFS FLRZAMNEMNXER & 2, yvES AE
BRMXR,IEHN Ry B0, 2BEHE RE—ITES,“="ERBEILHZEB
—MXR, " Z"URIA-FXR. B, FELSEERE—ANES, /"
MIBR—FXR L (BE)R—FMXRA AXLE—FER EEMHXES,R
BB REFFENENXER.

EXG6.2 EESEHMXRRKASHXE MRCEATREME:

(1) =Rz, (R B #:)

(2) & xRy M yRx, (SHFRHE)

(3) & xRy, yRz , W zRz,(f&i# k)

MIEEN z,v,2€S.

BHI,R EMRXRR ="REMXR,BZ"FAREM XA, FEELZE W
“TREMKR B LTRREMKXER.

W REEES EH—TEMAER,V2ES, %

[z]=1{y€E S:yRxH,
RZHR x BIEME, 8 « HIREE.
i, £V E L2k HERESS, S
to:y=0
FAREE, MHEFITRRTHEN LR
b]l=tl:y=CICER BEHI,
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B[4 JRVPE F TSR SR ELNES.
WX REEHZE.MEX BRERE.EX X EHXREARWT:
xRy ERx—yEM.
BHBIE R B-1TSMAXR BE x€ X, HBEEHN

[z ]=x+M lx+z:2€ M|.
BRERMNEE X PHATHBEEBRBENES ,IEHh XIM. FERPTLUE X
KtEiEH
[z]+[y]=[x+y],
alz]=lax],
Xz, y€EX,a €EC.EHRIEEXRFEEN, KXHELWREZE, XIM thid
LSRR XIMAXRXTMZEBEZE. XIM FETHEX PET 0 FER
REO]LAMMNXBBHZEXIME—-TEBRMH . X>XIM,
r(x)=[z],VxE€X.
BR r RS EER « YERFEKERBES.
MR X RREKMEEE,MEX ZTFER, B X ZHMKERE, L™~
AT AR XM ] AR AT 2 o Rkt =S (A & X
Mzl =inflllyll :¥VyE[x]}.
MR E X LR LA
[ [x]ll =infl | x=m || : ¥V m€& M} =dist(x,M).
Ul (] | #ER XIM EWEE.
(D) [z]=0,B ([ [=x]ll =0 HHNY[2]=0.
RAGE | [21 =0=>[z]=0,Bl zeM. H ll (2] X, % | [=] ]l =0,
FEy,EM M|y, —2 | >0, MEHE,H z2EM.
2) lalz]ll =tal I {z] ] ,%fE&E a€C.
L F,WHEE « 740,
lalzll = I [ax] |
=inf{ | yll :y€[ax]l
=inf{ ) az || :2€ [ 2]}
=infilal | 2|l :2€[ 2]}
=lalinft || z [ :2€[ 2]}
=lal I [=]1.
G) I {xl+ [y {1l + 1 [x10.
M-I EX,Ve>0,F%E 2, €[x],y, €[y]. #

e, <l [z +§, Iy E< Iyl +§.
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M
Iz, +y, <Nz, + 1y |l
<[ Lzl + I lxy)ll +e.
HFx,—x2€EM,y, —yEM, N
(z,+y)~(z+y)=(z,~x)+(y, - y)EM,
Wox, +y €lxty], AT
((xl+ [yl =M{x+yI 1<z, +y |
<M lzll+ Iyl +e.
i e BAT R /Y, BT LA
(M lxl+ [l <ULl + I [x]H.
SBZ NI WL XIM EER, BERIGEY.
REREEEHNE M LARAN, EN, A gd | [2] | =0BH[]=0,
B r& M.
H X BRRBLEEENE, KBS r: X—>X/M BESW, B
le() =[] I<)zx),VzEX.
B, r: X—>XIM —ERELN.
#— 0 DHEB#E X & Banach A, M £ X ZF& A, 0 X/M HHHEK
7R & Banach Z3 4]
EE 6.6 & X & Banach ZH,M £ X Z-F4558], 0 X/M 7FR Banach %S [4].
E RAGER XIM B5E&M. BHE—FEIJE 23, X ABHEH X/IM F R4
o % WU 9 B R B R L BN

i&Z[xJ,, 2 XM o 3o e S R %, B

St el | < .

HX/M MR, B ER 2, TR 2, € [2], .48
lo ) <2021, 1,
FR

Szl < o,
B2, X RHT TR T X A Banach %A, B —HIE 23, S,

By = S,

N N

Z[x],, - [y]u= “[Zx —y]ﬂ

n=1 n=1
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N

Zx,, —y”—*ﬂ,% N — oo,

n=1

<

355(2[1],, = [y],Eﬂzl[x],, Wesh JEEE.
445 — > Banach Z 8] X, REF5H M, BEHER X/M, ENH5HEZS
ENE—-FRXFE. TEHHNBEEBEEMHERTXFHXE.
EE 6.7 % X & Banach %5[H],M £ X Z-F= 6],
(1) M5 X'[M° RIERIM,
(2) (XIM)Y' 5 M RHEFRH,
XE M AR MEXFHELT.
HE (1) &’ fEM M fFRM LHESLYEE K. B Hahn — Banach ¥ 3 &
B, FEFEX
F(z)=f(z),VzEM,
B
FEN=1rI.
BiX F €X' RfH—NYTHK,
Fi(z)=f(zx),YzEM.
m
(F-F ) (z)=F(x)-F (z)=0, Vz&EM.
AR F-F €M MW F,€[FIEX M . XBHAEG, FEM M—HE—1
FTFleX'|M*, K F R F 2V K.
EXBE .M —>X'|M IF:
(f)=[F],V Fe M’,
XEFRFMYTEK BR ¢ BREMN. WR «(N=[F]=0,BZRIE 1y
Pk, =0 BTk c RBHHN. I - RHHH. RIFIEX /M ER F, €
[F],% f=F,|M,B
fx)=F (z),YzxEM,
W reM |, F, B fOPHK, TR «()=[F,1=[F],A R « £¥F5HH.
THIE r BREW.® fEM ,MEE F . €(Fl=c(H)HR f YT %, &
WE, =0 FI, AT
(AN =1LFIIl =inf{ | F, | :F,€[FI}= 1l £l .
W F, & fZBREY K,
(AT =NFII<IF, E=1r1I".
BZ, Lz =1,I1.B c:M—>X/M RIEFEFH.
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(2) & Fe M’ . EX
(6.3) Flz)=f(z), Yz, €E[z]EXIM.
EXAE 0, € (2] Wz, -, EM.FL f(x,—2,)=0,8 flx,) = f(z,). X}
Bl fIEXRTEN. S F&RX/IM ELRHZER, A

[FlxD =1 ISV I T, I, Vo, €l2],
# ‘
[FUxzDISNFlinfl 2, Il sz, € (214
=l A0 Il=]l.

X fe(xX/M) WA FI<<IFI.

EX G .M —>(XIM) R

$()=f,VfEM,
XE FHGEIHRNAE.HW ¢ BEHEN, 85, FIE ¢ BHH. X FE(XIM)',
E X
flx)=F([z]),Yz€X.
0 fREER, T E v
LA =IF(LzDIKTFII[INI<<IFN Izl
AR fFREEZK, B FISIF) . %xeMB,[2]=0,%
flx)=F([z])=0.
TR feM . XH fEXAR f=F,B
$(f)=F.
TR ¢ BZHHH, XHATR R
lAI<IAIIFI=171I.

BN =1 £0,60¢ RIFTWER. XWH M° 5(X/M) RERH, MR,
(XIM) IR 5 M® RFERH . L .

§7° FIBUHSHETIE" KK

1. FOSKMEHEIRE

[ SR BT, F B RAERBERT R PARAE (B A EH)
H. BN ES RPN BAEE, BARWES. E5—% §7 9+, Riesz 5 BHEHFR
I, AT AT T35 4 Y RIE £ HE 25 (B B B A SR AP A FT BE R 5 B 9. Btk , % PR FRR TSR
e A EREEETD IR A— R R BFEMTHE S REAR L AT ET.

A 20 422 4, Hilbert ZERF B2 B B 25 BT M AT 8 5 WA K
BET FAREFEA - MuBCEFERB W TR(SZR(26],5% 115SR). A
REAARE XN RENTFTXHNER7. 1. BEFE EHRSES—HAES
PP R R E .
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EH 7.1 X A4 Hilbert 2518 H MM SR U FEM AT 2, 17,8
A LU — Tz, i B— s 2, € UL
lim (x,, ,y)=(x¢,y), ¥V yEH.
BIRFE | z,, |5 B .
i ARIESHE TEEIE 2.3 RIS, BT 4K Hilbere 2 H 2R ¢ R, B
WRE B H B 2L
2 = 18,8y 6yl

.1'2: *&21!522’"',62}""¥7
In: {5,,.,5,.2,"',5,,,,"'},

M:;lgn] |2: ”I" ”2<lyﬁj‘mb
i=1
le, I’<<1, =n,j=1,2,-.

X M T %, R TS
z,, = {5"“ ,5"‘2 ,...,5"1?] sl B =1,2, 0.

EXETA j=1,2,,

kli»rgfnkfé,,
FETE SHEMTIERH N,
ZN: e, "< Iz, I’<1.
& proco [BH a
ZN] e 1P<1
NG

Ep 1(]:{61’627""5],"'}6U.
ﬂﬁ,xd"fim y={7]1’7]2,'“,7]j,'“}€H9
(2, »3) = (z0,5) ]

=|(x,,‘—x0,y)[

= 12(5"“ - &)7,
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+ ‘ >0 6l |+ | > &,
J=N+1 j=N+1

. - -
SO I, —& 1 1+ (> 16, 1) 151"
i=1 j ;

< )Z(s - &),
=1

j=N+1 j=N+1
ad 172, —
+(Z IE,- lz) (Z |17j l2)1/2
j=N+1 j=N+1
N 0
SO V6, & g 142019 19"
j=1 i=N+l1

HRLM N FAK, S | g 1 RN, T E R N, B A

J=N+1

}iﬂlz 16, & 115 1=0
JEEE

EEHTFEXNEBRBAMNET TEEAE.

EBX 7.1 ¥ H R Hilbert 8], {2, 17, CH. MMRFEE 2, € H, X {Ef]
yEH,HA

,!il?o(x" y¥)=(xo,y),
WER L2, | B R x, B 2, ——, .

W RH EMEZER EMERN 2,17 CH, z, —x,, 4F J(z,)~>
J(zo), % n—>oo ,FRIZW J RIFFISHESEN.

Bl 1 B J(u) RV 4 Hilbert Z5(8] H FH R 6. FFINHANSEE 2 LHF
PSS EEMLEZ R MRE 0,17, CR,F

J(u,,)"irelgf(u),é' n—>oo,
B 2 BHFHETFIIH M, REE R 7.1,&‘2%!%*?:,3‘3???‘]{%& beoy 59K
HEER we€R M J(u) TS ESY, A
JCu, )>J(w) , k—>o0.
[
J(w)=3161£](u),

BY J(u)fE 2 FiRB|B/ME.

1RA B & Hilbert B7E 1909 FEEF R FI B R A M XM BERIL . i
P “RH BN EBIES (TP 55 RBLER — M /ME, X4
B T H 8 T BORS # HE TT LA 2 Dirichlet JEER. "(2W[1],%8 134 )

Xt — B Banach &5 RIFRATA I F &
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EX 7.2 B X R Banach =M, |z, |-, CX,z, € X . WRIMEM fE€ X7,

#HEH
}Lrgf(ln):f(lo)-

FRFEF x, o BB x, , B0 2, —a,.
X 7.3 R Banach BEIZFE A PFHEMFFNEEFHRAMFFF,
MR A KHEETIER.
HE7.1 W X R Banach %, {2, 1™, CX, 2, € X. M z, —>z,&
(D =z, 5 FR,
Q) FEXF-TREFEM ,F
lim f(z,) = f(z,), 5 fEM'.
E BiE=. B, FEEREK>SOHE | 2, | <K,n=0,1,2, BHA M’
T X' A%, FRMEM fEX ,RIEE >0, f,.EM &
Il =7l <e.
M ‘
Lf(z,) = [z |<If(z,) = filz )|+ 1 f(x,) = fila) |+ | fi(zy) = f(zo)]
<lf-fill lx, I +1filx) = filz) I+ N f=f Iz |l
<2Ke + | fi(z,) — f.(xo) .
NRE BB (2) I
lim f(x,) = (o).
EF=> BBRE,HEM fEX FEER M>0,14#
Sl:plf(x,,)|<M.

NIREwE 4.2,
' sgpllx" | <eo,

B (L) BAL, T (2) M2 BARAY . iEEE
7.2 # X B Banach &, iz, |7, CX, 2, € X. th i,, l’rg,mﬂ
EdAE

N

f

E Ay, = Tg,n —> 0,
j=1

N

XE A, >0, = 1,---,N",ﬂ§‘:/1", =1.
E BE Nz | KFRLAE RETCHE2.7,E EBFIAN. K

w
x, —>xy , B IOGIE-TIPF‘-
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EIE 7.2 (Pettis,1938) BR8] X MBI ERE 55 B/ .

E Wiyl B XHEMRU FHFER,Y Bly, |5 KRBT, M
YRASHW REEEII, Y HEBRW. HREBS - RZERWM, & Y=
(YR AH . HEMA4 1, Y HETHH.

Wiy Lo E Y RRE B NEEMN LBy, DI BRERK. £
BRI o) AR BRI R Ly, L TSy, |, B8
EREEE L, 1y, (3, )L BB R 2, =y, ,j=1,2, ZHEREE
|y | T A TR, MBS k= 1,2, lim i (2 )R (BLAR).

EEBRIBG . Y>Y", o(x,)=2":

2 (y)=y(z).By€Y .
Eklﬁﬁ&,}irgx'}(y'k)ﬁi{.ﬁﬁiy'k}ZZ,E YH#EE mE || =1 | <1,
i=1.2, FRYEA yEY WA }lirgr"j(y')ﬁﬁ.%l

y”o(y/):)l_i’rgx”,(y'),%i yVEY'. |
Gk y €Y B YRARK, FE y, €Y, E

Yoy )=y (3). B y€EY.

FE

}irgy'(x,)=y'(yo),if§ yeEY'.
B, SHEM 2 €X', 4 2y BRaEY LR, M 2, €Y, E

2 (y)=z(y),H y€EY.
FREL]LCY,y €Y TR, SHEM 2 € X7,
jlir{ix'(x,)=jlir21'y(xj):x'y(y0)=x’(y0).

Bi{z, |7 SRR y, . JIERE.

2. FOISS M55 RN .

EX 7.4 X Banach 6] X, 1f, e C°X7L fEXT IRMAEM 2 € X,
#HA

}Ln;f,.(x):f(x),

MBRFESL £ B MR £ £ s
W& 7.3 X Banach &8 X, % {f, |, CX", fe X, M

£ e R
(i) #HE X ¥ W EFEM &
}E{}cfn(x):f(x),%i zEM.
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TEB R EINAEE 7.1, OB B FTERN I A C R

X 7.5 % X J9 Banach Z/H, 58 ACX .t A FEMFIEHAES
W F R MR A B SRR,

B 7.3 3§ X EF 4K Banach 5, X' HHRBAIER U £S5 SR,

W OEN X BESH U X BAURHEETFE L RIALLLEU
i, MM EAEE®Om , (0, BREREI . FERHE
LE (e ) SR R AT LA L f, Lo B F RSB, 1 AR R AT

ERH o, | f, (2, 10, BRESHS . Bl o, |0 EXPHE,
L f, IV B T RAHER 2 € X 0001, (o)1 AP 5 X
()= limf, (2), % s €X.

ik f€ X . ¥ f;,kﬁ;f'.iIEEP.

XA EME WTF Banach WEE(RE—F ST RK)PH 123 . HHER—
ARG T B, Ti B SR IMLRI BB, B R BAMNBER. — A T X HEEH
W, EREEASENRE, MA

FETE 7.4(Alaoglu, 1940) % X f& Banach 5[], W X'+ B9 PH B L BR 255
B

XA EBMERATS(39]), EBE 1V.21.

3. Banach %8 I #9iE iE o)

7.5 % F & HK Banach 8 X FIEFHFIFHMHGTE. WFE
Tty x, € X\ F, b8 y,€EF, &

| zy = o ll =32£ | o=y .
R vy N 7 P L RBEEIE T
W g m= 32fp | zg -yl . BHTHAEXL, FETI L, b« CF,f#
}1{2 Nzog—z, | =m. o
BRIz RERE NER 7.2,ﬁ?§{x,,IT;.B@?%@JM,,}, P SRS T R
NI v, B R F EFHFFIEAK, B v, €F.
Brex, i<t
flxy — y(,):]_li_rgf(x(, -, ).
L NIi]
| f(xy = va)l =}ir2|f'(ro -z, )

<lim | £l I| 2o~ T, | <m.
P indiad
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By SR B S B MR
2o = Il = Hw%lf(xo—yo)lém.
A m B, BR 2o~y | =m BZ
I zo = o =m:yigi;|l oyl
UEEE .

RIFER2. 7, BNOAERESHFFIAN. BTLUEHE 7.5 o kB R

EER 7.5 ®FEBKBanach 6 X FESHOHAE, U FEM 2, €
X\ F,%E y,€F &

Iz =yl =ying|| o=yl .

EXT7.6 ®<X,| - >& Banach 8], MBI EM z,yE€ X, 275y,

Izl =1yl =14E#F
lax+(1-a)yll <1,%40<a<1.
W #R Banach B <X, || - | > A OH.

WA 7.4 3f Banach ZE <X, | - | >, MREFEMEEFHW 2,y€ X,
zFy, Ml z+yll =Nzl + 11yl 1EE 0. z=cy,WM<X, [ - || >E™
o]

E R, y€X, 2%y, Blzll =1yl =1,WFFEMc>0 K a€(0,1),
#HE

axZFc(l-a)y.
BN,
ax=c(l-a)y,
PIABREER a=c(1-a), 5 27Fy FE. HWBRELH
lar+(1-a)yll < lazll + 1 (1-a)yll =1,%0<a<1.
B<X, -l >BFEME.

Hit L'[a,b](p>1)BHME. .

BB 7.4, AR KT Minkowski AR B (2R[7].86%,§1.)

EET.6 TEHOLMBNR Banach ZA X F,2,€ X EESHNHALEFC
X b E -1 REEET.

iE B, HEMT.S ,x EF LA TBEEBET. MR 2, EF LHH
MRAEEEIT v, 5 u,. B

lzg=uy | =1l 2o —u, | =m=yigl;||xo—y||-
u, +

U,
>— EF, N

WF u=
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m<|| Io—u||<” Io;ul “ + ”.Zoguz || _
AW ze—ul =m, AT
” (Io—ul)"‘(xo_uz) ” = ” Z(xo—u) || :2” Zo— u ” —2m.
AL m>0,0
(7.1) (Io_ul);(xg~u2) se

WR w,Fu, Mz —w))mF(xg—u,)/m, B X =44,
|2 (7 )

‘(xo—ul)Jr(xo—uz)

2

’<1,
Ap

’(m

H7.D)FE . GEEE.
EXT7.7T BIJ()BRRELHESE X EHZR(ALEYE), MRES «,

—ery K >0, FFEEBSH N, n >N Ef,
J(x,)>J(xy) — ¢.

MFR J() BT HEELR.
B2 Xt Banach B <X, |l < | >,y, € X, 0¥
J(x)=llz—y Il ,x€EX,
BTAFELN.
LR 2, —x K e>0,8F
I zo = 3o |l ="5fl|}1%1|f(10‘y0)1,

FELEX I LI<1,f&

|fs(10_3’0)|> H Zog ~ Yo “ _%-

Wﬁx,,"zv_’xg,bkﬁﬁ o _3’0'_'w—>-130_3’094"‘5Z
jingoﬂ(xn —yo) = fo(xog— 30)-
FRAEEFEBRE N, » >N B,

| filx, =y )| > filxg = yo)] —%.

Ty
|fs(xn_y0)|> || Zog ~ Yo “ — €.
B s <1,Brix
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Iz, —yo Il =1 filz, =y ) > 2o = | —€.
B \
J(x)>J(xy) — €.

XRRUEE J(2) BT ¥ FELn.

EE 7.7 #J(x)EHM Banach Z[8] X (MHAE K FRTFEFESEHN.
HEHEEBERF 2,1, CK, &
(7.2) J(x,.)*zi!elf(](x),
W J(x)#E K LikBR/ME.

E AT XERARW, (o AR BREEHET.2,{2, 1 BHERKTFF.

ARG x, — 2, NEH 2.7 5,2, €K.
BERJ () BRTHFELEN, FUMEA ¢ >0, FAEEEHR N, EY » >N A,

Jx,)>J(xy) — €.

M (7.2) AT 41
Iilelf(](z) :}LTE)J(I")>J(J?0).

[

J(zy)=inf J(2).

€K

JEEE
HAFENREREHBLFLREES HERETEER T EELEWIESR

§8° 5 # 4

1. Banach % 8] L 58 #h b

Bis8 &, M Hilbert, F. Riesz 2 Banach BT B 3% B9 #8 2 /5 51 55 Uk 8. 55 W & =2
Banach £ (W —% § 7 K)WHL, EMN W. Rudin Bi i, X & & & Banach %t
ZROVTBREENTERZ — B35 RR T HRE, ERES NI B
T RS AR IRE A o0 b AR TGS FFI 4 . LB Banach ¥18 5| A% 1048
FHASER MBS, KL, M8 (1930 4 )von Neumann FF 51 A 55 45 1% 4 &
HRAEHAENE T WERETHAN. (3 R[40],5 373 )

FEX 8.1 B X K Banach &S], X R X M BENE. X 4K 0 (B MHE
EXAMBLIT R SE:

N(zx’ ,p",:c’,,;s)ifxEX:lx;(x)|<e]-,j:1,'",nf,

XHB €N, z;€X ,6=(e,,",6,),,>0,j=1,,n, BREBATH.

o, € X, EMTEXNALE:

o+ N(x',,z), ;€)= {IGX:|x;(x—xo)|<ej,j=l,"',nf,
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X ATER x, 55408

R GCX, MRIEM =€ G, BHFE z BHPHEEFTH V.8 VCOG, WK
GHBFHE BHFAEERZ X EHIHIMEFR N Banach 258 X LAI5E#HA$D.

Wi 17 CX, 2, € X QR =, MAEMFHEE V, BEFEEEERK N, &
Y =N, z, € VW z, |- B HEMHEF .

oz, |7 CX BN E 2,0 2, — z,.

11 (von Neumann,1930) HFHECFHEAE A FHEOR A NBEA,
B3RP TR A HERA A FHFSIEES ISR 0.

von Neumann B %2 /* F T S A

=1{1,1,0,0,-1,
113=%1,0,1,0,---t,
s AT
w=11,0,-,0,1,0,-1,
73 =10,1,2,0,1],
720=10,1,0,2,0,1,
(3B AT
25, =10,1,--,0,2,0, 1,
Zyoy, =10,+,0,1,2-1,0,0,1,
Tootner =10,,0,1,0,7 1,0, , & n - 117

LRI

XEA 2, (E<n)REE k /l\%ﬁ%l 1,58 n NRARN R, T HABARARER N 0.

KFEE A BEHO= IR ABBEEE. Eiib)'(ﬂfﬁf“ﬁéﬁﬂy
In, €4, K e>0, ﬁé’lﬁﬁk H5n @R

Hzw ) =19 + by, [ <e.

B A PEMFI 2 12 BAREBRRE 0. B AE 2|7 550k, i fir
7.1, T2 AR TRz, RERES A PRIAEBRITHE LR, AT
DLHEREAN 2, HBER T XBRARBRHE 0. (Fln, FEREA <,
HITES ST, X EREAN 2, M S BEEHBI 1, AAEETFO0.)
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PHIEESEPHE c REEMBESLFHFEE M PHSF 17,
x, Fr,n=1,2, f# x, >z BTl FRWFFERUFHIHINERA T ERIE A

W ((x) R Banach 25 [8] X FHESZAHZR. ER

p(x)=zx)]

ME X EW—TEEH(LE—F, §8), HH Hahn — Banach EI AT AL, { p,:
EX"15rE X A,

HSBHIHER, Bl | REUTH X F—H0 B AL E, BT
A '

N(a,," " ,a,3e)= IxEX:pa)(x)<e,j:1,v'",nf
RIEE1EN A 0 SR EE, T LUBT B TE
xot N(a;," ,a,3e)= ixGX:pal(x—10)<e,j:1,"',nf

MESIER S Xy ARSI X B n €N,¢ >0, aq Cd,j=1,",n, BIERBAEE
B XEERH ol BRT X B~

AHERE , B H

(z,y)>x+y,(A,z)>Ar,x,y€E X, EC.

BX A RIMRELER . B, — BRI RIS By RN RS .

RIMNEHE=ZF, S2 P LIS, PEK, RIS ENBEE. 5 TAEM
Nlay,,a,3€) & 2o+ N(ay, -, a, 58 )RR, PR, R SE. XHT
BEANISIH T EESR.

EX 8.2 H—T0BEAlEREEKE el . fESHEIMNES KN
JRER IR TR R s )

720 4 40 FRABHLIAT, 2R FFONBILFEDHERER S
6] . & F % TR BN MR b 5 R A HHE K4 £ ]. Dieudonné Ml L. Schwartz
£ 1949 E T EM—NFER IR AL (51 A[40],% 373 7))

EIES.1 BMERIMBOLMBIMNEMESTRX RFHOAE, EH0EM B ¢
M, WAE X FHEETEREE & f,

f(z)>1,H ()1, Y z€EM.

IER S 2 2.5 ML, EETTMEN I B A SR,

it FLRBOMETHIREIMEE S ERFEEETNEELRET K.

2. Fréchet % g

TER—FESS P, BATHE F -2, FZEEHRK F - 25K Fréchet 55
], H A 6 R T E .

EX 8.3 JLAEIMMK F - ZSB#EFR N Fréchet 23 [A] .

X KAE N. Bourbaki HHEKAMARIE. W ABERAXAIRE? BHETH
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B E, NERE 8. 1 W HEISE PR IE— Y] dE T B9 Frécher Z 8] L # A EIETHE
GRUELZER. FLLE, §2FREH . F-5H S[0,1] LEREEZTHESLSH
Z o8, X FiX M ERARRA EXHEEET.

EHE—ES8F , RMNELEITHEN LR EXHERE €(02),4"(2)
K F(R"),EN#RE TGS, R M2 F BB, Fourier 'I“ﬁﬂiﬁfﬂﬁ%
HEEFHEINEEER. RICKIEHENHR F- =06 BREINIHBEE—
T S U B, BT LASEED R 1R B ™ B9, AT B A1 BB & Fréchet 25 [a] .

BLi%4E t , Fréchet TR B RBREBF AR E RN —X BTN MR INE M2
8], JLI-BF & X F Banach B M EA R, Al FB S 2 B, ¥ EF 8, HE
% B , Hahn — Banach & B, — B0 R JR 2 % % £ Fréchet %5 /] | 5 & & 3z
8. (ZW[39],§Vv.2#M([9],§ I.5)

3] 1
1. BWEFRERE (a,)],. R

sup(i la; |) < oo,
BHEEXHEEBEF T:y=Tz H

n = ia.’jsj’i =1,2,-,
Kb z=1e,6,&,~t=1&ly=lp.p.n,t={p}.
Wik TERMN(m)BBEENEREHET B

I Tl = SLilp(Z la; 1).
2. BEOI o, |- ER . EDEXRHET
y=Tx:y9,=a,é,, n=1,2,-,
K z=1{¢l,y=19,1.

HIE TERN BB EREHET B
I T =supla, .
3. A EREFETF T BRERWHEM YL EY
infl e, | >0.

4. &%%ﬁﬁ(au )?j:liﬁ&
i(i|%lﬂ<w.

i=1 j=1

HEEXHETFT T H
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y=Tziy = Dag,i =12,
Hehz=1gl,y=1In1.
JEB T RM O Bl MERRBET XE 1<p,q<oo,a%+§l—=1.

5. % X & Banach ¥[8 ,A,BE L(X). 1R A,BHEARATHHK, N AB

HRAEFRAIHMN, B
(AB) '=B'A7.

6. X, Y HERBRELMZEH, TRAXBY ZEUEHE T K{EH, R T
RAFH,N TZEERIN(T)REAK.

RzZ,% N(T)RHAKE, T —&8 FE?

7. W X RBRUELHEESH, 2, ye X WEM X HEMEZLKEER FLHE
f(x)=f(y), M z=y.

8. ® X & Banach = (8], i ik, X248 € X,

Izl =supl| f(x)l:fEX", Il £II<1H.

9. ¥ p(2)BRMELMER X LR, EFREHEEZ R, BN EREHN «,

yE€X,a€C,
plx+y)<p(x)+p(y),
plaz)=lalp(x).

R p(2)E 2=0 HEL N p()E X P EARES KIEWZ.

10. % p()BREHTH X EREBR Wiz p(2)<rH(r>0)RMMN
e ITNER=R o T g

11, WY E A AR H, P RENA QR R, RIE N EER
i g: 08

12. R L'[a,b ] LERKMEEZ B —BIER.

13. I®XF B —8K R R HE B Hellinger — Toeplitz E B (B4 3.5).

14. & A,B # & Hilbert /6] H LA HF B XHLEHETF A

(Az,y)=(z,By),¥Yz,yEH.

WA, BEEERMW,HB=A".

15. ¥ X, Y #2 Banach &8, TEL(X,Y) . {E T B HH, M T 'L
HHET.

16. BIEBR IR T RABF, N THWEEG(T)ZHH.

17. & iz, !,-, & Banach Z[8] X HH&EF], MBEMEMBP F€ X,

D1 flz,) 1< oo,
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MAEER o, X —Y] FEXBE

SV A I<pll I

18. RIFHR : EF ERMBAME SR BESHELFTEN, A REREL MK
Z5iE] X Xt B E X WEEREN, H dimX =dimX’.

19. RAIEBH :Banach A X BARMWYEMNE X' BB RH.

20. # X, Y # Banach 8], T: X~ Y BRREFE MBS EH T &
Banach £ EF T'EMN Y B X' WRB RGBS . Bk, R X=Y, M X'=
Y . X B“="F/RKPi/ Banach ZE| BRTEFRIEH.

21. #% X, Y #8& Banach 8], TE L(X,Y) . RiEH:- MR T BRE R
B, R(T)BRFE R4, T hEAREKE, E

dimR(T)=dimR(T").

22. WFEASI¥E 6.3 FFI#E 6.4.

23. GEBA ¢! R B 55 WS S R WS (B R YE BRS04

24. £ L’[a,b](1< p<oo) FfE— 5K, B IE RIS R 5.

25. iz, 17, CCla,b)l,x€ECla,b]. iEBH . INE x,,—w—*x,m'“x,,}f:,iz
BT «, BMES € [a,b], 88 an;x,,(t)=x(t).

26. #% X, Y # B Banach 256, TE€ L(X, Y). WEB: f0 R 2, —> =, i
Tx, —Tx.

27. % M BRAELMEZSE X WFEE, {2, 15, CM, x, —> 2,0 2, €
M.
28. W X,Y HEWMELESRE, X {0} . RIEH R L(X, Y)EBanach
23 (6], W] Y #J& Banach 23 [H].
29. B X R&MER, |-, 511,288 X FEE WEAK -1,
EEMEHZ BB - |, EE MLFEEEHR « >0,
2zl <ellzll,,VzE€X.
30. % X,Y #8E Banach 8], TE L(X,Y). MR R(T) =Y, MEEH
B M>0,5HEM yE Y, #F € X, fE
y=Tz,Bllz <Myl .



FUE HRSREHE TR

§1 AREMEETFHIE

EEBBGHERK, RITMEFRESE X FHEHEF T W EEES
RTVEEM. R TRREMERA LA, Ay, W X B #RX SRAEH 5 R R
TN NMEFEEM, ,M,, -, My BHEHEMN

X=M®OM,D--BM,.
REAXTFEF THEHHNEESER 2442, k=1, N, T HEMZE KM,
BRAET THIE«(T), EREENMHLUATE. XEXM —MHLETZ®R T X
VLR, IR X B AR R A ¥, 5% Hermite SR L IFEMEMNENRELTE
ERMMAT , BN ENARFERYEEREHR WL,

1. BFHARR 5

LT BBE X BIEFH Banach R, TEL(X),I £X LESHET.

EX1.1 BAECECMBEAN-TWEBRAI-T)=X,BQI-T)"
€EL(X),MFRALET WHMED,ICEACo(T). UTHERBIEQAI-T) &
B RA,T),HHREN T HHRBER.

FAH A0, Q- T)x=0,FK A X T KBEME, REH 2 7£ T B A #
FLEE A€ 6, (T). 2 AT MM F A WBETRSTEDR.

MR AANET WHRAEE, W AL - T BESTH, 00 Al - T BEBAT 2R =
g

(D) RAI-T)=X,WE A - T BRERATHE B A€ o(T).

() RAI-T)=X,BRQAI-T)#X, MK A £ T WLl ,igfE A€
o, (T).

B)YRMAI-D#X, MK AT KEKBH,ICE A€, (T).

BR,0,(T),0.(T),o, (T)EMEAMEK, A

6,(TYUe (T)Ue, (T)=C\ p(T).

RANTEX T KR

s(T)=C\ p(T),
ap
o(T)=0,(T)Ue.(T)Uo0, (T).
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WMERIE=F§1$(I-A) ' A€ L(X)HMitie, EXN TEL(X),ER
+

1 1 1 1 [T\ )
A_T:_A_T_=T[1+"Z:l(/\_)],§u|>IITII.

>

T

R(A,T) = %[I+ i}(%)]‘:’i A>Tl

WARAI-THMNE AR EXER, HGRAEREN I. —BHELERXERN
R(A,T)# Neumann & ¥(. i it 7] 18 '
EE1.1 FIAI>ITH,WMA€o(T), REH
o(T)YCTHA A T},
WA, €p(T),JEREM

1 1
A-T (A=20)+(R, - T)

_ 1 1
Ao'—T A_Ao
1+A0_T

- Aol—T[I+ 2('1)"(;0_‘—%)"]’
Hia-2, 1< QoI =T) |

ATREIA =24 | < I QoI =T)7" || '8, A€ p(T), 3 H R(X, T)FE 2, B B
JRIR A~ A, BRI, B

R(A,T) = R(A,, T)[I + i(— "R, T)"(A = A)" |,

HIA -2 1< QoI-T) " || 7.
&y 18
EE1.2 o(TRETELFE N (T)RIMAE.
EHE1.3 i&X?ﬁlBanachéﬁﬂ,TGL(X).ﬁwa(T’):a(T),E_
R(A,T)=R@,T), VAE€(T).
R H £ Hilbert 28], TE L(H), N
o(T")=1{x:2€4(T)},
B
R(A,T")=R,T)", VYA€p(T).
E BTEL(X).MRAC(T), MAI-TRERAFN, HE=E§5
FEBS2REESATHMA-T = -T)YHBRERITHM,H
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RQA, T)=I-T) '=[(a-1T)Y]1"
=[(AI-T)']=R(,T)".
B A€ o(T).
RZ,&2€p(T), M
ROAI-T)=X"HNQI~-T")=1{0}.
BEAESEHE(E=ES6 TH6.4)TH RQAI- T)HREAWN, T£
R(AI-T)="NQI-T)="{0l =X,
NQI-T)="RI-T)="(X")=1{0}.
BMAEP(T). BZ,0(T)=p(T). Bl 6(T)=0(T").

Xf F Hilbert /8]l H R TEL(H). W A€ p(T), M AI-T RERTHK.
FROAB_-ES4EH 41,1 -T =AU -T) " WRERANM, KA E
e(T"),H

R(A,T)=QI-T")'=[QI-T)" 1"
=[(AI-T)']"=R,T)".

RZ,EAE€p(T" ), HBE,A=2E€p(T"" ). HHMEI TR 4.1, %5
T "=T,MA2€p(T). BZ p(T")=1{A:2€ p(T)|,TRBI o(T") =
{A:3€a(T)|. IEE.

B1 %% C[0,1) LWETF

(Tz)(t) = f;x(s)ds. z = z(¢) € C[0,1],

HAEE A
R(T)=1{y():y()E[0,1] L A HELTH, B y(0)=0].

BR1ER(T), ANTWR(T)#C[0,1]. b, M Tz=0 5 »=0,% T £ &4t
B.82Z,0€606 (T).

HELE0R THHE—SE ME=F§1 $45 3, TN

lim || T* || % =o0.

BETXWER 1.7 o(T)=1{0}.

XME o (T)={0INERLRUBT  EXHAINRERTF CHIEERE
R, NEAREGEFHEPRENIN—KET.

B2 HE L0,1] HREET

(Tz)(t)=tx(t),z=x(t)EL*[0,1].

7 XESIE R
o(T)=0.(T)=[0,1].
BLESMERACI0,1],(A-) 'R0, LAERES R, M AR
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(A-0) "HREEFHRERLQI-T) B A€ o(T). % A€[0,1]8¢,
[AI-T)xz1(t)=(A—1)x(£)=0, a.e. T[0,1],
BRREEMR £(t)=0,a.e. F[0,1], B0 A1 - T BRBEHMW XERXQA-¢) '¢
L?[0,1],% «(t)=1¢ R(AI-T),B) R(AI- T)#L*[0,1]. B —F |, BRi&%

yEL[0,1] 14 >0, I Ha X LM, 777 0>0, 6

flﬂﬁﬂ&<&§EcWﬂﬁm@D<&
E

i E,=[2-4/3,2+6/3]N10,1],W m(E,)<¢s,%4
. (t):{(/l—t)"y(t), % +€[0,1]\ E,
) 0, M EE,
W . €L*[0,1],H

| (A = Tz, - y||?* = J; (A = t)z (2) — y(¢) 1*de

=J P y(2) 17de < €2,

EA
BR(AI-T)=L*[0,1]. 8Z,A€0.(T). %
o(T)=0.(T)=[0,1].
2. RIS
EX1.2 BRr(AMDREXEEFEMKE D AN, B4 F Banach 258 X
OE BT
(1) IEXEMT 2, €D,

x (2 +h) = x2(4,)
h

2/ (A) = lim
HRIFLE AR z(A)7E D BT,
Q) HFEM FEX ,EERE f(x(2))EFE D AW, M 2 (A)E D
MBS RRAT .
BRE D WBRETHEEMAED AFFEN, HLRIEH
EHE 1.4 EXE D AFHBIHER () —EWE D HEBRBH.
UE XHEM] A, € D, %48R%E D FHIEM Jordan 128 C RXH R, ,
LERCICHAHRICCUIC IRNEICD.
(Il 4.1 Fig).
B Cauchy Bl AR, X{Ef] FE€ X' KA ERE

(1.1) a3y = gf L2y
i& A0+h,A0+g%KER0 lj‘],mIJEH
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EHa.1

1

== e sl e
gl R lA—X—~h XA-A ) glai-A,-g A-4,

A
1 * 1 ~ 1
Th-glA-A-R)(A-2) (A= -g)(A-1y)
- 1
AR @A -2 ) (A -y’

EH

1 *f(x(ko+h))—f(x(ko))__f(x(/lo+g))—f(x(/\o))}
h—g h g
_ 1 1 f(z(Q)) _ f(=(Q))
(1.2) = R T g2 ,[A~A0-h ey ]d" -

) 5  E J|

1 f(x(a))
B ﬂf -X -1, -2 - Ao)‘“‘

HR Ao, Aot h, Ao+ g BER, W, TRE C LEMIAMERBATFREANER,
M (1.2)KAHRRAA f€E X' WER, XTF A+ h,A, +gER, REFRM. %8

X B X Z SRS R VEHE R, R — B R R EER R M>0,
1 Hx(kg*rh)-x(lo)_

A0+/|,S/ltll+3g€R0 h—g h
x(,\0+g)—x(/\0) )<M
g =
FRAHLT h,—0, ]1“0 L ‘x“ﬂ)l B Cauchy B3I [ X Bo2 s,

x(/\o +h,) —.r(/lo)
hﬂ

};Mz,ﬁm
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l. I(Ao+h)~1(/10)
oo h

FETE B

XN EEWFAETHFRTELZBRITESS RIE. BEX A3, %l
REPABERXAIR,HEN, MERZ B,

1.1 R(D)5 y(QO)MERE D WFENK, HZERMIA I, CDHE
—RRARTED W, H

z(A,)=y(A,),n=1,2,,
W+ D A,
z(A)=y(1).

XA 5 F A 55 8 T 1 e 22 8 52 70 oR 50 o AR AT R M — 1 TR IE B

EE 1.5 (A.E.Taylor,1938) Xt TEL(X),18H «(T)#J.

iE EEHEL1L1IZARINELIEHNA

R(A,’I‘)z%

re3(x)
A>T Bt B FREBWS. FHIEH

I R(A,T) Il =0,%|A]|>co.
WE o(T)=, MAMERE 1.2 BiFEH, R(A, T)EEVHEH A A A, BHEA A
B A -2, WRESRE B ROA, TYELFE LER AT ELH FEX R
z€EX,f(RATORINEABEE LRI T RE LM Liouville &
H,

f(R(A,T)z)=0.
BHf R MAEEETR,R(A, T)=0. XA H. IEL.
ER L
1 1 _ pu— A
A-T pu-T A-T)(p-T)

5
(1.3) R(A,T)-R(g, T)=(u~2)RA,T)R(x, T), 4 2, € p(T).
RRFMAI - T)(pl - T)F EXFSHBIALES . AR (1.3)IEEFHH,BL
BREA NBERZAE—FARLIRK.

3. FEEAN

BTELX), MB=H LR L2, lim | T | » Bfife. FERATH
AL

EE 1.6 B TELX),MAIA>lm | T 7ot 28 > 4T
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Byl B

(1.4) R(A,T) = i/\'"T"" ,
n=1

XE T =1

E A4 r=lim | T 7 HESR e >0, |4 1>r + e, BY n FH KA,
| T <r+ 5 AT

T < T <G o (re g )

B SIATT 2] > REMIEE, X L(X)REEM, MRS —
B3 23, HBEH TR

WA EERIET A, AL T & A% ST 858 1,81 )RR
EEE

EX 1.3 @ TEL(X),HK

r(T)isupHH:/\Go'(T)l

BT HIER.

EE1.7 (E¥EEANX) FHTeEL(X),W

r(T) = lim || T" || .
E A r=lm | T 7 BEEL6,5]21>r 0,2 0(T). 8 o(T)C

A TATr L B P (T)<r. RAURIE
(T)Y=r.
MERE 1.2IEHATH, R, T)EIA > (T)LEF. FREMNEER F€
(LX), A(RGA,THRIAN>AH(T)EHEERTER. XHhE® 1.6

R(A,T) = D527 5 (A 1> r.
FREH Ff(R(A,T))M Laurent B3

FR(A,T)) = DIAT7A(T), 1A 1> r.

REZEMENT R Laurent BREME—#, EREIX>A(T) LR, FE3
13217 e >0, %%

Z | (r(T) + &) " F(T') |
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WSt B FATAT £E€ (L(X)) & %F M, >0,
LFr(T)+e) " T ISM,,n=1,2,.
ME=H§4PHB42, FEHEHR M>0,#
I (r(TY+e) "T" ' <M,n=1,2,".
FR
| T <M (T)+e)" ' ,n=1,2,
[
r=lim | T I 5<A(T) +e.
e BEERM, L »<r(T).iEE.
4. BEUHTF
“BEEMN, AT Hilbert ZMEEH—YRS P HEEEEEMANES
BrRBMBAL."(W[17],5 31 ;)
Wie, Iy Hilbert 6] H M — AN EHMERHE AFE _FEM2.3,Vz€
HW—HE—11e 1 =16,6,6, €L &

x = Z;&‘,,e,,,
HETEE x F1&,.6,6,1F/M,IBH 2=1&,6,6,1.
HIShBUHFS 2T
Se, =€,.,,n=0,1,2,-.
Bp
=16 ,6,6, ] »Sx=1{0,&,¢,¢,,1.
GRS REUEHE T, ERMREK, B
| Szll=1xll,VzEH.
Wy=tgosmon, 1S " y=18,80,8, .M

(Sx9y) = Z Ej 7_]]’+1 ’
j=0

(I,S*y)=z £¢ . |

A A
(Sr,y)=(z,8" y),¥Yz,yEH.
A48
=712 =0,1,2, .
Bp

S*y:;7719772,773,"'l~
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— B S RRE(XBE) BT,
B T=S",FEITE TH—%ER. X y={9,.9,7,.1€H,
(T-2Dy =S " {pesqusnms -t = Ao, gim,d
ST T RN PP P PR
=i Ao =AY s — ARy, ot it
BR(T-Ay=0,LMERH
M= A 2 T AR 3 T A,

By L

(1.5) Y= 190, A0, A2 g, b = {1,247 00 ]
BR,y=111,1,2°, -] €H(n#0) HEMH|A<1.8Z
(1.6) a,,(T)=DiiA;IAI<1l.

H

(1.7) dimN(T-2aI)=1,% 2€D.

HHhSEBREN.®ISI=1.XNE_E§4FEH41E5IS I =1S]
=1.FR&

D=0,(S")C6(S")CD. _
XHE o(S*)RHIK, K o(S")=D. RB\EHE1.3,0(S)=D. % z=1&, &,
&, €H,MN(S-A)x=0,748

- A& =0,8, - A&,,=0,n=0,1,2,.

R A <1 AR 2 AR S MAFEE. X S WEB R(S)BRLRE HF
WE TUXT SR

6,(S)=&, 0€s,(S).

UTHE THRIFITEENRK.

w8 1.2 R(T-AI)=H,Y%21€D.

i RIER(T-ADEBKM . BEE,.(S-2A1)" =8" - al=T- Al REH
HREHE(AE=E§6PTH6.5), RFEH R(S-ADRAK. BH S £F
WEF FEXM AED,

l(s-2Dzxl =018zl - lazll==1a) =l ,¥VxzEH.
BT R R(S - A1) EM/.
XREMESEE(NBE=E§6cFEHE6.5 M
R(T-AI)=N(S-2)*={0}l*=H.
TEEE.
1.3 A\G/DN(T—AI)=H.
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8V 4 BRI A, o € o, ZYKTF M.

i B EREMIA  FEag,a,,a,, | EHEMER,Ba,,a,,a,,
S hGATER. H(1.5), |

nolao+ta, A+ a, A’ +-)=0,YA€ED.
REREHEHER,ER
ag=a,=a,=-=0.

UEEE .

M. Cowen #1 R.G.Douglas 7£ 1978 F# i — R 5 F LM B VIHEXHE T3
B, (). (FR[25]) :

W OREVEHRS,B,(Q)FF Hilbert 2508 H RN T &GN FEE
FTHES: :

(1) 0,(T)=1Q,

(2) dmN(T-AD=n,%2€0,

(3) H=A\E/DN(T—AI),

(4) H=R(T-AI), %4 2€0.

GEULmEBA THER:(1.6)51.7)X, 1.2 X8 1.3, ER)
B TE€ B, (D).

§2 HRETFEAL

1. H¥%

AL  RINCLBHNZRSBEETHEMBEUHL FTUTEE
HRHEHEESEARY.

B X B Banach 0], 58 X WARMREX, 5 X, . #

X=X,DX,,

REOERFEEMSBRE-ES§2).

BERTHR

Pr=z,,%4 z=z,tx,,5€X,,;=1,2.

BEHMNEEMBESGER , 8 c€EX . BF—1T 2, €X, 52X, Bl
B PHENRZEN BHIEW,PRX LRAREXHEHETFT AMNK P R
XX HRMM X B X, K.

MILFTEIR R E P RRMX IEX, W HE X, ERHE.

EE2.1 ® X, 5 X, ##2 Banach 6 X 72 0H,# X=X,0X,,1



§2 SHEEF5H4 155

M XEX B PRERERE. :
iE REAREEE, BAIEY PRABEFIE . &z}, CX,#
. X, x, ,Pxn—’xo(l) .-
il lim (z, = Pz,) = 2, = 2,
Bz, ® =z 2,V . %R Px, €X,,z, - Pr,€X,,M X,,X, HEHAK, K
2oV EX,2,P € X, B zo= 2" + 2,7 aamm%x A Pzy=z,"" . 8
P RHAHT . iEE.
EXZ 1 &Xl 5 X, #% 5% Banach Z5Ja] X E‘J%:ﬁf—] ff X=X,DX,, N
X, 5 X, RENENFSE. K X, & X, HiEH.
EHR=ZFE§2HPRINC LN, — MBI %K Banach 5[] X H5EKEZ HA
—H A RERTFEREH—EH RN E X RL 8 'JZé”(p#Z)JX#ﬁ?B‘J:E
(6] L A F7 .
MHFHEHT, N LR
P’x=P(Px)=Pz,=z,=Pzx,% z€ X,
BNEFPREEBEN.
P’=P.
ARBEIMAE, ‘
EH 2.2 & P £ Banach Zf] Xiﬁﬁggﬁ%%ﬁﬁ?‘ m

"{x Pz = x}JV {x:Pr= 0}
RIEHEHFZE. AT P RS (4,0 LB X B 5 .
E M PRREMESEE, BAMANRR XHOFSH.EE 2, € 4NN,
W Pxy=2x0,H Pz, =0,8 2, =0.8 WANN = {0} . I 2 € X, YRA
x=Px+(xz - Px).
AP RBEN,FFU PrEM ,2-PrEN.RBZ
' X=MDN.
UEEE .
2. AR GUNTHAEFZRSHULFEE
ﬁfﬁﬁ*ﬁﬁg—“/l\ﬁ_é}ﬁ*ﬁ&H‘JE*W@E?X?—&%@%:?BQ%WQ@J
EENTHR METFEWNELFRELANES BRESFRAMNIENSD TE
EHMATEFERSH4LT20E.
 BAFIE®R X % Banach 25/, TE L(X).
EX2.2 XM XWFEEM,E
T(AM )M .
MK THREFEE,BHEICHMELar T.
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BE2.3 MR TEL(X),PRXBTFERMALBEE, N
M € Lat TS TP = PTP.
iE B MELat T, fF 2E€EX, TPz ET(AM )M .
P(TPx)=TPz.

RZ AE% € M ,Px =z ,81{8i& TP = PTP M| Tx = TPz = PTPz=PTx
€M . HMELartT.iEEE.

AR F 25 (6] R A

RESP TELX)BEEFAN(DRT0)E X H)FEFER?

B A 1954 4 Aronszajn # Smith™™ iE B Banach %5 6] L it JE B F # 4 3 F
JUBI A3 F 75 (6] L‘lﬂhii—ﬁﬁiﬁﬁb%ﬁ?ﬂiﬁ*Bﬂﬁlﬂ@,%lﬁﬂﬂ‘.E@J
1984 4 ,C.J. Read™ £/ EHIEH— M ERRUE T, EREFEFANTET
ZS[E) BRXT X X B RZS A, 5] Hilbert 25 6] B8 5L, A28 F 25 8] 14) KB & 413
BHER. ,

BAMM € Lat T, AIUAFE— MM BIlA WERRERTF T A :

(Tl )x=Tx, B 2€ UM . :
A T FEu LIRS .

BN 2.3 HaS5NEX PRIVEIKTEE, XBL T HAEFEME,
WEREMN A T, BRA SN R THALFEE.

MR M, N VA T BRAX T BRSNS E ERWETF T4
5 TIARBR, BT X MM T 2ALTFERHHX = 4Dy Z+ 5
HEH. v

BE2.4 {(M,N Ak T LHERM

| PT=TP,
X PRSIMNHEHN X Blu HHE.

iE BBEEPEAXBANHE,I-PRAXBN/NNFE. REEH
2.3,

, ¥ {46 T ‘

©TP=PTP,T(I-P)=(I-P)T(I-P).
| & TP = PT. |

XAEEIEASE, AHYEE EEFRI,ESK T WALTER,R
MR T M - |

{TI'S|A:A€L(X),H AT=TA|
AT Lo
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3. F.Riesz Z & 5y R E 2
3 TiEBA Riesz ZH 4 BER, RIITEZBBMB KB HMEH S
W Ciz=2(2),0<:<1,BEVTEC LA RKKFLPABBME. F()R
E XL C L, B{ETF Banach & 6] X FHELM MR ERE.
x$[0,1]1H94E B4R
D:0=1,<1, <, <<, =1,
B 2 =z(t )oz, =2(t]),t,., <) <t,, Az; =% —2;_,,j=1,2,,n. %

EYE maxlt t,_y | GIRARR

\}\

||m| Zf(z )8z,
FENEBR X P—IT, KN f(z)??E C LHB4,icH

jcf(z)dz = lim Zf(z YAz, .

el —
01— 875 B S BB 5 B T (3 L 9T P 0 0 ) AR B th
3,1951, § M. 1)—RERTLIERE, Xt C b S Mm % &3 £ (=), B4 [Cﬂz)dz

W ETEAE. XANE T 1.4 fBAR, T AT RS AT LA 0338 L B 56 3 1) ) R AL R 35 AR AT
SR, TP PR 00 520 R8I R AL T ot M M B X1 40 0 47 o
& Cauchy B4+ 8.

B TEL(X), il o( T)BATRKE B HHO6MHEERWABS C 4
o, 5 o, TS, K o, T C2ZW, T o, #£ C 25 (10 4.2). W FEW
Riesz 25 |81 /M 8BS IR T A IEF LA LTS

8
%

c
Ea4.2

EH 2.5(F.Riesz,1913) W TEL(X), Kt EFrR, MA T 84 4F
”J_‘Elﬁld”l —tj -ﬂzvﬁ )
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X=uMPA,,
o(TIM)=0,,j=1,2.
iE DT R(e, T)EIEH R(8),EX
P = anJcR(")dE'
W PeL(X),fiE PP=P.
HER(OE o(T) EHWBHEPE, B CRp(T)HNA—FTRKM . HR
# A HER AL, C Ko, £ C'2ZH, 0, ’E C'Z4H(npE 4.3).

',

4.3

B R BT R Cauchy B> EH, .
1 .

P = 50| R(&)dae = 5L[ R(pdy.

FR
(2ni)? P* = jCR(s)dsch(;;)dq = [ de[ RCOR(ay.

i — BB AR,

N2 2 1

(2x)*P* = [ de| LR - R(pldy

= B S 1
= LR(&)dejc —gd7 L'R(?y)drlfc —gdé
= 2ni| R(£)d¢é -0

C

=(2ni)*P.

M, =PX, M,=(I-P)X.
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50
M=tzx:Pr=x},M,={x:Pr=0}.

HER2.2,X=MDM,, P REG M, AR X B4 B57 .

ERE R(&)5 R(y) BRI HE, B

R(&OOR(p)=R(9p)R(§),% &,9€p(T),
e PHEXE
(2.1) PR(p)=R(9)P.
PR ZE I A RLA 9l - T, 0148
(g ~T)P=P(y9l-T).

B TP=PT. HEM2.4,{4,, 4,144 T.

(2. 1) KAT Wt Ay, A B4 R(q) , AT A, «W%R(q)%T’EI?’ﬁI'_J,
SHEBH 7€ o(T) . XBH o( T)Co(TI4)(TBT), 8

o

(2.2) o(TIM)CTo(T),j=1,2.
ﬁEﬁEU(Tluﬂl)cdlxﬂ'CQ C,/:‘}
_ 11 R(®
= 2wl £ pdE

W R €L(X),MHABERR, HREF2E. X
(¢1- T)R, =R, (¢I-T)
J (eI - T)R(E)
2w
1 [(rI—sI>+(eI T)]R(f)ds
2m) ¢ §—-¢
2ij(5)d5+ lf 5 pde - 1,

TR,Y ¢ EC 2,

(¢ -T)R, =~
4 L fEC ZHN,

(¢I-T)R,=I-P.

W €M, ME ¢ C ZHhat,
(ZJ-TY-R)ax=(-R)(¢I~-T)x=Pz=x.

B(El-TI M) = ~RNMTE C ZHEE, Bk

o( T M)DC ZHMNER.
Bp . _
o(Tl)CICUC ZHE].
BHE.2)R,
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(2.3) o(TIU)Ts(TI)N[CUC ZHE]=0,.
7] W7 LAiE B
(2.4) o(T| M) Co,.

PATRIE, o (T M) =0, . BME & €0, \ (T 4) . AN(2.4)K,
o(TI4)DCE\ 5,D0,,
&€ o(TI )N (T M) . AT
| R (8)=(&1-TI4)"
RMEREZEHETF(=1,2).%
Ry=R. (£)P+R, (6)(I-P),

WR,EL(X) RIS € X, AARTR
=z, *2,,5, €M ,j=1,2.
FL£ |
Roz =R, (&)P(z, +2,) + R, (6)(I~ P)(z, + z,)
=R, (&)z, + Ry (&)x,.
BE R, (6)5,€4,,j=1,2, FR

(&= T)Ryx = (&1~ TIU)R, ()2, + (&1~ TIU)R, (&),
e to g,
#
(&1- T)Eozl.
IR B 4
Ro(§1-T)=1.
BFLk &1~ T RARTHM B &€ o(T) MK & €0, Co(DIFRE. B2,
o(T|M)=0,.
R IE, o(T14,) = o, JEHE.

§3 % W F

1. RMFHELRAMR

BFEYHETEFAE RBEE AN RS T ERLE, FURSEFRH
HEMNARKUET 1918 F A A ,F Riez BRABETH R T XFHFENES
¥.
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A F{E#& X & Banach Z5J4].

EX3.1 BAEL(X).EFAEX *&4\%5%%#&3!&5]5%(&”%%
B le, 0o CX Az, L BE WA TR, MK A ARNF RELEEN
F. ; :
EX3.2 STAE€L(X),# dmR(A)<oo MK A WERBENF.
i1 LERBREFHERRET.
RACLX)BRERBEF NARAUETLATX PERES ﬁR(A)ﬂP
BIHERE A(S). B, dmR(A)< o, A(S)FIE, TR A NERT.

B2 WK(G,)RBROs,r<1 FHWESZRE,WR>HEF

(Az)() = [[K(s,)2(0)de, % = = 2(2) € Cl0,1],

R X=C[0,1]ELHEHRT.
RUE Arzela ~ Ascoli EH(BIHE—F §6 PEH 6.4) , X RAUEH X PAEM
AREIz: |2 I<SBIEAZTHBR-HAERBRISHEEN.
i«ﬁM=0<ssulp<1|K(s,t)|,ﬁl'J

KAUﬁﬂgﬂlK&JMUHm
<ﬂ MBd:=MB,% | = | <B.

XA BREN—BE R
KW, K(s, ) —BUEE M, SHEAR ¢ >0,0A 6>0,4&
|K(s,,¢)~K(s,,¢)|<e,¥|s, —5,1<8,0<<1.

T
1<Ax><ﬁ>-—<Ax>(h)|<:j 1K(s,0) = K(spo)| 12(e)lde
<eJ lx(t)|de<<Be, % |l x|l <B,ls,~s,1<8.
X R S
B3 ¢ FWESET I EEET.
5%

e, =10,,0,1,0,},n=1,2,-,
Ble, Z8n MRKRE 1L ARKBLITROM e, | =1,
le,— e ll =v2,% j#k.
B le,=e,,n=12,  BERBWFHFEF. AT I FREHAF.
BRAX)ER X LERRETHENES.
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EE3.1 ®AEMNX),q€C,j=1,2,BEL(X). M

(1) a, A, +a, A, EH(X).

(2) A,B 5BA, %% A(X)H.

iE (DERHBM.ZFQ),RAEE BRARETNERE BERSFFH
A B SUEF TEEE . | ' :

EX33 RIRRKMQUMTE.IHRN QNE(R)BM MEMN z,y€
T, BE ' '
ax+ﬁy€%zx€7(zz€9—),

XH a,€C, 2z BQ FHEET. - :

WE TR QWATE, XE Q WAEAE, MK 7H Q HILERE, &
PRy

MEM 3. 1A R,

 2GRNTFN(X)E L(IX)WERHES.

EE3.2 BIAIL,CHX), 1A, ~All =0,n—>0 M AEX(X).

E iz L BRXPE—FREILAA BEH Bl 7. 8T F5
le b A 2 o O A, R, X 2, | TS 2y, 12 R
LAz, o URE, ISR T 2, B B — &8T5

Ty Zip st Ty

YRR PYSRLLLINL .PSELLIN

Tl s Lp2 9" s Lpn 5" s

RE Ve By 1 e B F T, L Ay, |5 WS K5 X £ 28 1 B9 55 26 1
K, B8, | T TR 2, o R —0 j=1,2,, { Az, | RS BAR
| Az,, - Az, | < || Az,, ~ Az, | + | Ajz,, = Az, | +
I Az, — Az,,, |
SNTA-A 1z I + | 2, 1)+
I Az, — AT, I, )
MR, ERERE—TET 0, j>o MMEIKWEEN j,% 7, m S
KEE, B3 A E B XV | Ax,, |-, & Cauchy 5. T X REEM,
ﬁ&fAzm.}:’qq&ﬁl.ﬁEl’P.
Bla #K(z,y)EL(R),XB R=1{(z,y):a<x,y<b|, NETF

(Af)(z) = LbK(x,y)f(y)dy,f=f(y)€Lz[a.b],
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M L a0 ]BIBBHMERTF.
HIEHH A REHE T, RIVGEAMT —ITER:
Bilel B Lo, b6 I— 1T EMEXE(SL(6],BAE), %
pu(z,y) =€ (2)e(y).(x,y)ER,
Mg :j, k=1,2,1 & L*(R)M— 1 IEMIERHE.
3]

Jj Lb lgu(z,3)*dxdy= r "?;'(I)’de r le,(y)1*dy=1.

AW o, €L(R), Bl gp ll,=1.XBEUT, |- |, #R L*(R)H ML,
(o, 0F A LY(RFABR.MBG,E)E(m,n) W jFm, kFn ELE IR
i, FR

(o) = [ [ a9V pular3)dady
= r jbe,(x)e,(y) e,(x)e,(y)dzdy

= Jbej (z)e, (x)dx Jben (y)e, (y)dy

=(e,' ,e,,,)(e,, ,e,,)
=0.
Hitig:j, k=12, 18 L*(R)PEMERE. MR o€ L*(R), N

r Jb |go(1,y)|2dxdy<°°.
B JLERER yE(a,b] ,#F
r lo(z,y)|*dr< oo,
i ¢y(x)i¢(xvy)9x€[a,b]9ﬂw q)yeLz[a’b]’angzﬁﬁﬁﬂgyé[ayb}:j:
ps
L) =)= [ o () pla,3da,
fla,b] LA E X, WA
Jb £, (y)1*dy = r ”be,(xb)go(x,y)d:clzdy
<[ ([ 1e@ e [ 1otz ax)ay

b

b &
<J |ej(x)|2dxjf lo(x,y) Pdedy< oo,
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Bl f,€L%[a,b]. X H Parseval A3
”f; ”2 = Z |(f;,ek)|2
=1

[ 5 ety

2

M

>
-n
-

2

Lb f: p(z,y)e;(x)e (‘y)dxdy

il

8

=S [ [ oatemratmararay|

|
#
—

= > Kgur )l

k=1

TR WR(0,040=0,7,=1,2, W £,=0,;=1,2, AT, B {e}" &
L*[a,b IIMEEMEXEAH, o, =0, JLFFEH y. K ¢(z,y)=0,a.e. F

RBL L, ERFERMERE, Cla, 6], 8% y€E,~[a,6]\ E, , &4
¢, (x)=0,a.e. Fla,b].
R4 Fubini

HR lg(x,y)*dzdy = Jb dyLb fo(z,y)*dx

:'vJE dyLb o, (z)|*dx + L dyjb lo,(x)|*dx
=0‘
F)fu ¢(I,y)=0,a.e.3: R-Elﬁ:i¢j1:j;k=1921,'";ﬁ LZ(R)BgiEﬂﬂ:jii.
E%ﬂ K(I,y)ELZ(R),:FE#E ajleecnjyk:l)z;"'sﬁ

o0

K(x9y)= Z a,—,,gv,-k(x,y),

jok=1
H
Z 'ajkl2<°°.
jk=1
é\
N
KN(x;y)= z a,-kfp,;(x,y),N=1,2,"'
jk=1
m
| KN_K”§= la,,,|2—>0,¥1 N-—>oo
BE>N
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(Auf)(2) = JbKN(x,y)f(y)dy,f=f(x)€Lz[a,b],
MH ¢ (x,y)=¢(x)e(y), 115 - ' '

(ANf><x>—j S e, () (3 f(5)dy

4 j.k=1
N

= > a Uﬂ Z(—;jf(y)dy]e,(x)

jok=1

N
- Z‘ij(f,ek)e;(x),
k=1

W Ay E‘Jﬁﬁ@@ﬁ%el ycosen | R FEEP HmM Ay BERBE T, W
H Schwarz A& R, '

n<AN—A>fu— j I[(Ay - A)f]mldx}
< j j (Kn(z,y) = K(z,9)) f(y)dyl? dx]

<j j |KN<x,y>—K(x,y>|dy

< j J | Ky(z,y)— K(z,y)|? dxdy]/2

[
[
[
j | F() I dy)dr
[
[

j L F() 1P dy]

”KN K”z”f“ %fGLz[a b]

[54
" Ay—A ”<\: ” Ky—-K “ 2""0,% N-—>o0,

HEH3.2,A REET.
ERIMEF L a, b].tﬂﬁﬁ?ZﬁKﬁ?B‘MEﬁ)ﬁB@fﬁ$§'#

EE3.3 RARBET.E 2, —x, M Ax,—~>Ax,.

E HERERAE WA >0, Rl | HFFI 2, |72, .6
(3.1) 4 I Az, = Azy |l >e,j=1,2,

RIEE=F §7 ﬂhﬁff@7 Liz, . BREARFIN.BHAREE T, ¥
Az, |72 AT S RITAG %
(3.2) Az, ~>yy, 5 j—oo.

TR M 2 € X, RINE
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limz’ (Ax D =2"(y4)-

j©

WA RA B Banach R TF, M A2 €X' . H =z, ——"xg XA
limx’ (A.z )—llmAz (z D=A2"(z,)=2"(Ax,).

jo

FR
2 (yy) =z '(Az,).

#R#E Hahn — Banach @8 , W& y, = Az, - H(3.1)5(3.2) XX A0l fE. IF &
M 3.1 i X BFIF % Banach 256, ACH(X), B A RESHY, N
R(A)#X.

i FWM,R(A)=X.X A RBEHE,H Banach HHEFREHE, A €
L(X). MNEH®3.1,(2),
I=ATTAEX(X),
e X MBRREFIER. B —E §7 T Riesz 3138, UF dimX < . X5
BRFE . |
R34 HACHX),M R(ART4H.
E 4 S, =12€X: lzll<nl,n=1,2,- M

R(A)= U AS, .
HARRET,RE AS, RIIRH. *E%% —&E§6HEH6.156.2,AS, &
H—TrARWEEFE, RXNY D, BR U D, #R(A)FTHE,H HRATHK

A IEEE .

T 3.5().Schauder,1930) # A€ X)), MELHEET A’ €4 (X").

E ®ae,€X,lz, I<M,n=1,2,- HHEHE3.4,R(A)PE K
WS TR D FIHX MLITE, T 2, 1 Pl % 2, 1L, D &
A AW . 2R || x, <M, #%ix, lTIJTifR(A)L&MI:I&f&

Eé{a‘IGR(A) ‘

fo(2) = limz, (x).
SR f, REHER, X
Lz, () I< Iz, | Hx|l<MlIxﬂ
54
fo()ISM Iz 1.
AW fo BR(A) LA REHZ K. 3% Hahn — Banach &8, f, AT Y ¥ X
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EHERLIEZ R f,EE
Az, = Afll >0,2 j—>oo.
BUH >0, R{A 2, | HWFFINA, 17,
Az, —AFIl >9,k=1,2,-.
A o €X, lzll =1,k=1,2,
(3.3) Az, (2) = Az >9/2,k=1,2,-.
HAREEF . AGE Az,~>y,, W 3, ER(A). AT
Az, (2) ~A'f(z)] = |z, (Az,) = f(Az,)]
Sl (Az) ~ 2, (3o [+ [z, (30) = fo(we) |+
[ fo(y0) = fu(Az) |
SMH £ 1) I Az, = 30 I +
Lz, (30) = fo(30) 10,

Y k> X5(3.3)FE ik,

E.Schmidt BEEB THER, EHERBRNEBEFRUUARESH LW
SHTHRMERNET.

EE3.6 ARV Hilbert S8 H FHWEBET, WA H L —SERE
BFA, &

. lim I A, -All =0.
E Ble, o B HH—NEMERE, MXELH x€EH, B
xr = i (x,ej)ej,
PN
Ax = Z (Az,e;)e;,
MENTEER n, 4 '
Ax= i (Az,e;)e; ,z€EH.

MEA™ A BEH LARBREHET RINWS
lim la,-Al =o.
AR BFESOR—BEERK (|, fF
IA, —Al>e,k=1,2,.

&ﬁﬁ#&jﬁ .Z,,GH, ” v ” =1’k=1,29“"{§
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(3.4) |l A, y’c,z—Ax,z | >e/2,k=1,2,--.
HAREBT,|Ax, ;- ﬁl&ﬁ&%ﬁu A Az, >y, k> FE&

A,,kz:k 2 (Az, e)e

ji= ‘+1
(A.l‘k ,ej)‘:(AIk —y,e,-)+(y,e,-),j=nk+1,nk+2y"‘
oL
HA, 2~ Az | =[ 35 1(Az, e 2]

; Lol
]7(‘1

<[ S 1Az -y, 2]+ (Z [(y,e,)17)"

j=n‘+l = +|

<) Az -yl +] >, ](y,e,-)lz] —0,k—>co.

XE5G.HRXFE. K lim A, -—All =0.iE%.
 OXANEHEE AT B FTEE 2K M Banach 25 8] k3% .

FEF] 4> Banach 6] X H, INRE —H 1 &ie |, . FHRE 2€ X HALL
ME— 3t KR

xr= Zsjej,
BWRBBAE X P BBH, mnm:ie, b i X M, MR X AERIEK Ba-
nach 23 [d] .

RXFEH 3.6 A EJKH Banach 25 ) L M#E WIEH S W[11],274—275
TAZBHESHTENE, REXER LB T RO NERALIERESE E
IR R EE. i U.T. 8T REENERS TR L)%,

M S.Banach KA, JL+4EZ 8], A3 E R 3.6 Xt — 8 1] 4> B Banach 25
HEBTRRXFE? ER,P.Enflo[29]2H KB, A — AR H. FXL L ,En-
flo R BB ARIF R E T 28, H R B HE KK Banach ZH KM T. BE, BH
B RBIBEIANRE A M. Davie Wi 8. (S R[43],4 297 |)

2. Riesz-Schauder Ei

3.2 B ACHX),A70, M dimN(A - AI)< oo,

E ET=A-AMNMTREXWTFER. &z, ., CN(T), B
lz, I<1,n=1,2, - MARREBEF HNA | BFFF tz, 172, B8

Az, |7 8B To, =04 2, =~Az, 81z, |2 08 BDZE N(T)H
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BMNEREFIEMN RIEE —FES§7 PHREHE 7.2, B Riesz I B G RH,
dimN(T)<co jEHE.
E® 3.7(F.Riesz,1918) # A€A(X),270,0 R(A - A EHH.
i HRE32RBZES2HPHE24,.FE X WFTHEM &
X=N(A-ADDu .
B T:M>X EXUWTF:
Ter=(A-ADz, Y €A .
BRTEL(M,X),H R(A-AI)=R(T). RFAEIE R(T)RHHK.
SR THEAM ERBEHH,EFE >0,#
(3.5) | Tzl =6zl , 4 z€u.
B, FEE . Cl Nz, | =1,n=1,2, ff Tz,~0.HH A REBF+, &~
ik Az, >y, , RE Az, — Az, = Tx, >0, BAMFP K Az, >y, TR A BHH, BT
Uy €. TE
Tyo=}i*n_1T(Ax,,)=3£n3°/\(Tx,,):0.
TREHSK, M yo=0.8—Fl, |z, Il =1,n=1,2,--,270,%
I o ll = lim | Az, | =1a1>0.
FIE . FFLA(3.5) B, AT R(T)BHIK . IEEE.
w33 RAEHMX), % N(I-A)=1{0},0
R(I-A)=X.
iE BN ,R(I-A)#X.%
Xe=X,X,=(I-A)X, ,,n=1,2,-,
W X,2X, B X, 2X,,MLF X, 2X,,,. 70,
X,=X,,=(I-A)X,.
MFEBW z€X, ,,(I-A)z€X, NTig LENER B yE€X, &
(I-A)x=(1-A)y.
BI-AREHN B =yEX, ,B5 X,.,#X, FE.-REK¥PNES
Xo2X, 2X, 2.
WRIEEE3.7,X, B AR ANAEFSH.AIX, MEREEF,XH
EH3.7,X,=R(I-A|X,)BHK. Ak, 81 X, HBRHK. B#E Riesz
B|#,FHE . €X,, |z, | =1,

p(I" 9Xn+1)>%,n :1,2,"’

MTFEBRERE n,m,m>n,
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1
| Az, - Az, | = | z, = [(z, — Ax,) — (z,, = Ax,) + z, ] |l 27,

A A
(z, - Ax,) ~(x, —Ax, )+ x,€X,.\,
M Az, Lo AFERKFFH, 5 A REREFFE IEE.

HE B, RAOITLHER, ® A€ H(X), MIMEER 270, A N(AI - A) =
{0} tha] 1§,

R(AI-A)=X.
W11

1#3.1 BACHX), T=1-A, TR THIEEET N

dimN(T') =0&dimN(T) =0.

E FE.T=1-A HEHE3ISAHWREET.

BE“=>"  MEMB 3.3, R(T)=X".TRHE=ZF§6chFxEH6.2 o/l M

N(T)="R(T)=%(X")=1{0}.

EF<" BEFE3.3,R(T)=X. XBE Banach B FEH, TERER
AN, BHE=8E§SPEHES2, TTHRARTEHN. B N(T) =10} .jEEE.

3132 BARXBFER, M RXWFEE. XL

dim AV =n>0,dim A" =m>0
Hig
N =Sz, b, M =Sz, 2}
MAEE x, € X,z €EX ,#18
xo(x;) =0, 4 1<j<n,ifi z,(z,)70,
A
2 (2)=0, 5 1<;<m,M z, (2,)70.

E HE o, o, ERETFER X, M2, & X, HE=ZF§2 PariF
2208z BREFERN. MABRAET -, WEENE. RIOTABR ¥ TN ERIESR.
BRI m=(— 121, XM TTHFEE, WEE 2, , 2, €EX, &

x ()= 8, , 15,k <{,

7

X B 5, Kronecker ¥ (. BB7E , M {EfIH » € X,
z (x - _Zx’:(x)z”): x; (x) - 212(1)1;(%)

=x;(x) -z (x)
=0, j=1,~,(-1.
WR &S, {2}, | EXOo, B ER
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=1

x - Z :c,:(x)zkeosl,{z; szt

k=1

#
z (x - ix,:(z)z,z): 0.
B
zi(z) = iI;(J)I:(zk).
M

x, = 21',(4)12.
EAAE, HR 2], 2 VRETXRK. FUBLE - 2,€°S, (), x, 1,
27 (o) 0. AT X m = ¢, FIBHPIT 2, IRFEFE. TIXE m =1 BF L8, A
SERL.IEEE.
EH3.8 RACAHX), S T=1-A,N
dimN(T)=dimN(T' )< .

E ERT =1-A,REEE3.5,Acx(X). LREME3.2,
dimN(T) <o ,dimN(T")<oo. MW dimN(T)=2>0,dimN(T’) = m >0,
Big

N(T)=S iz, ,z, !,
N(T)=S,{x],,x,}.
MG 3.2, 1 2, € X Ml € X'f#
20(2;) =0, % 1<;<n,M z,(z,)#0,
x; (20) =0, % 1< <m, i x;,(x,)7#0.
4
Ajx=xy(x)xg, H € X.
mA, B—BEF, R AEHNX).X
Az (2)=2"(Agx)=zp(x)x'(2,), % 2’ €X' ,zE€EX.
TR
Avr' =2 (z)xy, Y 2 € X7,
AR A HE—BETF.

BT, =T-A,,BERBIEH
(3.6) dimN(T,;)=n-1,dimN(T;)=m —1.

WA T =1-(A+A)S TRRAXET, M T, 5 T, WESREKE RS —
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o4 B XS A R, RE RS EI TR AR T
T=1-A,A€HX),

i B dimN(T) =0 % dimN(T') =0. 48318 3.1, EMNBHH 0. FR m=n,
& FEARHIE . B b 5] B AE FRAE(3.6) 3.

WzEN(T,), MNT,=T-A.F

Tr=A¢x=xp(x)zq.
RIBMRE, 2, € N(T), B
0=Tz, (z)=x,(Tx)=xe(x)x, (x).
M oz BIERE, x,, (20) 70,8 xo(x)=0. \T
Tx=0,

Bl x€ N(T). LA

= i a,x; .
i=1
&A1

0=zo(x)= i exo(x;)=a,xo(x,).
B 2y (2,) 70, B o, =0. F&

= i a;,x; .
j=1
RZ AR R 2 BEN(T))F . FX L, HE,2€N(T), X

xo(x)= "Z’ a,xe(z;) =0,
FR A, x=0. AT -
T, z=Tzx—Agx=0.
BZ,N(T,)=S{zx, "z, ,BP
dimN(T,)=n—-1.
F@Ex T; RIEB.6OR. R 2 EN(T)) ,AN0=Tz"=Tz"~ Ay’ , /18
Tz =Agx’ =x"(x4) xy.
ME=ES6 PEHE6.2, R(T)CN(T) .M z, € N(T),#
0=Tz(z,)=x (xo)x(x,).
BH 20(x,) 70,8 2'(2,)=0. ATl T'z"=0,B0 2" € N(T"). T

m
4 4
z'= 2B
i=1
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0=x"(x,)= iﬁjr;(xo) = B.x,(z¢),
B 2, (2,)#0,8% B, =0. F&

= mi:ﬁ,;::
RZ,BMEMERE ' BENT))F BH 2EN(T),j=1,",m -1,
Tz =0.X

' (zo)= D Bxi(xy) = 0,

[
Ayz' =2 (z4) x5 =0.
N}
T,z =Tz -Ay,z"=0.
BZ,N(T,")=S,{z 2, 1,8
dimN(T,"))=m ~ 1.
ZMAT W (3.6) A B . IEEE.
FH b RATATLAES , % A€ A( X)), MXHEE B 1740,
dimN(AI = A) =dimN(AI - A")< oo,
WA 11.
EEII(FHE—FEH) R ACAHX),MTEMBG 140,55
A€ p(A)H 2€0,(A).

E #H2A2¢,(A), M NQAI-A)={0} . BIFEWAL 3.3 SHEMBLH,
R(AI-A)=X
FRAU-ABRRBEHBREMBH M Banach EBFEE, (M -A) 'EL(X). ¥

A€ p(A). JEEE.
POZARH, - CHEREEN. YEFKIE
(3.7) Axr— Az =y,A7%40,
ZfRME—B, R
Ar —Ax =0
REZFM P20, (A) MWEEF A RERBE—FH, UE A€p(A). TN
R yEX, FRC.NBEBR. IREHEE—SHNBR A MNFBRG. R

HYME— AT DL G X AN T BRI, T — AR AR ER S EW
I

3.4 HACHX), M
s(A)\ {01 =0,(A)\ {O}.
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iE 8B88R,0,(A)\0ICa(A)\ 0. EFHRHEEXER, RAC(A)\
{0}, A70,H A €o(A) B —EHBER 1€0,(A) IEE.

@35 WAECHX) Mo, ( A)BREEFHES.

iE BN E—SHERMETER o, (A) 2, >2170. 1 A M T2,
MAFIETC N u, ,n=1,2,-.

AP (w0, | 7. RETE B wyu, RETR, MR, , -,
u, i ,u, RYEME, WEELAL2IENE ¢;,j=1,,n— 1,8

u, = chuj
=1
M
-1 n-1
Au, = Zc,AuJ = Zc,/\u
i=1 j=1
X
-1
Au, =A,u, = CiA U,
isi
[

Dre(A; = a,)u, = 0.

B R ul,---,un_lﬁéﬁs%%,é& ¢ (A, =2,)=0,j=1,+,n-1.X A - a,%0,
FF LA cj=0,j=1,"',n—1,?)§.}9fu Uy, u, WEREILRL.
B, =S {uy, v yu, b on=1,2,. 0 M ELatA, B M, S M, HIFE—E
§7 K Riesz 518, FHE v, €EM,, || v, | =1,H
P(vnwﬂn-l)>%
BE N m<n,HE

1 1 _ 1 _1 _
(3.8) Z—A'ZJ,,"ZAZJ,,,—‘U" [HAvm /\,.(A Ao, ],

yn=1,2,-.

W v, € My Cl,_, , M € LatA TR -Av, € 4, , X v, = Dau, € A, ,F
m j=1

p 3

(A-2)v, = i a;(A—-2,)u; =

1
i=1 i=1

TRG.ORERE_FRT 4,_, ,M(S.S):T:QE%?E&K/J\ZF%, B

a,(A-2)u,€AM,_,,

1

I :\I—HA'U,,“II;A'U,,, I ;—;« B om<n.
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oo

Ao 2,270, Lo, | =1n= 1,2, B0 o, | RARH . EH LA

RAIAUA) 0, 10 BEWRATFHFI.X5 A REBFFE. L.
THE3.10 HACAH(X) M A BFIEETRS.
iF XEMBE3.453.50HEHLS.

WEH 3,10 A0, C P BTN <IA1<nl,n=1,2,BREAGH

c(AVPERENE, TR (A)BRZRETHNAE.
ER3.11 BAEH(X),A70,0
(1) FE 2EX,H(A-ADx=y=2yE ' N(A - AD).
(2) B fEX (A -2 f=gogEN(A-AL.
E HEM3T,RA-ADEAN, X(A-2AI)' =A" - Al TRBHEAM
BWEM(E=FS6 T 6.4)A Al
R(A-AI)="N(A"-1Al),
R(A"~AI)=N(A-2AD)".
48 Bt AT WL 5E FR LN L e
AWM ER 3.8, UREM3. 11, EH
EH 3.12(Fredholm X HEHE,1900) & A€ A4(X),250, MIEF KRG

(N) (A-A)x=y
((N") (A=A f=g)
MBS y€ X (g€ XMEH — 71 B R URI X BL ) 55 K 07 12
(H) (A-ADx=0
((H") (A"=-Al)f=0)

HEZER WA HEFRFBRH)BT(H)PH—TFEZH WH)SR(H)ER
FELZHRETL KM, B

dimN(A - AI)=dimN(A" - AI);
EFKRTE(N)UN)DEBRLBERB y(g)5(H )R ((H))W A MIE
", Bp

yEN(A - (gEN(A-AD").

XNEBFEL EMYTEFLETRINEERBF, eMEH 3. 9(FE—F
) K EH 3. 10 5 F8A4 Riesz — Schauder 1218 . B #H § & Fredholm W44
B, RE T ERSE TR EL, AENELER TX R, JFk,F.
Riesz(1918) i TAEAE L85 F 7y 1l , I ¥ A Xt — A& # Banach 25 (8] #8-F LAIEAH .
LI E 38 2 5 R i Hildebrandt(1928) #1 Schauder(1930) 58 BB . i 0T £ A
HPFR ,Riesz I TERZE 2N, EIS A B S EHEM EH RN, BB R2IER



176 FHE FREMETER

RS E R IE Y
#15 Fredholm E—BIMHHE

fbK(s,t)go(t)dt=g(5),

MR ZE RPN T RUFEERETARENKERE T BH BRE
Pr b A BE ST . B a0 T

K(s,t)= ,.2:2 ;17 sinns sinnt,
EEHET
(Tz)(s) = j K(s,t)z(e)de, % z(2)€ L2[0,x].

B, K(s,2)EL*(R),XB R=1{(s5,1):0<s,:<nl|. 8l 4, T M L2[0,
BB ENEBT. 4

e,,=e,,(t)=( /2) sinnt,n=1,2,-
T

BHBIUE, {e, 1. 2 L[0,n]MEMERE. B 2=2(:) €L’ [0, x] 55F e,
E3X, B

f 2(t)sin(nt)de =0,n=1,2,
0

x(t), t€(0,x],
y(t)={0, t=0,

-.I(_t)’ té[‘n,()),
G y(t)EL —n,x], EHF R &

fﬁ y(z)dz=0,fr y(t)cosnt dt=0,n=1,2,-

é\

X
J y(t)sinnt dt =2J" y(t)sinnt dt
-x 0
=2J" z(¢t)sinnt ds
1]
=0, n=1,2,-,
KA1 E
—_— —-sm t,—Cos t,**,—sin nt ,—cos nt, "
m "I r o T

E LZ[_R‘,K]E@ AE%E&E(%%[6]1%7\‘$, §8)9& y(t) =0’a~e- :f‘
[-n,n]. FR z(t)=0,a.e. FLO,n]. BB le, |7, & L?[0, x| WEMER
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L K(s,t)sin kede =sTpsin ks, k=1,2,.
Bk
(3.9) Tek=i7ek, E=1,2,
MXHELR «€ L2 [0,n], A
T = g £e.
M )
Tz = ; %Ekek.

jals Tx=0,ﬁl’](2—zf)&=0,k=1,2,"'.})Kﬁﬁ,x= S fe =0. BTN BT =

0 REEM, B T RBGH ERAGE 3.1, TREXEM y€ L*[0,x], H B
Tr=yBEBEL[0,x] . I E5XBERE T BARRLCR.
REF MRS FREEHFR, BEENAPHEREE, B 20 tHE 70
FERPHLUR, BHR—EHRXRFTEBNTHE. (B2R[32],§7.4)
3. XF Fredholm ¥ FH)iEid
% A J& Banach &6 X FRIBEBE F,170, 8 X
T=A-A.
MR EM 3.7 5HE3. 208 TETFTHEESK
(1) R(T)&HH;
(2) dimN(T)< oo, H dimN(T' )< .
BXMBEEE,EFETHEEHRS.
EEX 3.4 # X £ Banach ZE, TEL(X).ME TEAFB.10)HFHH &
B, MFR T & Fredholm M F, itk TEF(X). Xk

ind(T) = dimN(T) - imN(T")

(3.10)

K T RERR.
Ble ¢ LHWRBBMNETF S:
2=160,6,&, | >Sx=10,6,6,6,1.
m§1H4IE,S" K
y=inesnsn. ot S y={q,9,,95, 1.
i H
N(S)=1{0},N(S")=S,lel,
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KB e =11,0,0,|. A\ S BRMH, RATERE R(S)RHH, B S€F(1?),
H#E# ind(S) = - 1.

REEHE3.7T5EHIBNEHEF A, T=1-A £ H 0 # Fredholm
BT % E, M\ F.Noether, T. Carlemann #] M.T. Kpeitn, K AHE IHAKT R
o7 & & Fredholm B FHi. 41, Kpeitn Bt % X} Wiener-Hopf 4
BT

(Kz)(s)= j: E(s—¢t)z(t)de,s=>0,

H k(s)€L'(—o00,0),iEH T=1+KEF(L*[0,x]),HAHITE
ind( T)RW 2. NG rRBEMAHEBEERE . & TEAX), MR Tf=
g FMULMBRBgE 'N(T). At Fredholm BEFWSIHMEREMBARY.
WA EZEENHE TR IEEK Fredholm B F. 4 B %F Hilbert 25 /] H, 7( H)
BB EMFETEZ, B0, X6t F LK Atkinson EEBR L (B W[5],§M.5),
B 5 £ 45 88K Hilbert 23 8] 15 50 iR .

Fredholm B ¥ B 7E 1957 FAGRBE— 1wk, BB iERIREE .
BTEF(X), MY AcH(X) & Al ZHNHW, T+AEF(X),B
ind(T+A)=ind(T).
EMRENEHEFZFHREEMN B CRRIEE R BB EELNE

HATHR BRERMIEWART S A[10],58=%, §4.

BJn , BEE B B T RS LA R I (B0 XS ) BB, B 5
RKEEWRE LE MBS T ERER. B0, Hodge ERHMREERE LI
Laplace J5#2 , #) & 8] LAE B4 % Riemann B /i b 8 2 4% % Riemann-Roch 5 3
(BR[4],B=%), MERE L MM T BHFHEN—KLEE FEL Fredholm
BT ZERANEBESREBSN TEIREHTIR, 2 TIRE FHERE S
WL AR E B RZ K R &K . By, BVE F o mrigtan BRI
TREEXRER, XFEREFSM Atiyah-Singer EH .

§4 ASRBAHET

AT, H #8% R Hilbert 258 .

1. FRA#ATHEAMEKR

EX4.1 MTELH),ET =T,MK T HEERF(RELERTF).

Bl1 AHRAEKKSE EE Hermite FRE, BABE— T HAEBEF HAM
B_F S 4T, MRS _E B F 0 Hilbere JL5E FT X B G ER IF R E XA
TR LR R S A R

Bl2 & K(zr,y)EL(S),XBE S RAREFEA(2,y):0<z, y<1}. 10
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R K(x,y)BER, T BB, B8P
K(x,y)=K(y,x),%(z,y)ES.
T E XHESEF

(TH)(x) = j K(x,9) f(3)dy, f= f(z)€ L?[0,1],

£ L0, LHEREF. SLE=F§5 $# 2.
EHE4.1 MR TECL(H),M _
TRHEENS(Tr,x),x€EH,BHELH.
iE R T RASEH,MXEME® z€H,

(Tz,z)=(z,Tz)=(Tz,x),

Al W(Tx,x) HEH.
RzZ,&(Tx,x),x€H,BAEHE,UEH R

(4.1) (Tzx,x)=(z,Tx),VxEH.

YHEM 2, y€E H,BdHEERE A

(Tz,3)= g [(T(z+y),2+y) = (T(z=y),z-y)]+
SUT(z+iy), 2 +iy) —(T(z=iy),z = iy)],
(z,Ty) =5 ((z+y, T(z+3)) ~(z -y, T(x-y)]+

Ly, Tz +iy) = (2 =iy, T(z = iy))],

FIAHG. DK, EH
(Tx,y)=(x,Ty),Vz,yEH.

HHEREFHE X,

(Tx,y)=(z,T"y),Vx,yEH.
T2

(z, T"y)=(x,Ty),Vx,yEH.
W T =T.iE.

51# 4.1 X TEL(H),®
p=sup{ [ (Tz,y)[: Nzl =1, yll =11,
WA TIH =g
iE B, WM 2, yEH,
( Tz, »I<plxll Iy,
MYMEEN 2€H,
| Tz 12 =(Tz, Te)<plzll | Tz,
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M T
|l Tz | <plzll .YzEH.
AR TI<p.
A—HE,MEEN 2, yEH,
Tz, IS<I Tzl IyI<<ITH Tzl Iyl
AR || T . iEE.
EHE4.2 HETELH)RAMEMN, N
I T =supl[(Tz,2): | x|l =1}. :
E 4 M=sup{[(Tzx,z)|: | x| =11. A5 4.1 BLZE RBURIE n<M.
ARBRMNBTEETERI(Tz, y) | WEHE B _KER. R 2, y€ H,
Tzl =1, 1yl=1,1
(T(z+y),z+y)=(Tz,z) +(Ty,z) +(Tz,y) +(Ty,y)
=(Tz,z)+(y,Tz)+(Tz,y) +(Ty,y)
=(Tz,z)+2Re(Tx,y) +(Ty,y),
(T(x—y),.z—y)=(Tz,1)—2Re(Tx,y)+(Ty,y).
MBE—PRFREBE-ARXTF.EF
4Re(Tz,y)=(T(x+y),z+y) - (T(x~-y),z—y).
MEBK FEH A MBEXL, XF_RER(TF, HE
T ODISMIFI2.
W AT A B,
4Re( T, y)KI(T(xz+ 3), 2+ )|+ [ (T(z—3),z - y)|
SM(lz+yl?+lz-yl?)
=2M(llz*+ 1y ]?)
=4M.
B(Tr,y) =€’ I(Tx,y) | , EERFRERFL e 2 R 2,187
|(Tx,y)|=Rel(Tz,y)|=Ree_w(Tx,y):Re(T(e;‘GI),y)éM.
M
'uzuznzsxﬁ)yn=1](Tx’y)|<M'
UEEE .
wB4.1 & TEL(H),M
T Tl=1TI?.
E BHE_ES4FEEILGH, T TRAEN, REEE 4.2,
T Tl = sup [(T" Tx,z)|

= sup || Tz ||?

lzi"=1
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=(sup | Tzl )?

f=l=1

= TI?.
wll4.2 R TELHRBERK, N
(T)=\HTI.
E @41, | T =1 T MAKFEARETAS - EEH n,
E<]
I 1=0Ti*.
RiEE®1.7,

r(T)="li£§° I 1 =1Tl.

EX 4.2 B PR Hilbert 6] H EHS¥ , R PH 5(1-P)H BRHE
EXHFZEE, PHHPEETLTS(I-P)HBPEANTER,MNFE P HEXSH
.

HEXTR,#% P BRIEXSHE N

lzl?=1Pzl*>+ | (I-P)xll?,YzEH.
P <1.
Wl 4.3 Hibert | H LMARFE P REXSHELYENLE P R AH
B,
iE RS P RAMSM, UMEREM 2, yEH,
(Pzx,(I-P)y)=(z,P(I-P)y)=(x,0)=0.
AL P RIEAHE.
RZ,% P REXHE B FEM 2, yEH,AIERR
x=x,vx,, Y=yt y.,
He,z,,v,€EPH,z,,y,€(I-P)H. F£&
(Pz,y)=(z,y.+3,)=(xy,y),
(z,Py)=(zx,+tz5,y,)=(x,53.),
[:4
(Pz,y)=(z,Py).
HWHRz,yEHRERW, TR P RAFK. IFE.
EX 4.3 BASB#HEHEAREFET, R
(Ax,x)=(Bzx,z), Y€ H.
WF A>B EB<A.
FAILIMRARH EAERAHET A0, NKR A RERTF.
EE4.3 BP 5P, 8RR HLELHE NTFRMERENH:
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(1) P,<P,.
2) Pz < Pzl .2 z€H.
(3) R(P,)CR(P,).
(4) P,P,=P,.
(5) PP,=P,.
iE M@Ei4.3,H FEXHEP RAREN. TR
(Pz,z)=(P*z,z)=(Pzx,Px)=|| Pz ||*,Vx€EH.
mE P<P,, 1
| Poxll?=(P,x,z)<(Pyz,z)= I P,z ||, V€ H.
AR(1)=>(2).
FHQIBAL, B € R(P), M
lzl =Pzl Pzl .
H P, REXHE, P,z 1 (I-P,)x, 8
lzl?= Pz l?+ 1 (I-P)xll?.
HXH IR FRATRLAE(I-P)x=0,80 z=P,x€ER(P,).FFLhi(2)=(3).
MR G)RIL 24 c€H, P,z €ER(P,)CR(P,). F£
(P,P)x=P,(P,x)=P,x.
% P,P, =P, BI(3)=>(4).
# P,P, =P, ,B Hilbert #%8,0 P, P, =P," . P,,P, LB W,
W P, P,=P, ,FFLA(4)=>(5).
# P, P,=P MSHEAN xEH, B
Il Pizll = PPz <P Il IPzl<|P,zl,
M(1)=(2)HiEH,
| Pz |?=(Pz,z),j=1,2.
[
(Pyz,2)<(P,z,z),
Bl P,<XP,. FrA(5)=>(1).JE&.
EX 4.4 B TRBanachZ A X FERBHBEF ACCMBET-AUR
THER, BAREFEE >0,
I(T-ADxllZpllzll,VzEX.
MEF A BT T HEM R, iCE 1€0,(T).
HE=ZFES§1PaE1.5,
fA€EC: T-2Al FHARIDp(T).
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PUBURSE , AT

0, (T)Co(T).
4.4 % X R Banach ZH, T€ L(X). HH {x,|,.,CX, &
(4.2) TI” "AI,,“’O, ” X, H :1sn=1y2,'"9

M A€o (T).
E M@.2),BRT-AMATHAR M A€o, (T). iEEE.
M AW, 0, (T) BT ABZ S A .
EHR4.4 BACLHRARETF.N
(1) s (AL FEH L.
(2) 0,(A)= &.
(3) B Ax;=Ax;,;70,j=1,2,H 2,72, x, L x,.
W FeiR (1) XEM A, p, EE
((A-A’zx,2)=((A-ADx,(A-2Dx)= [ (A~aDx|?,

G
ITA-G+ig) Iz I? =(TA-(A+ig) ]z, [A-(A+ig)I]x)
=([A-Q+i) 1" [A-(A+ig) ]z, x)
=([A-GA-i)II[A-QA+ig)I]lz,x)
=([(A-AI)+ ' Iz, z)
=l (A-aDx I*+ 2 = |12,
H pn70, 0

ITA-QA+ig)Ilz 1= pxll .
AR A-(A+ipg)] REFE,H R(A-(A+ip) DRAK.
BIMR(A-(A+ipg) DFH. REF _ES4PERI2 HFER(A-1+
i)D" =A-(A-ip) I, B
NA-(-ip))=R(A-(A+ig) )t #{0}.
XE5A-(A-ip) | BRBEHTFE R RA-QA+ig)D=H.FFLAA-(A+ip)]
RAERALH, B A+in€p(A). B2 s(A)CR.
(2) ®/ 2€0, (A),RE (1), 2y BREFH.W(A-2,])" =A - 2,]. BT
RA-2, D#H. RE\EE_FE§4 FEH 4.2,
N(A -2z, 1)=R(A -z, ) #{0}.
TR 2,€0,(A). \TH
2,€0,(A)N0,(A)= &,
XAATEE.
EF3).H(1),,,4, BEELH. FL
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Al(xl’Iz):(’llxl’xz):(Axl,xz)
=(x,,Az,))=(x,, 2, 2,)=2,(x,,x,).
B3 A By 7,) =0 TEHE.
% Hilbert 25/8) H FHRAMBETA, mEE 4.1 MER4.2, TR
" n:icxlllf=1(AI’I)’ M= sup (Az,z).

fzil =1
EBE4.5 BACL(HHRAFRET. M
o(A)C[m,M],
B m,M#EBE(AN.
E ®A=M+d,d>0,M{E%h € H,
((A-ADzx,x)=(Ax,x) - A(zx,x)
<M(zxz,z)-A(z,z)

= —-d(x,z)<0.
A i
[((A-ADz,z)=d |l = |*.
H—FHE
|[((A-ADz, )< (A-aDz |l |zl .
B AR BT 1]

(A-aDzxl=dllzl,¥Yz€EH.
U A - Al RESHH,H R(A-ADEAKN. BRIEEHE4.48(Q2),R(A-
AD=H.BA€p(A). TR(M, +0)Cp(A). FBEAIE, (-, m)Tp(A).
HIREEM4.4 0,7 R
c(A)C[(m,M].

N a>0,BBEFANEBA o, WHNK m, M R (A)EREH
AF% o BERHROSm<M MNEE4.2, 6, M=All . B MBEX,
HE 1., CH, _

|z, | =1,n=1,2,,H(Ax,,z,)>M,% n—>co.
TR
| Az, - Mz, | * =(Ax, — Mz, , Az, — Mz,)
=l Az, I’ -2M(Az, . 2)+ M || =, || ?
<2M’ -2M(Azx, ,z,)>0,% n—>o.
HWE4.4,ME0,(A)To(A).

M a<O0,ZEHEBET AMENFBA+ o, KUUMTTLIIEHE m€o(A).iF

B
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2. RAHNTF

LITF1E# A J Hilbert 18] H FIEEFMEBHEF.

4.5 AVEEZHNIFMEME.

i BN, hFE—EE, Y AF0 #E p(A)F, TR r(A)=0.AH A
REEN MG 4.2, Al =r(A)=0.8 A=0,5BRXF/E.IELE.

ETE 4.6 (Hilbert — Schmidt, 1907) H &HF—PMEMEZLH ¢, |, U
{‘/’aiaéd’ﬁ

(1) Ap, = A0, 4,70, % 2€J,A¢, =0,% o€ .

R JRARIAIBIITRF J RAHEITE, M lim3, =0.

(2)SHELAH g€ HHERFR

Ag= ;An(%%)fpn-
XEHEBE H PR g.

E XA KB IETHREME, ,IB5 Z MBI LR XX HHSE T IE
MIERAL, 88— N EMEIRT/NA . REEHEN F—EBHFMEEHERER
FTUANERE—R,REEE 4.4 00, BE - I ERERE ¢, |, HAHWE
FENAYW—ANERERLZE e, HEE 44803, 10, e, Ul te R
HH—APEMERE.

®’

J(ng{iqo,,:ne.”J(/J,,:aEMH»
XES, FREUKTWHAL. BR M€ LatA. & F€ M4 ,MTFAEfT g€ 4,
(Af,g)=(f,Ag)=0,
Bf AfE M- .8 M- € LatA.

BN HE 4 HEXHER P, Al 4 TTRRHN PAP, TR Al 4 R
BAHRET MR A EZ BB 45,8 250 & ¢ € M, ¢, 70, f#
(Al M)y = Ay . B Ay = Apy AR MBS, HE 0, € M, TFIE. B Al M4 =
0.% 4710}, W 4 CN(A). Tith MEX,NA)C M XXEEFE. &
M =101 . FRIp e UlgenE HR— I IEMIERE.

HEH3.10, A WIEBIFEEZTLATREAN . T EANEBEAMAM A, H
W 3.2,dmN(A-ADRERK, B J BRERTHRE. RN, BAZHE
B BHERH dmN(A-AD))ELZHFBANES HZE 3. 10,
1A e ME—TFIRER AR 0. %24 J %ﬂﬁi%%ﬂa‘,}g&x” =0.XUEH (1),

EFTQ)HB_E§2PEHR 2.3, T g€ H HRBR

$= ; (¢,0.) . + ; (¢,¢.) 4.,
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HPHE A EBELATHIET. AW RBEME H PEREBBRSE. TEFH
R)a%E

Ap= ZJ (¢,9.)Agp, + ;(¢,¢..>A¢.,

= ;A,,(sb,son)w

.
XA E # & Hilbert 5 Schmidt 7€ 1907 £ A A% L° E RS E FHIERE
A, ZF— RIS, W2 von Neumann 7E 1929 4EXf B] 4> Hilbert 25 [B] &7 &Y .

§5 FREANTFHEIESRBRE

1. ER#EBRK=E EEHERF
WHRERKZR,ACL(H)RBMHEM. I §4 F Hilbert — Schmidt &
BOEB4.6)MIEH, TR AFn MFEREl g, -, 0 | WK HB—AIE
MIEACH . 7
Ap; = a;0,j=1,",n.
FAEfIH € H, HRFR
x= _2 (z,9) -
M
Ax = i a;(z,9) .

Tl ey, a, | BT, th BT LA AT VF 5 0 M D B 52 36 oh B AT 5
A <A, < <A, A

al:“.:akl :Al’.

a == g —_—A

kl+l lzz 2

Qe 1= T @ =2,

M r€EH,EX
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k
¢

BI: Z (I,ng)gﬁj-

j=kl 1 +1

W P,j=1,,t BELZEHREE A MM THEMEL, BFETFER 4=
Selge o1 | ERIEXER . BH M, L4 (B 2Ly, Y2 €M,y €M) P

A PP,=0,%i7%;. A x= Z(z @) Al
P1+P +ee+ P, =1,

B A ATLLRE
A= > AP,
AR E

m=2,<2,<-<A,.,<A, =M.

%E X
0, YHaAlA, =m,
Pl’ %Ae[Ih,"z)v

EA=JP|+P2, %AE[A29"3)9

............

P,+P,+--+P,, HaAz=a, =M.
SRENE BEH L ARHEET.
Xt m , M BE— 2R
Dipe<m<py << py < p =M.
E,-E, = > P.

X;j"ffﬁﬂg Eke[#kq’#k];ﬂ;ﬁ
2 Ek(E“k _E”k*l ).
k=1
B 91 = max (uy— o) % 91 ~0, M EREF

JE\Z
(5.1) = lim 2 &(E, -E, ).

lal—o

W 5.1 Lﬁﬁf%ﬁ?ﬁ%m - oo<A<°°}ﬁ-%”FﬁJﬁﬁ
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(1) E, BREXHE.

(2) E, 3@ LFA B E,<E,, 4 2<p.

(3) E, RAELM, B imE, ., = E;.

(4) E, =0, % A<m,E,=1,%1=>M.

E (1) HEXTRES P, REMHMN, AT E, RBHN. REME4.3,
E, RIEXHE.

2) B A<<pu URE, L, &

E,=Py+P, +-+P,,
E,=Py+P,++P,+P,,  ++P,,,

XHE kb HEHH <k, h<:,Mi P,=0.F&

EE, =(Py+ P+ +P)[(Py+ P+ +P)+ (P, +-+Py,)]

=P,+P,++P,=E,.

HEM 4.3 7H,E<E,.

EF3)EHWA ,MNE, MEXREBRK IEE.

—RFRAEEGES. 1 FHENEZHEEIE, : - o<a<oco|killk.

2. ERANETHRSIMER

EXS5.1 BIE :—o<2A<o|R—NEK, (M) H[m M]EHEER
HEH. FHHFE BEL(H),MELH >0, 848 6>0, X coisE&Em T4
p

Dipe<m<p, <<y <u, =M,

d
HRE| 9| = lrgggh(pk - <5, ERE

> f(&)(E, - E, ) -B| <«
ﬁg Eke[ﬂk—lv#k]’ﬁ 5127”951“%5(%]\5}
" F(A)dE, = B.

m-0

#Ee, (5. 1) A aT R W

M

A= AdE, .

m-0

FL.7E 1906 S0, Hilbert B2 XM LFET R A EE FHIETIARELEN,
XHEHT YT BB Hilbert — Schmidt B A L E#E 4k . FL L, Hilbert £
F 1912 Fif

ERS.N(BRABENFHRLIMERE) W TELH)EAKET,
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m= inf (Tx,x),M= sup (Tx,z).

lzH =1 I=l"=1

WY — MR E, : —o<A<oof {f18
T = JM_O/\dEl.

EHSH16],5 202—203 7.

UEHREXANEBPHIEKIE,: - o<i<oco|X T Hi#k, LFEN TH(K
FE) BN E.

3. ERAHATHRERN

UTBBBFIE, : —o<A<oco| & Hilbert 56l H FERBFET T i

#%.
SIES.1 B4 2, yEH, (B, y) A MERBEER ARLEE
ViEe i<z llyl.

iE SR
D:2,<m<A,<<R,, <R, =M,
iLE(A)=E, —E, Y e#j(Lhe<j RO, 0 E, MEAELAERS
EF4.3,H
E(Ak)E(A,)= (Exk "EA‘_I )(EAJ _Elj_l)

:El‘k -—Elk—l -—Eak +Ea&-l

=0.
H, HEEH », yvEH,E(A)x LE(A)y. TR, IE% z€H,

SUIE(B)= )7 =
i Schwarz RER ,{F4 »,vEH,

SE@| = 11,

k=1

SV IE@) ) = S (B2 E(B)y) |
< DV IE@)= I I E@s |

< [Z") I E(a)= llz]”’[i IE@)y12]"

=lzlh llyl.
XU (E,z, ) BEREERY BEHLTE

\_/ {(Exx,y)| = Sgpli I (E(A)z,y) l}
<zl lhyll.
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.
WHEX NG, (Ex,y)BE T —MREEK Lebesgue — Stieltjes U fF , X
AMERN T mﬁlﬁmwrz.ﬁmﬁlmﬂl FOOE, TR R E T8

Riemann— Stielties 7+ A TEB HE, AfIEREH AUTHE FEK
Lebesgue — Stieltjes B4
Bu(MBREXE[m M]LHERE(H Borel BE. TR u(/l);é:f(E;x
)i %€ B) Lebesgue — Stieltjes I 3 & 7] #1449 , )
fM_Ou(A)d(E,\x,y)
RFTEM . (KT Lebesgue — Stieltjes M ESH4or2W{6], EHhE, §9).4
plz.9) = [ wQ)d(Ez,y),z.y € H.
G o(x,y) & H LN Z K, H
Lot 1= [ wdEe ) |[< K VB <KIzl 5]

BZEKEIu()Elm MIEHEBAR. XBEH o(x,y) R H EH F I WL
W, H

¢l <K.
RIESH §3 HEM 33 BEE H LA RRHET A, 18
(5.2 (Ary) = p(e,y) = [ w(Dd(Ez,3),2,5 € H.
i A
(5.3) lAl<lg¢l<K.
BRAB(V)ME—HE,IEH u(T).,ﬂ(jb TXMu(D)WETFES. TR
(5.4) (w(Dz,y) = [ wd(Ez,9),2,y € H.

XPMBHEFREAE X von Neumann F1 M. H. Stone 7E 1932 4E 44 i
B (B R[22],1267)

XFHLIIEHBEFTHRB(T)FMTREARER.

FES.2 Bu,u ,u, BR[m ,M]LHER Borel B¥,a €C. W

(1) Cuy + u ) (T)=u, (T)+ u,(T).

(2) (au)(T)=alu(T)].

(3) (uyu ) )(T)=u, (T)u,(T).

(4) [«(T)]" =u(T),
B 0 ()R w(A)MEIN 5, % ) REEREN, (T)REALET.
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(5) HBlu, (DT Blm,M]IE—8H R K Borel REFI, HAL AW T
w(A) MR cEH u, (T2 Lo W TF u(T)x.
(6) M u(M)RE[m,M] FHELREET,

«(T) =j“0u(a>d1~;.

-

iE (D, (2)FTH5.4)XRFH.
) HBETFREMENL W EE 2, yEH,

M
(ul(T)uz(T)x,y)=J L (DB (T)z.3)

_ JMmul(/\)d(uz(T)x,Exy)
= J‘M~Ou1 (A)dJM_O uz(/‘)d(E#‘r’E‘y)

= J:iou](,{)dUA Ouz(;z)d(E,\E#x,y) +

m-

JMuz(p)d(EAEﬂx ,y) ]

A

= JMOul(A)dj:_ouz(,a)d(Eﬂx,y)

It

IMaou,(A)uz(/\)d(E,x,y)

((u,u,)(T)x,y).

Il

w (T)u, (T)=(u,u,)(T).
(4) BETFREEX ,HEEW 2, y€H,

<;<T>x,y>=jM 2 (Vd(Ex,y)

= j L #(d(z,Eyy)

_ j“ou(x)d(ay,x)

=(u(T)y,x)
=(x,u(T)y)
=([u(T)]" z,y).
5
u(T)=[u(T)]".
L u(MDREEHRR,u(X)=u(Q). TR
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w(T)=u(T)=[u(T)]",
B w(T)RBHR.
(5) BE v, (A)=u,(A) ~u(A), W{v, (DI Blm , M] E—-HARK
Borel %5, H v, (1)—>0,n—>oo. #1kF Lebesgue — Stieltjes FL43 Fj Ut & & ¥
(BRl6],%8H%E, §9) ,MEEM €H,

M
f |0, (3) Pd(Eyz,z) = 0,% n — oo,
m-0

TFREER(),(3),4),
lu,(T)x~u(T)x? = | v,(T)x II?
=(v,(T)z,v,(T)x)
=([v,(T)]" v,(T)z,x)
=(v,(T)v,(T)x,x)
=(lv, I"(T)x,x)

M
:f I 9,(2) ’d(E,z,z) > 0,% n - 0.
m-0

Bp
u, (T)x>u(T)z,¥ n—>oc0,

(6) M ELEHMAERINT 2R
Dippg<m<p, << pp  <p,=M.
K& €l v 1, k=12, ,n,B &, =m VERK
w, (M) =u(&), B A€ (uy_ 1o 1, k=1,2,,7.
M ow, (A)R[m,M] AR Borel K¥. W

(u,(Tx,y)= JMOu,,(/\)d(Eax,y)

m-

_ Ef u,(A)d(E,z,y)

He1

= ZJF‘ u(&)d(E,x,y)

-1

n

= Zu(&)(E(Ak)x,y)

- ([zu(e,,)E(Ak)]x,y)’

k=1

”

u,(T) = DJu(&)E(A,),

k=1
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X®,E(L6)=E, —E, k=1, ,n.
% e >0, «(A)M—BELEN, F1E 6>0,&
lu(A)—u(X)]|<e,Hla-271<6.
FREN OWE 91 = max (s~ - )< 0B,
lu(A)—u,(X)|<e,VAE[m,M].

B (5.2)F0(5.3) " 1%
e (T) = u, (T) Il <e.

TE
| a(T) = S uC)EB) | = I u(T) — u,(T) Il <.
Ep
u(T) = JM_ u(1)dE, .
HEEE
HXPNERAESELR, S u(QDEAWBHR p(VB, o (TBIFE THE
WM p(T).

BEMELAHEE A,
a(p)=1,5 up<2,e,(x)=0,% x>2.
e, lm,M]LEHR Borel B¥, HiE
E, =¢/(T).
F.Riesz B2 R BT H #45R
EES53 FE-B-HAERNEBTR p, (p),
EA1=}£I{_1P"(T)1,§ zE€H.
iE ) H Weierstrass BEEBTUHMELE -BRERHEZHRFH
tp, b BB m , M] LR
'!ijgpn(#)zex(/‘)-
REEHE 5.2 9(5),XHEMM 2 € H,
EAIZeA(T)x=}LI{}°P"(T)x.
UEEE.
EANERERBRIINE RS — AN ESHERKINR, TEERLHE,E
wRIEMTE.
w852 HCCELH)SERAKBET TAUX#H M CT=TC.W C 5
B4 E, IRF35H.
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iE WESHESIFE-HARANEIAFIp, |-, &
(5.5) E,\x=’!i*rgp,,(T)x,¥l r€EH.

HRER,CT=TC,ATiXf BN EHmMAX p,,H

Cp,(T)=p,(T)C.
HIXHEEN € H,
Cp,(T)x=p,(T)Cx.
2 n—>oo M (5.5) X8
CE,x = E,Cx.

Hx€HEEEM, ¥ CE, =E,C.iE%.

EES5.4 BTCELHRBHM,E, : - o<a<w| g T W%k,

m= uirnlf:l(Tx’x)'M:n?ﬂpﬂ(TI’x)'

M A€Ep(T)EHMNYTIHERZ—RAL:

(1) Ao &[m,M].

(2) 2 €[m M1, FFEm MIKFKE[a,8], 8 «<A,<B,H E, =E,,
% A€ [a,pl.

E O REEHE 4.5, RAAEAY A, BTQIWWEEN,2,I-TEA
FEAT A X B B AT BT LA RE SCSE R | S R B

u(x):{ﬁé A<a BA=8;
KRB, % A€ (a,p).

HEMS.28(6),u(T)WEKNRK

M
u(T) =j w(dE, .

HEE:’E,\ :En’% Ae[asﬁ]ya:%
A I-T)u(T)=u(T)(A, I~ T)

= J':_Ou(l)(/\o - A)dE,
Lo e

a 8 M
= f 1dE, + f #(2) (A, - A)dE, +f 1dE,
m-0 a B

=E,-E, .+0+E,-E,
=1.
WA I-TRERTHM.
DB B/AE(T),Hr3E€[m ML.EHER4.5,2,%m , M. FETE
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(m , MIBFXE A=[a,B], a<2,<B.i18 Ry=R(A,,T).1E
AI-T = JM_ (Ao - A)dE,
WihRBARU R\ E(A)(E(A)=E,~E,), B 5.2 71§,

E(4)= ROE(A)JM_ (A, — A)dE,

i

a B M
v+ [+ ]G]
B

= ROJ (A, - A)dE, .
WEE FEBGE L, T LAE
W(an - A)dE,
B k=max{f-Ay,4, —al.FE
NE) <kl R, IECA) .
W o, L RASEEA AT £ Ry (| <1/2,0
I ECAaY I <<(1/2) | ECa) |l .
W E(A)=0,BE,=E, ME, BE@ELAMN,FLUE =E,, % 2A€[a,p].3E
23
EER5.5 WTELH)RBHET,IE, : —o<a<oo|R T Wik, N
(1) 2o B T WREEL EHAN YA, £ E, WEKAR, B E, #E, . %2, &
T B AEERS ,N(Ao I~ T) = R(E, ~E, -¢).
(2) 0,(T)=(.
(3) A€ (T)HBEMNNSE, 72, RFEZL,EXTWHE 2, <A,<2A, BT
FLH A, ,2, WA E, #E, .
i BIFE(DRLER &2, B T WIEFEE, 2,70 BHMOBRET, B
(X I-T)ze =0,

<klE)I.

ny
J:O I 2o = A ’d(E,zq,x0) = ((A] = T)?z¢,2,) = 0.
T m < Ay < M, B T (Eyry ) 5 V0 L FF 00, BB 38 B2 36 S B0, MU %4
EEPK e>0.8
JA‘)_‘ +f°“ +LM+ | 2 = A 12d(E,xg,24) = 0

m-0 Au>s ote

AAE— RS RN 0, TR
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M 2
=j 129 — A 1°d(E,zq,x0)

M
= €2J d(Exl'o ,10)

/10+s
282((1_E10+!)on10)
252 H (I_Exo+e)10 ”2
AR(I-E, . )zo=0,8

(5.6) EA0+,.130=10.
X
Ao—s
0 =f | g — A 1’d(E,z¢,2,)
m=-0
/lo-s
= EZJ d(EA-ZU ’1'0)
m-0

=52(E;0_,10 ’1'0)

et B, el
TR
(5.7 an,ex():().
T£

(ann _an—e)xo =x-
% e—~0, R4 E, WAEEETR
(5.8) (E,‘O‘EXO_D)IOZIO.
B A, =M, an =]1.FR Elo.zo:xo.})k

A, —¢ M
J" +J | A — A 12d(E,z4,x,) = 0
A€

m~0 0

%(5.7)—H¥ AT LUIHEH
E;“-Jo =0.

54
(E,\0 _’EAO-E)I(]:IU.
4 0,718
(EA0 —EAO-O)‘rO:IO'
Ao =m ,UR(GS.6)—FMN
J‘AOH + LMH Ao — A 12d(E,x9,20) = 0

m-0 0
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A LAUEBA
E, 2= 1,
i E, _.x,=0,8%
(E,v.—E\ -)xg= .
% >0, BKBF(S5.8). B 2,70, H1(5.8)AT M E, #E, .
HUE(L) M Tt & A, £ E, KEIW AL B E, #E, ., ] R(E, -

E, o) FHIEET 2,

E.(E, —E, o)=E, —E, ,,% A=2,.
# z, = (E, ~ E, -0)xo, 113

Exzy=E,(E, —E, -o)x,=(E, ~E, )x,= 1.

T2
Exzy=zxy,4 A=22,.
X
E,\(EAU "EA"-O)=E) -E, =0,%2<2,.
4
Exxy=E,(E, —E, ¢)x,=0,% 1<2,.
A it

M
Tr, = J AdE,z,
m-0
/\“-U M
= j AdE,z, + Aoz +J AdE,z,
m-0 ,\0

:AUI“
XULH A, B T WM, B TR z, IER MR MM, B R(E, -
E, -0 )CNQAI-T). M x, € N(A, I - T)B , BIBIEH (5.8)K, TR 2, €
R(E, ~E, .,).BZ,
N(A,1-T)=R(E, —E, ).

(2) HEH 4.4 715,

HIEG) TS BIEERS5.4,0,€Eo(T). MBLEEK ()5 Q)4
A& 6,(T)Uo (T), 8 2, E€0.(T).

BE,OOBBLEWE.HAEo(T) HERS5.4,2,€[(m, M]. A2, ¢
o, (T), H(LATHE, 7EA, AbiELE, MR A, & o(T) , FRIEEHE 5.4, W HIXHE
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BEWRE A, <A<, BIEH 2,4, 8F E, #E, JHEEE.

§6 B W T

EAWPEBE HEZEAEBEHNR(C, WA Hilbert 55 8]

EX 6.1 R URBHIHENERERHUEF, MAMITAN 2, yEH,
wE

(Uz,Uy)=(x,y),
MK U NERF.

ERE_ES1H , RMNCHEEIRKEEAFRESABERABBNXER, BT
BHEH® UBRARKEOCRFAEAZ. BIERRAIE 317 Hilbert 25 8 - ##
JUomME— YIRS AN M R B B R TR BB KL ¥ 2 L5 g
ERIHET . B, BEF ULHPHEEREERH PRKEREY 18 HHTF
ZE (AE&ERE)ER H MF2 0.

5HEFENHEXHETIHES.
X 6.2 B T: H>H REUEF MEMELN € H, A
I Tzl ==,
MFHE T RRENF.

wH6.1 RT: H>HRLEUHET N T EREEEFHHY
(Tz,Ty)=(x,y),¥Yz,yEH.
E AOUERBAN. ZETLEN ARAESRGE_Z§1+PEH1.3),
XAERH «,yEH,

(o) =g Llztyli=lz=y il z+iy 2 =il 2 =iy 2],
S Tx, Ty B#e x,y 1 ERX X
(T, B =4 LI T+ ) 12~ [ T =) I +ill TG +i) 12 =il Tz =ip) 171,

BE T RREETF HEM fEH, N TAI = | £ . BB ERBANMER TR
(Tx, Ty)=(z,y),Vz,yEH.
WEEE.
it RUEETF TEEEFUMERSIR(T)=H.
wlE6.2 WTELH),MTREAEFYHMNY
T =T,
E BRTEEET W THRREHMNURBIN NG T BE R THK.
XIHEAH =, yEH,
(z,y)=(Tz,Ty)=(T" Tx,y).
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&
T "T=1.
AT "HFe RPN, B T =T"".
RZ,&T =T ", WM T T=I,AM
(Tz, Ty)=(T" Tx,y)=(x,y),YVx,yEH.
N TT =1, W T EWEHW Bt T RERF.IEE.
Bl1 WH=L(-%,0) SEBRAEMNER o, EX
(Te)()=x(t+a), Hr=x(t)EL(-o,o),.
BRE 2(1)EL (~00,0) M x(t+a)EL*(~o0,),H

| Tz I = Im [ x(t +a) I°de = Ji; [x(t) ’de = [l = Il 2.

B T:L(—00,0)>L*(~00,0)RIBFHEHEF HWN T BWEHN,FU T RE
BT
WEAMNKMBEX T hEBHTF.
B2 W HREAS Hilbert 58], {e, |, . B HHEMEXR. & UE
L(H){&
Ue, =e,,,, 5 —VIBE n,
WA U ATGHLBEITF. I § 1,4 & —FER] LAIEBH
U'e,=e,. ., —UEBH n,
FR
U'Uu=UU"=1.
REGET6.2, U BEEET.
4 H,=S,le,:n=0,1,2,| , B H, B UWAEFSH.MA UlH, #
ESLAPHBEABUETF S.
B3 Hla,6]BREME-NKE,ac BAENETH,EE L [a,b] ELHIFR

LETF
(Tx)(t)=e"z(t), ¥ x=x(t)E L [a,b].

b b
I Tx Il 2 =f | 2 (t) 13de =f L 2(e) 1Pde = L= Il 2.

B T:L[a,b]>L[a, b 1 RBEHEET. HFRLELREHN. U TREET.
Gl 4 ﬁf’GLZ(‘OO 00), % X f ) Fourier Z&#t f K

F(x) = lim ~—j F(£)e™de,z € (= o, 00).
MI7],8LE, §4,0 L% XK Fourier B4 f > F 48 L?(— o, 00 ) B E| &4
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L*(~o0,00) |, M HXEEK f€L*(—oo,o)5H
IAl=1£1.
B, EEXEF UN
Uf=7,%8 fEL’(—,),

MU REHET.

XA T, BEH Fourier THRIERM L*(— oo, )BHHHEHET.

w8 6.3 HL2AhBEET uWB—#.

E BRIcwF UCcUMbmE6.2,U" =U " .\

(U™ '=(u*)'=wu".
WHME6.2, U e tsbb,xt U ,U, €U BfE6.2,
(ULU,) =U' U, =U'U, ' =(U,U,) ™!

L U, U €U B2, URNBE.IEEE.

mERS—H EREENR, WA A FH—1T U XBH—IETT,
BH T=U"TU,WUEW, T M SHEHR T FHRE. Big, TLGED T
RART. X EAHLEFHELTFRIBBEREE. —BRHKLRY T 5T M
HEE%H.

Bs5 RT,USCLH), URHBHETF,T=U"TU. % 1, £ T WIFE
8,0 A, R T BARIEE.

B xA0 Ter=2,2.%2 y=U "z,

Ty=(U 'TU)U 'z=U"Tx=2,U"z=2,y.

Ble BT UEL(H),URBETF.T=U'"TU. MR TRAHETF N
THRAKET.

WA T =T, FRE U =U"'THA

(T)' =(U'TU) =U " T (U ") =U'TU=T.

UFRlig i gl B HWHAEMERRE WFEALAWHE €H,

BEE oL Z TR
a;=(x,9),i=1,2,-.
M | Z TR BIR R
b, =(x,¢;),j=1,2,.
6.4 r ZHWABIRNBERE

b= Siga, = 1.2,
k=1

Hep U= (u,) REERE, MEEMEREA
uur=U"U=1I,
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XBU R UMEELEER.
iE #®
‘/Jj = lzZquqok ’j = 1’2,."-
XE
u,k=(</l,-,¢k),j,k:1,2,m.
]
by = (z,¢) = (2, 2 ua )= Dup(z,) = O uga,.
k=1 k=1 k=1
BEAE U= (u, ) RTTIERE . XHER M T m 0,

Opn = (s ) = (Z:;umk(h’;unk%): Z:;urnk;‘n&’
XB 5, & Kronecker ¥R U" = (uj;),BU" E URNRBELXTEER,H o
=u, WELFEERESREZE§4,3)UU HE m T8 FIHTH

© oo .
* * -
(UU )mn = 2 UppU gy = 2 Ul = 6»": .
k=1 k=1

UL, UU" =1.
i’
@ = Zv,}(p,,,i =1,2,".
k=1
Hrp
'U.j:(ﬁor‘v‘)[’j):(%»?oi):l_‘ﬁ’
Ll
6mn = (gom’ﬂoy.)‘: (vakd)lz’Zvn&q’}&)
k=1 k=1
= valz;}n_k = Z;bmulzn‘
k=1 k=1
Ry

(v, = ::Z;u;kuh = ’Z;kmukn =94,,.-
MU U=1.9F5.
BTEL(H),—MEX T 5lg | L, FTRERERER
A=(Te,, 0 )) 41, B=((Tg , ) a=1»
A LAIE 84
Wl 6.5 HFHEGER UM
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B=U'AU.
EHATZER[41], §M.1FEH 3.1 MIEH.
UEXBENRERROBEARERTARZASHETFEARERTER
RARZEMRFHTUELHERE(REE 7RI EMNERETH¥S
ERHRHBEREFERE.
6.6 TEL(H)REEFYHMNY T"REET.
iE WEMEG6.2,
TREEFST =T
S(T )Y =(T7")" =(T")"!
ST RERT.
ke
EBE6.1 HUECLHEBEET N
s(U)TIAEC: (Al =1}.
E 'A<, MAELW x€H,
ICU-aDz =1 Uzl = || ax |
=[xl =12l
=(1-1aDlxl,
AW U-AI BESH,H R(U-ADEAH.
B 6.6, Ut WRERE T HL,U" - XI=(U-2Al)" HLRAS K, HBE
F_ES§4hERL2,
R(U-AD=N{U-aI)")*=10}*=H.
WU-A REFRAHR, B A€ o(U).
HEM1.7, UNEXZ2- (< Ul =1, 8%4A|>18,0H 1€
o(U). B2,
s(U)CIAEC: Al =1}.
HEEE .
EX 6.3 HACL(H)RARET, N
U=(A+i)(A-il)"!
A A ] Cayley k. '
EE6.2 RACLH)RBHETF M A M Cayley ¥ U REHET.
iE W
fl)=(+)(z—1)"", —o< <00,
W ofREH AR WA
1

f) =G+ =(t-i)(t+i)_l=m,
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BEEFEFREEBE(ERS.2),
U=f(A),
iiii &L
U'=fA)=[fA)]'=U"".
WM URERT. L.

=] =

1.8 S £ Hilbert 58] H FEAABMEF(RENZTS1HE 4 /M), R, =
R(A,S)FEmr S #ivim= . AiEH
IR, M =Cal=1)7", %Al >1.
2. ® X & Banach &, T,, T, € L(X),H T\T,=T,T,. i 1 €
e(T)Np(T,), M
R(A,T,)-R(A,T,)=(T, - T,)R(A,T,)R(A,T,),
XS AN BE_FMAR . RIEAZ.
3. % X & Banach A, TE€E L(X),a€ p(T),A=R(a,T),iE®H:
(1) IR A, L €C,HH w(a-2)=1,0 u€Es(A)SHNY A€ o(T).
2) MR pu€p(A),BH p(a-2)=1,1
R(p,A)=1/p+(1/x®)R(A,T).
4. ® X B Banach 28] ,{ T, |7, CL(X), TEL(X), | T, - Tl =0,%
n—>o0 JRIERH W A, € o(T), M n T KB, 2, € p(T,), H
lim(2,1-T,)" =, 1-T)™".
5. B X & Banach Z[H, TEL(X),n BRIEBE, A, & T" WEEM, W5
FEEE Ao A n KRR T BIFFAE(E .
6. R FREVYHLARANEFHE (o, I R FH—1THRAETE,
ElHEXBEFTH
y=Tz:y=1{a, |, x=1{&1}.
HAEH .
() TRMWC B WERZHET.
(2) B a, R T BHHE(E.
(3) o(T)=F.
(4) F\ (e, 1;-)=0.(T).
7. B X #& Banach Z 8], TE€ L(X), M€ LatT. R 7€ p(T), B 4E
LatR(7n, T), 0 7€ o(T|.A).
8. WH I a, |- W a,>0,n>0 L PEXNBEF T H
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y=Tz:y=1a¢, 1, x=1€,1}.

RIEA TE! FAEET.

9. RIFEW .Y X RARSEMN, EE3.3 WEKRE IMEESY 2, ——z,,
WH Ax,>Ax,,Jl A LEREHTF.

10. ® X & Banach B8], TE L(X)REHEF, M€ LatT. W T| M th B 4
LHERT.

11. # X & Banach 8], K€ A#(X),A7#0, T=aI - K, U

(1) N(T)={0I®R(T)=X.

(2) dimN(T)=0=dimN(T’) =0.

(3) dimN(T)=dimN(T' )< oo,

12. B X B Banach B8], TEL(X) MEHFHEEER »,# T" REEF,
UEBH

(D) o, (MHEZRTHE.

(2) o, (T)ME—TTRER AL 0.

13. ® T & Banach A X FHERKUEF . B T° = T. Rl . R T+
0,1, o(T)=10,1}.

14. #% P,,P, & Hilbert 8] H N AR H A ER . N

PiP,JrPZ—P,PZ

WMRIEXHNY,H P>P,,P=2P, 3  FEXHE Q. Q=P,,Q=P,,
WA Q=P. '

15. & T R Hilbert 6 H FERLHETF. B TI<1,

lz€EH:Txr=x|=|2€H: T " z=x}|.

16. B P & Hilbert 36) H FIEBIERHE R | P =1.

17. EB B 4.59,(- 0, m)Cp(A),mEs(A).

18. #le, |, BW 4 Hilbert Z5[A] H MIEMIERR XK, TE L(H). #XHEfa
BR¥E m,n A

(Te,,e,)="(e,,Te,),

nWTREFEM.

19. %t H £ Hilbert 8], T, WEL(H). W% T RAHK, N W TW 1
RAMEN.

20. & H £ Hilbert 28, TE L(H) R AMHE T . RIEH . T=0 M HLY
a(T)C[0,).

21. ® H B Hilbert [, TEL(H)RBAMNETF,B T>0. RiF¥ . 3E4
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B x€H, Ta =0 4EBX4(Tx,x)=0.

22. ®iP, 1, & Hilbert 8] H FMHFHEZEFHFH,P,—~P iEH: P iF
BH L. #—5 MR P, MEELSE, W PIFEERSE.

23. W H RXFH 4 Hilbert 8], TEL(H). WME TRTHERH, W T
DAREEF RIFHZ.

24. & H £ Hilbert ], TEL(H)KAEREF WE T" T=TT" . iR
B IERET T,8F

(W ITh=0Tie.

@) r(T)=1TI.

B)EA S RTZERNFIEE, 2,y H5IRE T MU T2, WEET,
sy EX.

(4) BN T3BREH, WBE H—NERERRE o, e, Ul te, i
(i) Te, =2,9,,4,70,% n€J, Ty, =0,% o € .
XE ) RARBTH LS E,% J %ﬂﬁ%%%.ﬁlﬂ}ﬂxu =0.
(ii) MELM g€ H, HAEHR
Ty = DA (¢.0)0,,

n€ ]
iX B A U R BB R T BB
25. % T J& Hilbert 28] H FEMFRE FE,: —©o<a<oo|R T Wi,
WERR: T BEBMAER(I-E,+ E, (JH.
26. % H & Hilbert 8], T,UEL(H), U BEEEF,4 T=U"TU.&
HE A .
(W ITh=1ITlH.
(2) o(T)=0(T).
27. & H B Hilbert Z8, T,UEL(H), T REH#HETF, U REEF,T=
U ' TU.REB ML R Borel R¥L £, 8K
AT)=U'f(TU,
KB AT, (T)HBFERT ST HEREEE.
28. W H & Hilbert 58] , UE L(H)RBEEF.iRiFH .
(1) MR PEL(H)RIEXRS®E M U 'PU BEFXHE.
QMR TELH)REREF. W U 'TU WREFREF.
BGYWMRACLH)EEEF WM U 'AUBETFETF.
29. % S & Hilbert 5[] H FRIBLBAE T,

S:{IU’II ,1‘2,.”'} HiO’Io’IlsIN"'L

KIE S AREFE M,
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S=UP,
XE UREEF.PREET.

30. WHFHEFE(u,) RN BEERE. RIE: ER A 4 Hilbert 28] H E—/7F
REMBEFAWERREN,MH A LTRERT.



Fhe" JNEBRAE

il

Ell

MEEBEER AL L (p > DX BEREHFRS, RINELEF N KME K
BERUZRNEVKRT

BRI fE L'~ BT K () = Jf(x)gdx)dx,go €,

ﬁ¢%+%=L
TEHRMEBFEINLRERET RHVKEEZRTRE XEREH— 1%
4@\@.

FERRBS FRER P, AT ERES Y BRI LT HEE) B L8
MR EE, MERX LM R EEETHMOEE ()5 o(2)(p(2)MXE
suppp = {x: @(x)F0IRARM), HABWBIEE

Ji:f’(x)(p(x)dx = - Ji:f(x)go'(x)dx.

MTTIERT f(2) IR FELE o(2) EE. XBRAMERE YR =M K
(Eb 4 BLA R 0 3SR B 0 55 UK FT S R Ay 25 ) ), P LASE R A 1] K B 992 8
F o L 8H

$E€E K —(F,¢')= - F(g),
Ho o' =¢ ()R o()WBE,FH X FHBICEDF. X2 2B/ I
BIIEZBE A, 3 EMER FREBATRMER F(BE R OEMERRKE L
# Lebesgue WM RE) , B4 RTARFELEN ,HREH

F(g) = Ji:f(x)go(x)dx,gp €K,
EXWE R F ) SRR, 3 E
DF = L(g) = —Jj:f(x)go'(x)dx,go € K.

FAE Poincaré T B , HE £ M MB35 L B T RS (S L[ 26,48 221
7). %
L= > DC, (),

Isl {t1<<m
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XH s, MREREWKR, W s=(s5,,,5,),
a\ﬂ

Dsf($)=mf(11s"'sxu)a
Isl=1(s s ,s,) =5+ +s,,
TR C()ERBENMEAREEG LEFC™.
ZRITE
(0.1) Lu=f.

K f(2)RERH G EHRBFFTHAER. —MNE G LRBEFATHM
R ()HRAFBRO. DB, IRIHEM o€ Cy (G) , BA
(u,Lp)=(f,9),
XH
L* = > (-D"""DC,(2)D,

Isl,lt1<<m

(f,g)E™ f,g€L*(G)WAHB.
FEMNBEERY TR R E T Fourier BHM L. EE
WIS, A BT iE Parseval X &R B F f,g€E L' (~o0,0)E

(0.2) ji:f(x)qo(x)dx =Ji:f(r)q;(x)dx.

KB F, o BIE f, ¢ 1 Fourier BH(SR[7], B+ E, §4). FERITHS
pEAZE (R, MEFWESLBER TEY (R, LBH(0.2)%, AR
E X T K Fourier T F(T)X

(F(T),0)~(T,p), €S R,
XBRLE (T, ) BANER THERAEe LHIE.
#[26], 5 228—230 7, X — LHEHH F A. Weil (1940), Tfii 52 i, F L. Schwartz
(1950—1951).

§1 BEXEHZTHI LMW NFEHBEHEH

REELRKHWBELFE—-FRES2H, REFE =04, 8EREN 18
. REEREHN 6(x), EEP
8(x)=0,% £7#0,
B

j: 5(z)dr = 1.

M Riemann % Lebesgue B R E , XM () BRAAERKN . R AFEREE
o) HITEBRRKE, BRERGHT BREMEN s()ETBRPHEER
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B BIANE T & TR ¥ H R BTl bkob , B ER B H 8] I3 & th— B RE
BHES  X—YHEASHNBRLS LT ANEEIARYU, —TEPS EHA
Sax)REKE.

HT R o () XPER RS, 05 F AT, BB BUE B AR M.

EBX1L1BRERKTEAD) R IR - o<s<o L EFRAMBEEE
R B AFR R 2R, EEBENRBME MBI, RALESRE. £
EXARBBESIT

Big li1C2,9C2, %

() FEAERXME[a,b], 548 supp(@,)la,b],n=1,2,--.

Q) MEANERER ¢, % - 0<z<oob,{o? (), B—BKKTF
o' (x). . MR, 172 FE 2 FWAT o, BICHE ¢, (2).

BX1.2(9] XEH) 92 LK o, >o(DNESENRHEZER T HRHID
"X B, FiCH TEY (R)(B TED).

Bl1 AR ERMARREESE 27 XK.

W ARRERBMBAIRRE, N FANENTELH 2T XEE T,

(1.1) (T,.9) <[ _f(2)gp(a)dz % g € 0.

BE. T, NEERERN, KK B0, 17.,.C92,90€ 9, ¢,>¢(92), ME
EARXE[a,b],#
supp(¢,)la,b],n=1,2,", supp(9)C[a,b],
A
aglfébl 0. (x)—o(x)|—>0,H n—>oo,

TR f(x)fEla,b] LRI, FRH Lebesgue 5 I SE B
| (Trhp.) =Ty | =1 be(x)%(.z)dx ‘be(x)(,o(x)dx I

<f | A 1 (2) ~ p(2) | de—0,% n — oo,

WE T, B9 Lk¥.
IR BAIXILF AL LA S SR F AT KB X 5, FER—4T, 0 Eik
pagivi
=T, €9 (R)
B—Xt—a BELE, RFUER & (o) BRI B, 6
fi’f(:c)qo(x)dx =0,Y¢p€ 9,

W fCx) LA AT 0. A X BAEMS, MAEBEXE (2, - 8,2, + §]1C
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(—o00,00) 8% f(z)=0,a.e. Flay~ 0,7, + 0. EX R LB F I F:

7 senf(x), % x€[xy~ 8,2, +3];

f(l):{o, WGz, —8,x,+0].
BRAE FE€ L' (R). R Weierstrass EH W LUIIEH , 77 9 PREFI /17, &
[ f(x)I<1,n=1,2,-,HA

1 7.~ 71l 1-+0,% nosoo.

AT 3528 o6 08 H ) Lebesgue WA EHE (S R[6], 5 H1#E, §9) .8
R,

0

= j:,f(.z)}(x)dx

}ggjfwf(x)};(x)dx

=0,
W f(z)=0,a.e. Flxy— 8,z + 8].

B2 BRI B RBR (1. DX R —4~ 2 ) CR ¥, i HaX A5t 5 & —
—# AN BEX LR, BT RBATRERER Q7 XEE, M T, AEicH
f.

Bl 2 Dirac ¥ 0(2) R 2T L R¥K.

5E X

(8,9)2 0(0),% € 9.
SR 6 REWR,MHEHY ¢,—~¢,(2) ,KIE
| 9, (0) = 9, (0) >0, n—>o0.
F£
1€80,0,) = (8,00 =10, (0) = @, (0)|>0,% n—>c0.

AR LESENUZE. TR ()R 27 LEH,#RHN Dirac B4 .

MEIF BN, FTINT &N XEHEH S

EBX1.3 BFEY(R),EX

(1.2) (F',go}i—<F,¢'>,§ € 9.

TR o' =0 ()R o=p(2)NFH FENBICHDF,. KN FHEY.
PEDRIFRAMK, BEFENERXEISMER 0.8 o th R T KA

M, EEFERNMERXESMER 0.8 o' €. ATI(F, o )YEEX. BRIME XK

F2orEHEZR MR o, >¢(2),M ¢, ISR ISHHH—B &P o 9%
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MR, TR o,>¢ (2). M FEEHTHFHEELEN,IF €2 (R).
B3 (8,9)=~9¢(0),Y €.
B X RBFEE LR 2 T8, EEN o€ 9,
(8", 9)=—(8,9")=—¢'(0).
il 4 %% Heaviside BBEL
0, % x<0,
H(x)= ’1, M x>0,
W H=s.
BARH)ZRERHABKE,E0 1,HE 2 XEE. & X RS
B X, HHERM 9€ 9,
(H,¢) =-(H,9¢")

= - J‘:)H(x)qo,(x)dz

= ‘J: ¢ (x)dx

= ¢(0) = (8, ¢).
M H =6.
EE1.1 BRFEY(R), M F WEHMIFPDF #1774, A D'FEP(R).
E MR EBE L THERITA, & FEY(R), M DF=F' &% 8
DFEZ (R). \Tii, HEF AL HEEARE p, FHp B DF 4,8
D’FE 9 (R).iE&.
EE1.2 &IF,I7.,C9(R),FEY(R),MA
JL@OF"(¢)=F(¢),V¢€@.
MHEST B R p,
lim (D’F,)(¢) = (D’F)(¢), V¥ € 9.
E X oCoMEMARYE 1,0 €. REMP1N.2)RTH
(D’F,@)=(-1)"{F,9"”),0€ 9.

B
(D’F)(@)=(-1)’F(¢"”),p€ 9.
TR
lim (D’F, ) (@) = lim (= 1)"F, (¢'*")
=(-1)’F(p”)
=(D’F)(¢).
B,

B, RN ERREAZE 9 WEXH, REAT o, > o(9)H T



212 FRE XRELEAR

M CBEERAAE 9 LHEIN IERRNE-S KB ERAFTEN. ARFE
FHEEHEMMBELE XL 9 FHHINE 9, SRIMANIRKR, X2 K2ZRK
BTFHE 9 =19p€ C”(R):suppeC K| . AT LIEH R AR ¢, > (2) HELMLE
HEZ R 9 EIRIVIESHEHZ K. (B3 H[40], §6.3—§6.5)

MM 2 EMwRINTA

BE1.3 BIFILCTR),MAY €9, im(F,, o) BFE, WA
FE % (R),{#

lim(F,,0)=(F,0),V p€9.

IEBART S 00401, §6.17. XEFRAXNAT LR IHAHRRE LHHTH,
A 18 LUK 81 B 5% 46 4 Fréchet 25 JH] 9, EH—B0H RFHE.

METH =N EERER XREWRER T REN. XHZHEMMTF L&
¥R O] PR A R R B B T S e B, B R A B KRR

§2 EAFMTES LM X BEMEE Fourier Tk

Fourier EMEF L WB (P ¥ WHETRER)FHRBVEEM TR B
REWEZRBRAATARALRE. £~ CHEEALENRBEZAARSBEH
(AR L' 5L WELHEZE ERAMNBTRROBTR L (1< p<
2) b #) Fourier ¥ B EF p>2 BIF B, BR S. Bochner 5 N. Wiener /£ i
HEMNTR,EBIEAESARE). E2, EEEE LHRARE ,EM Fourier &
BRAE T  EEREBORBRELN. B2 A F X R ER? 5 EEAE
FVRBEHES . BRI S EEBRESNE BN, LHUEEBEEY %3
EEH—H. (BR[5],580E)

1. XX HY

EZ%—% § 8 BB 3 PR R Bz ¥ (R").

X 2.1 ®P(2)BR ERFKRAMBEE, T BSHEMEIELR o =
(ar, = a,) B p=(ps,p.),

2.1) lgll.,=o,(¢)=sup|z9°¢(z)| <o,

zER"
EE 2=z, R () W AREE T € F(R), ¥ (R) B R BT
kS

£ S(ROPHEMTHRBES - Hle ., CHHE
(1) MELNWEIER « Fp,
sup e, I, ,<oo.

(2) MELHEER o« Mp  BH 290, (L ER L—BBTE, Y
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p—>0
WFR e, |, FE SHUEE 0.921F ¢, —~0(F).
HEXN €A MQ DAWEEBE Y | 2 | = (2] + -+ 2))" >k,

qo(x)*OﬁDﬁB‘JﬁlEHﬁZ&'ﬁp( )%‘N?% XE p(x)BREMBIMA, BT LA

FRZ R 2WRE. Ak, SRR R S AT, BT LA RTREIE Y, B AR
RIRBRLBRAE AT 2EZBIMERENRRERR? — M REETH%
BRI RN, EX TR ERELEZ RREERE K. R CREE R E
Az S(R") L& ¢, >0(F)HEEMLEHELZ R, K2 f(x)=1,x,sin = FH
JBFR) LR T, FRBNF AR — .

2. I N RY

SR EWE o >0(P)NEZENEREZE T, UM X EE. iCE
TEY (R").

— R S (R L EBEE N ¢l ., g XD 7 (R") LS,
EHE—ES8HI 3 PRITE L. ﬁﬁ’*?ﬁ?l\?’(R YR F-ZH,£8=%
§8,2 FRATH—FHIEH B R Fréchet T/H.MERTHE L, ¥ LR B E LK
S(R") L HIN A ELE R R

EX2.2 % f(2)ER LEZE BEEEH L RERC>0,4#

(2.2) fo)I<ca+ =), Vz€ER",

RE | z° = j |z 1R f(r) HEME

B, ﬁ%&ﬁﬂ@?ﬁ@ﬁﬁf{i WIHEE, x,sin 2, URIFBEFAFE
EEEFAMBBZETEMET MXLRKELRBRPHRARSE
FourierZ #t .

EE2.1 BIMENMEE f(O)BHRE— 9T XEH.

iE MEAN gcsEL

(f ) ijknf(x)tp(x)dx‘

B o()WEQ. D, f(DBRQ.2), BERBLFEE. HR(f, o) B ¥ L&
ZR.
e ~0(F), MBREL EFHEBR £, (1+ || 2 )N ATRF R

Dleat, KB o, BREW,q = (o s ye; VRESRA, 2% =2y - xh HAEK
i=i

M, >0,

(2.3) A+ Tz 154 g, () <M, ,SF—1] v,



214 BIE XERBBAE

Bl () ZER E—HBET0.H () BREMRE,H(2.2),
[ {frp,) I =1 L"f(:c)%(x)d:c l

<J| " |f(x)¢u(1)ldx+J M, (1 + | z | )4 dx
lxl<r

bzl >r

SHE € >0, MRS K b, 5 r F ERARE TN /2, 8R/5, 4 X B
EW -, ARE

lim | f(x)o,(x) | dx = 0.

v [zl <r

BZ . (fr00>0, 8 v>oo HI(f, o) ST LR H . IEEE .
Bl1 & feL"(R)(p=1), U

(fre) ;JR"f(x)so(x)dx,é’; o € S(RV),

EHEEX B
Ko I<lFl, llel,,

EE%ﬁL%:l,é’! p>lig=o % p=1

#F 9, >0(F), 3 1<g<o(g=colEBHREMM), EE

9 — + q .
Il Jﬂx”ér .[uzn» L. () 17dz

SELH >0, (2.3)X, EBMES KK », M ERERE _TNTF /2,85
SMEEN r, EAERE—-TARNF 2,4 v BAKB.FLR o, | ,~0, 4
S 0)>0. XBHS, o) B ST CRE.

BZ, 81 feL"(R) (p=DEHE -1 9T XRHK.

3. BEEXHHH Fourier Tk

W f(x)=f(z,,,2,)EL(R"),EX f(x)H Fourier N

(2.4) FUN@) = [ f(a)e™de, tER
X BT SRS
x:(xl,...,xn),
£= (L 8,
2=z btz
dr=dx,*"dx,.

APLAES 3 F fEF(R"), B/ g(£) =F(N)), MAERBEAR
(2.5) F'(g)(z) = (z%y,JRng(C)eit’dC.
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BITAXN n =3 WERARIEW, M TF—BELTEHBLERUN. &
Flx)EF(RY),ID

filti,xy,25) = ngf(ll sIZ,.Z;)e-iI‘E'dI,‘

RATHE, 5 —TTEE o(x), Y o(x),9 (x),, 9" (2)E L' (~o00,0)Ht,
XTF ¢ ) Fourier T 5RFZEEXFRX
F(o™ ) (w)=(Gu)* F(g)(u), % k<m.

[
i C&II [HG,x,,x3) = J':, (%)IZI f(:lf],.rz,xﬂe_k't‘dxl s

AW £, x,,2,)EF(R®). % Dini EH(BRT.E.HBER(BESTET]
R, % 365—368 M)

flzy,x,,25) = %J:fl(é’,.xz,x,)e”l‘!dgl,
IR

Lt tn) = [ Az 2y,
WIETHA (81,8 x,) €S (R, F i Dini EH

TR IV AN SESELTTS
FR

Fainanias) = gf et A Gan)enn g,

i

HGE G ) = [ A5G a)e b ey,
WHHI XA £,(80, 8. 5) €S (R,

A A I (I N SEELETS
T

f(-l'x s L ’13)

1 = ix 1 * ix, 1 ® ix.
(26) = Z—RJLooe l;ldgl . er_me ztzdgz . er_mf:‘(gl ,§2,§3)e 3§3d§3

L 3 o i - ix
= ) j_we 1§1d§1 -j_me 2§zd§2 'j_mfs(fngz,Cg)e 3:3d§3.

R$E Fubini B3, ZE B4 LS BB, FTRHE(2.4)5F XH f B Fourier
AR A
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oo

e b dIzJ flz,,x,,2;)e5dr,.
-0

F(A(E) = jwme-m dxlf

—~ — oo

M (G xas23), 280 G x) B 5080, 8 ) BIRBR, HITRE

£086,86.6) = f‘:" e b dI‘J‘T e 2k dxzfiu flz) 2, ,25)e 55 dxy
=F(NE).
Beg=F(),Mg(D)=1f(4,8.8),M2.60F
F ' (g)(x)
=f(x)

~ Gepl e e ntn e

= _(Z}rfjfg( ede.

B, EAR(2.5) L.
Xt F Z IR B Fourier 8 it , {8 25 oA UM 24698, T HiE 24 30k, 55 51 ¢t
fES(R)E

F((—% )=i§jF(f),

(2.7) F@f)=i""cF(p),
F(—ixjf)=ai§jF(f),

F((_i)lalxaf):aaF(f),
X8 a=(a;, v, 0, ) REER, lal=a, + - +a,,M

I" = I“]) "'I:" ,

C= e,
aa‘+---+anf gle!
3°f= =

f dz eIz 31:‘:1 ...ax«,,f

RAVRGERE j = n, KIEH (2. 7) B 8%, 448 Fubini £,

= Jiome_ill “idx, j: C.)—i—"—f(gr1 v x, e hdr, .
AN BRY BB fEY(RHBRABRBETA
F(gi—"f)(g): r - dzl...[_ﬁf(xl,---,x”)din(e-m )dz, |

:iE"J e‘”ﬂ‘dxl...J f(xl,"',.r,,)e_h";nd:c"

oo
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=i, F(NL).
BQNDNE-RBL, ZEFEATUELREFAE —AMBE.
(2. HE=H, M

FONO = [ embida ] eidn [ flay iz )e v da,
ERSESTRS, N
[quﬂ@) J ‘&mwf:huﬂéﬁmpj:ﬂﬁ;unkﬂﬂuw

Bl reyR), B EXGRET ¢ -, AMERL S TRSRAT
K. XA Fubini 3, t X AW R

F(-iz;/)().
By LA

FgF (N =F(=ix).

EZEFQ.DNENX, EBAREFMALE =PI EE.
3l 2.1 #F fEF(RY). M F(HEF(R").
E BQDMEEERR Kp B

L"aa[r’f(x)]e'"‘dx = F(a*[«"f])({)

=i CF(2 (L)
=i (=) IF(N(Y)
=" EIF()(E).
BT (2 f(z))€F(R"), ﬁﬁlxﬂiﬁﬁﬁﬁ E>n,
(1+ [z 1D (2" (2)) |
R FER EBRERC.H

1 _
[ @rTeTore=¢

g}
[§’F(HE)]
s;Tw’|a“[xff(1)]l dx
: _ 1 k
(2.8) 'JR W(l"’ |z II%)* 1o [Ipf(l):lld.r

KCsup {1+ |zl ) 1o [2f(2) ]I},
r€R"

AR FOOWR KA. 1), L Q2. DEUREE F(HZE R FTI5 KT, 5
F(AHEF(RY). . IEEE.
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A5 B BRE T EAESRES, EH SR Fourier F#H & E M A A
23 (). oA, o R I 2 S R R, 1 B A A T X 33 R et — A AR ST BT

51#2.2 #Fegc¥(R),MF '(g) €EF(R").

EE2.2 B g=F(HRE S RIHN S (R)HIHIMRIEFR .

E H f,—>0(F),mQ.OLUKRSIE 2. 1IEHPRT F'F(HMBRDRE
RAESIEH F(£,)—~0(7) X RN F()RM 98] yHEEEH, LTF F HRHE
REARM.

AREAR, BT, F ' (o) 5% F(HOWERMEL, MdinliE, F ' (g)
RN Y3 Y FELEL T X

F(F '(g))=g.

BRZ, F(Y(R"))=%(R"),H F B—XI—MIR T FEE.

4. FT- X EH¥ A Fourier T # '

T f,g€L'(—o,0), il Parseval R (ZBR[7],5+%=,84),F

[" Fwgtwan = [ stwgwan,
B
(f.8)=Cf.8).

XE 7, g W HFER . g B9 Fourier B4 X ERT R T FMA.
X 2.3 X TE€Y (R"),H Fourier B# F(T)E XN

(F(T),g)=(T.F(p)), % €% (R").
EE . AE®2.2, EXARE Y (R") LK o, >0(F) HELEMR I K,
HHEWE—T ST LR F(T)RMN ¥ (R)E] ¥ (R") K.
B f()EL"(R"), W f(x)HYZ M Fourier 5 # R

f(§) = Jnnf(.r)e‘i’rd:r.
WIS 1, () FTRER T LEEH
(T,p) = L"f(x)qa(x)dx,%i ¢ € Y(R").

ﬁ%"
(F(T),9)=(T,F(¢))

= [ f@)F(p)(2)dz

= J‘R"f(:r)jkugp( e Fdedr
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= L,,so(C)dCL,,f(I)e""'dx
= [ o017 (ne, ¢ € S(R).

¥ F(T)HA M f # Fourier & # fﬁﬁﬁ’iﬁ’] éfﬁ)‘(lﬁﬁ-ﬁ%% yr)‘i@ﬁﬁ‘l
Fourier Tt B2 M Fourier ZZMM .
MECZIEE B REERE f BEE 1 9T XEEK

T(g) = L,,f(mp(x)dx,g o € F(RY).

MBI TF f(x)B) XH Fourier Z#e. BT B L Z 2 BB HIE
HAEER 27T .

B2 F(e“)()=2n8(~a).
XEB X ER, (- a)RIMNTFEXH ¥ L eRH:

(8(C—a),<p>; ola), ¥l o€ Y(R).
HAXMERER o€ Z(R),
(F(e*),p)=(e“,F(g))

[ gt
R

=2n¢(a)
=2n(6(¢-a),q).

F(e“)(g)=2n8({—a).
B3 F(1)=2n4.
BEAEER o€ 7 (R),

(F(1),¢9) = (1,F(¢p)) = fxgﬁ(x)dx = J.Reﬂrqo‘(z)dx = 2np(0) = 2x(3, ).

5
F(1)=2x3.
EBX 2.4 MTEY(R),EXF '(T)AH

(F7U(T). o) 2(T.F ' (g)), % gE€F(R").
MER 2.2, FRARE ¥ (R) Bk o, —~0(7) X E LML IS &, B I
F (TR 91 LEHL.
B8
(FT'(F(T)),¢>=(F(T),F '(¢))
—(T.F(F () =(T,g),0€EZ(R").
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R A
(F(FT'(T)),9)={T,0), @E€EF(R").
XREBIHEFIREAR. .
EE2.3 F'(F(T))=T,F(F ' (T))=T.
EE 2.4 F(T)RE Y (RN S (R)WIFIMNRHEFA .
XE (R ERIRINER R 7' (R")HEH Fréchet 258  (R") B3t {875 ]
W5 I B T, >0(Y )R RIHERM o€ Y (R"),
‘ (T,,9)=>0,% v—>o0.
E BFETMF (T)HEXMER2.3,0 0 F(T)REHRH. %
T,~0(Y"),BIXHELHK o€ F(R"),
(T,,¢)—>0,% v-—>oco.
Bd F(p) €5 (R"), % ,
(F(T,),9)=(T,,F(¢))=>0,% y—>oo.
AW F(T,)—~0(S") . Brlh F(T)RELEM . FAET LAIIER F ' (T) R LM,
UEEE
Bla F(sinz)(§)==i[s(g+1)-8(L-1)].
S)
e
2i

ir _

sin x =
FRABEEH 2.4 5612 77
F(sin 2)(£) = [ F(&)(§) = F(e *)(§)]

= L [2r8(g~1) = 2x8( +1)]

=ni[d(¢+1)-8(¢-1)].
EF 2.3 KW S LEBH Fourier THW BB RMNHREY, REWN. 3 F&
B 2.4, RATWATLIA R E R L B P Plancherel & H ). % F Plancherel
EHERIFEHTSR[7],5LE, §4. )
ISR R B OE A, T AL TR G R R B % 2 e R () A R
BIFRTR BT SR 3K

frg) = [ () pa)dz .

WA B, REEINR T LR Fourier BH T UZE &R RZMMEL, R
M—"TEER T FRGEL .
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3] i)
1. X IEHH Dirac EBE 8 () AR R LRI R EL.
2. H a€ER, S
d [0, X 2<a,
Ha(.r)— 1, ¥ r>=a.
5.(2)=8(x-a), ¥V 2ER.
B H=¢, .

3. R SRITNEE  MEHBE 2R KB, EXHEEESTHR p,
F(p(D)NH(zx)=p(x)F(H(x),
F(pH)(x)=p(-D)F(H)(x),

XH® DFERKSF, F R Fourier 4 iRiE# = .

4. KTFH F(R)J™ X KEH Fourier B .

(i) =%,

(ii) cos x,

(iii) 8(x).
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EX1 BXEBE-TESESG MR ITE XN TFELARNES BEWNT
R
(1) g,X€a9.

(2) TR EA FRIIRELE T, BRIA, L, o4 e7

(3) 7 PHRATROZRE T8, IR 14,12, T[] A €9
WP ITH X EO—NEINRX, I )RAINEE, FrIBEHR X hHmib=mmE. g
FHFERN X WFE, X FRTERAIR.

1 B(X,dR—AIEESE,S IR XPAHEREXNHITFER
BB, §HHRMWES, M IMBEEL 1 MFE RS, IR X E—1ETH,
FRAMER 4 TESFRMIN BFRIMNEERZ /M EHRINE R, BORERXD
Wb RI(X,T ).

EBX2 R(X,IYR—A#tbas .

(1) S 2€X, VCX Bl HBE, MRFE 0T € O0CV.

(2) FH FCXFRAAE MR FHREX\F RFE.

BN AENE X RBRRESEMFBEZHAXRR (6], 55—
=,§1),B5RIE
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bounded selfadjoint operator)
H R ¥ 51 75 18] (space of bounded seque;lces)
# 1% (have an inverse)
FE 45 (contraction)
HE 45 B R i 38 (contraction mapping principle)
%) % &Y ( sequentially compact)
[5] BE (homeomorphism)
[7] BE #9 ( homeomorphic)
7] % % 4% & (equicontinuous )
% W 4 (absorbing )
Y T 5 =S 18] (space of convergent sequences)
B X 25 18} (reflexive space)
B 3t ¥ (self — conjugacy)
H 3L 48 # - (self — conjugate operator)
B %1 ¥% $E (self — sequentially compact set)
B % # T (selfadjoint operator)
B R H 7 (natural homomorphism)
1) & ( vector)
{5} B 52 18] ( vector space)
2 S MW T (completely continuous operator)
H B I & 3 (closed graph theorem)
P 89 (closed)
P {8 33 52 2 (closed range theorem)
P % (closed set)
P M F (closed operator)
B3 (derivative)
#34k F %3 8] (reduced subspace)
Bt (order)

B 2t (unitary equivalent)

B M F (unitary operator)

#% K J6 (maximal element)

% 118 % R (polarization identity)
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% £ (continuous)
% 4% R B (continuous function)
% 2E of B0 % [8] (space of continuous functions)

% 2% B 5 (continuous mapping) [
% %% % (continuous spectrum) N.1
% B B T (adjoint operator) 0.4
4B 18 (neighborhood) T.4,0t5%
4P 15, 2 (base for neighborhoods) Bt

3T {8 £33 (approximate point spectrum)

B F ) (well ordered)
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2% M F % W) (linearly independent)
£ 1472 & (linear functional)

£ ¥ 4 & (linear combination)
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£8P #8% ¥ (linear dependent)

£ % I (linear manifold)
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2%t B ¥ (linear operator)

28 £ #£ (linear variety)

B #1l (restriction)

A L]
by 8 {H & W & (scalar spectral measure)
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4> A IF K9 (partially ordered)

85 71 ££ (weakly open set)

5551 & B (weakly sequentially compact)
55" 3 EHI (weak™ scquentially compact)
5548 158 Z (base for weak neighborhoods)
553 F 51 A #) (weakly sequentially closed)
55 46 b (weak topology)

59 % & (weak clusion)

559 #% (weak solution)

55 % ¥7 (weakly analytic)

i fi# 2 (resolvent)

T % £E (resolvent set)
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JBH (ideal)

FH (basis)
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i Y #X (quotient norm)
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B % #) (idempotent)
3% #% B7 (strongly analytic)
5 1% oK B (slowly increasing function)
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& 5T (zero element)
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% 25 [8] (null space)
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Bessel &~ % R (Bessel’ s inequality)
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Hahn — Banach % 32 (Hahn — Banach theorem) .2
Hahn — Banach & 3 # JLf 7% R (geometric form of
the Hahn — Banach theorem) .2
Hamel £ (Hamel basis) 1.2
Hausdorff 5 8] ( Hausdorff space) MR
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Hilbert 3t %8 # F (Hilbert conjugate operator)
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Montel % 3 (Montel theorem)
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Parseval 22 & (Parseval formula)
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